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1. PRELIMINARIES

Let R" be the N -dimensional Euclidean space and R its positive orthant, i.e.
R} ={x=(X,...x) OR} x2 0 j= ] .. 1.

For any vectors XxOR; y[OR; we use the following notation: x<y if x, <y,,i =1,2,..h; x< y iff
X <Y,i=1,2,..nx <y ifx<y, but XZy; X'y= Z?ﬂ XY,

For an arbitrary vector X (OJR" and a subset J of the index set {1,2, ,r} , we denote by X, the vector
with components X;, jUJ

Let (X A /J) be a finite atomless measure space and assume that L, (X T ,u) is a separable function
space. For hJL, (XF, /1) and Z[I with indicator function |, L (XF, /,l) the integral Iz hdpu will be

denoted by (h, 1 ).

Now, we shall define the notion of differentiability for n-set functions. Morris [7] introduced
differentiability for set functions and Corley [4] defined this notion for N -set functions.

A function ¢ :T - R is said to be differentiable at T if there exists D¢, 0L, (xr, u ) called the
derivative of ¢ at T, such that

¢(S)=¢(T)+<D¢T’Is -l) ‘H-/’(S’T)

for each SOOI , where ¢:I'XI" - R and has the property that L,U(S,T) is O(d (S,T)), that is
d(slgp){ol.// (S,T)/d (S,T) =0,and d is a pseudometric on I [7].
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A function h:T" - R is said to have a partial derivative at S° =[S/',...,S/'§ with respect to its K -th

argument, 1 < k £n, if the function

B(5)=NES! o SL S, 8L 1 818

has derivative Dg,, and we define D hEsa= D¢, . If the DhiS'5 1sk<n, all exist, then we put

Dh{S f=ED,hES"S .. D SERIE H " — R", H=(H,....H,), we put D,H(s")=(D,H,(s")).
]

A function h:I" - R is said to be differentiable at S°[T " if there exist DhﬁSOH and
@:T"x" - R such that

h(S)=h§S°§+2<D NS .1, —1g )+ S ST

where /S,S8°7 is 0 =S, So%for all ST !

A vector set function f = ﬁfl fpﬁ: [ - R" is differentiable on " if all its component functions f,,

1<i g p, are differentiable on I'.
In this paper we consider the N -set function multiobjective optimization problem

(VP) minimize%f (S)=(f1 (3),---vfp(5))|9(s)§0, ST n@

where f:I" - R” and g:I" - R" are differentiable N -set functions on I'". The problem is to find the
collection of (properly) efﬁcient sets defined below.
Let P = { " g (} be the set of all feasible solutions for problem (VP).

Definition 1.1. A feasible solution S° 07 is said to be an efficient solution (Pareto solution) for

problem (VP) if there exists no other feasible solution S 0P suchthat f (S)< f 55°8.

Definition 1.2. An efficient solution S° to (VP) is called properly efficient, if there exists a positive
8" 1 (S)
f(8)-f 8"

number M with the property that, if f;(S)< f, (S ) foreach i and SCOP, then <M for

some j for which f;(S)>f, ES"E.

k
We shall consider a partition {JO,JI,...,Jk} of the index set {12n} , that is, UJS :{1,2,...,n} , and

s=0

J,nJ, =0 forany S#t. Put
WiS.A, 1= 1i(S) +A,,9,,(S)
for any i, 1<i<p, where AORT is a given vector. Moreover, we consider vectors

pzﬁp,,...,ppﬁﬂR’f p':(p{,...,ﬂk)D]le and real numbers p,, 0, R

The following definitions extend similar concepts defined by Jeyakumar and Mond [5], Mishra et al.
[6] and Batatorescu [1],[2],[3].
Definition 1.3.We say that problem (VP) is (p, p')-V-univex type | at S’ 07 according to the

partition {JO,JI,...,Jk} if there exist positive real functions a,...d, and f,,..., B, defined on I"xI",
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nonnegative functions b, and b, also defined on IMxr", ¢,:R - R, ¢ :R - R, and a vector
AORT such that

05,510 W[40, Wi [S" Ay [ 2a S ST (DWIS" Al N 1y ) 4p,dT]S ST ()
and
g g n
0SS0, > A0 i 2BS.8H 5 4,5 (Dl st 1~y el 8 5 @)

forany SOP, i0{l.,. B, and sO{1 ... K.

If (VP) is (p, p') -V-univex type I at all S’ 0P , according to the partition {JO, N R Jk} , then we say
that (VP) is (p, p') -V-univex type I on P, according to the partition {JO, N R Jk} )

If strict inequality holds in (1) (whenever S #S°), then we say that (VP) is ( P, p') - semi strictly V-
univex type I at S? oron P according to the partition {JO I, ,...,Jk} , depending on the case.

Definition 1.4. We say that problem (VP) is (po,p('])-quasi V-univex type 1 at S° 0P according to
, and B,...[B, defined on
" %", nonnegative functions b, and b,, also defined on I"xI"", ¢,:R ~ R, ¢,:R - R, such that

the partition {J,,J,,...,J,} if there exist positive real functions a,,...,.a

for some vectors T JR? and A JRT the implications

p
al

b, (8,518, Y Ta1S.S" TS A, [ Wi[S" A, [ =0
. ’ 3)
p n
0 ;rig<wi 802,01 'sg%: p,d>fs sSSP
and
o 0
05,50, Y BS ST Y Agfist =0
Bs= JIS\ = (4)
52 AJ‘Z<D191§S?§ Is Igs= pid*is sTOS, P
=18,
both hold.

If (VP) is (po, p('))-quasi V-univex type 1 at all S° 0P according to the partition {JO, J, ,...,Jk} , then
we say that (VP) is ( Py Py ) -quasi V-univex type I on P according to the partition {JO, N R Jk} )

If the second (implied) inequality in (3) is strict (S # SO), then we say that (VP) is ( Pos p('))— semi
strictly quasi V-univex type I at S° or on P according to the partition {JO, J, ,...,Jk} , depending on the

case.
Definition 1.5. We say that problem (VP) is (po, p('))-pseudo V-univex type I at S° 07 according to

, and B.,.... B, defined on
" %", nonnegative functions b, and b,, also defined on " xI", ¢,:R -~ R, ¢, :R - R, such that
for some vectors T JR! AORY and (037 ;P the implications

the partition {JO,JI,...,Jk}, if there exist positive real functions a,...,a
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iTiZ<thi§SO’/\JOE’IS‘ _ISP>§_p0 HS SOED

(5)
%p 0 u] o n] DDi
by 8,80, Y TS, S’ W S A, W' A, 20,
gi=t g
and
ZD AJZ<DgJ g [_Is“’>g_p0 HS SOH
j=1, 103, El
. (6)
bﬁs,s°§¢1§2ﬁ5§s,s° Z/\ “sti<o,
= B
both hold.

If (VP) is ﬁpo, p(')ﬁ- pseudo V-univex type I at all S° 0P according to the partition {JO,JI,...,Jk} ,
then we say that (VP) is ﬁpo, o) ﬁ— pseudo V-univex type I on P according to the partition {JO, N R Jk} )
If the second (implied) inequality in (5) is strict (S # SO), then we say that (VP) is ( Py p('))— semi-

strictly pseudo V-univex type I in f (in g) at S° or on P according to the partition {JO,JI,...,Jk} ,
depending on the case.
If the second (implied) inequalities in (5) and (6) are both strict, then we say that (VP) is ( Py, p('])-

strictly pseudo V-univex type I at S° or on P according to the partition {JO,J, ,...,Jk} , depending on the
case.
Definition 1.6. We say that problem (VP) is (po, p('))—quasi pseudo V-univex type | at S’ OP

according to the partition {JO, J; ,...,Jk} if there exist positive real functions a,,....a, and §3,,..., B,

defined on " X" nonnegative functions b, and b;, also definedon I"xI", ¢,:R - R, ¢,:R - R,

such that for some vectors T JR” and AR the implications

9P o
b0§8180§¢0§ Tla@S’SOﬁgulgs’AJ E‘UIIES /\JEDD—O
gi= 7)
b (
0 an@w, 5O A0 I 'sg%: pd S S 3 P
1=1 t=1
and
> A3 (DS s 1y zopld s st O
j=1,703, E1
- . (8)
b, (5,50, - psgs,sogg;\jg@sﬁgo,mﬂ P,
gs= I g
do hold.

If (VP) is (po,p('))-quasi pseudo V-univex type I at all S°OP according to the partition
{JO,J, ,...,Jk} , then we say that (VP) is (po, p('))—quasi pseudo V-univex type I on P according to the
partition {JO,J, ,...,Jk} .
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If the second (implied) inequality in (2) is strict (S # S°), then we say that (VP) is ( Py p('))-quasi

strictly pseudo V-univex type Iat S° or on P, according to the partition {JO e Jk} , depending on the
case.

Definition 1.7. We say that problem (VP) is (po,pg)—pseudo quasi V-univex type | at SUP
according to the partition {JO,JI,...,Jk} if there exist positive real functionsa,,....a, and S,,...,3,
defined on " X", nonnegative functions b, and b;, also defined on " xI'", ¢,:R - R, ¢,:R - R,

such that for some vectors T OR! AORY and (0137 ;P the implications

; ; )
b, 55.5" ¢, 1, IS8T SA, ST A, 20
gl= s}
and
ob
"5, ZBESSODZAQ isEiz00
QSI Q (10)
A S (Dg . FS°E I, -1, )<-pidES,S ]
HZDJO JZ< 95575 1, s,>_ Pod 5SS ]
do hold.

If (VP) is ( Py p('))—pseudo quasi V-univex type I at all S°O7P according to the partition
{JO,J1 ,...,Jk} , then we say that (VP) is (po, p('))-pseudo quasi V-univex type I on P according to the
partition {JO,J, ,...,Jk} .

If the second (implied) inequality in (9) is strict (S # SO), then we say that (VP) is ( Py p(')) -strictly
pseudo quasi V-univex type I at S° or on P according to the partition {JO,J1 ,...,Jk} , depending on the
case.

Remark 1.8. If we take in the above definitions J, =[] k=m and J, :{S} for S D{,l 2., rr},

then we retrieve the concepts in Batatorescu [1].
Remark 1.9. If we take in the above definitions N =1, p, = p, =0, respectively p, =0 for any

=1,...,p, and p; =0 forany S =1,...,K, then we retrieve the concepts in Batatorescu [3].

2. SOME OPTIMALITY CONDITIONS

The following results give sufficient conditions for a set to be an efficient solution to problem (VP)
under generalized type I conditions with respect to a partition of the constraints.
Theorem 2.1 (Sufficiency). Assume that

(al) S°0OP;
p

(a2) there exist T° OR? Z 1) =1, and A° OR?7 such that
1=1

- forany S[JP we have
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Z Z<th, S - > Z;\ Z<Dt91§30§,ls‘ —|S‘O>_20,

- with respect to the partition {J,,J, ,...,J,} , we have

g Ajg;is°g=0forany sO{0 ] ... K;
J s

(a3) problem (VP) is (po,pg)-quasi strictly pseudo V-univex type I at S°with P, +p, 20
according to the partition {JO,J,,...,Jk} , with respect to 7°,A° and for some positive functions a;,

iO{L.., B and B;. jo{L.., n}.

Further, suppose that for r LIIR we have,

r<od ¢,(r9_o, (11)
¢, (r)<00« 0 (12)

and
b, (8,87 >0, b,S,8° >0, OST P. (13)

Then S° is an efficient solution to (VP).
Remark 2.2. For n =1 and p, = p, =0 we retrieve Theorem 1 of [3].

Remark 2.3. For J, =0 k=m and J ={S} , SD{,I 2., m}, the above result reduces to

Theorem 3.1 in [3]. We easily can state sufficient optimality theorems similar to those in [1].
The next result gives necessary condition for a properly efficient solution to (VP).
Theorem 2.4 (Necessity, Zalmai [9]). Assume that

(b1)S° is a properly efficient solution to (VP);
(b2) there exists S"01P with g,, 55"5<0,where M, {j |9, @s"@:o} , such that

0,68"+ 3 (D@5 1y 1 <0, 00 {1 1}

Then there exist T° OR? 7°>0, and A° ORT such that we have
Z Z< ST 3>+2/‘?Z<Dtgjﬁs°§,|st —|Sto>_zo,sm73,

Aj9;58°1=0, j DL, 3.

and

3. GENERALIZED MOND-WEIR DUALITY

With respect to the partition {JO,J],...,JK} of its constraints, we associate with problem (VP) the
following multiobjective dual problem:
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(GMWD) maximize (fl(T)+)\JT0gJO(T),...,fp(T)+/\JTOgJO(T))
subjectto  (T,7,A)0D

where

TiZ<Dt%fi +/\JTogJo§(T)’ISt _IT'> "

£ (0., (7)1, 1, 20,057 °

J=1 t=1
A9, (T)20,5=1,..k,
T R ex, 10 R

O
I
U]DDDDDI:;QDDDDDDD
_|
~
N
N
+
M=
=

OOoOoOooooOOoooooood

is the set of feasible solutions, with e = (1,...,1)T ORP

Theorem 3.1. (Weak duality). Assume that
HSOP

(i2)(T,7,A) 0D and T >0;

(i3) problem (VP) is (po, p(')) - pseudo quasi V-univex type Tat T with p, + o, =0 according to the
partition {J,,J,,...,J,} and some positive functions a;, iO{L.., g, B, sO{L.., K.

Further, assume that for r J R we have

¢,(r)z002_o0, (14)
rz00 ¢,(3_0, (15)

and
b, (S,7)>0,b,(S.T) =0. (16)

Then £(S) £ f (T)+A] g, (T)e.

Theorem 3.2.(Weak duality). Assume that assumptions (i1) and (i2) of Theorem 3.1 hold. We also
assume that
k

p ,
(i.3') problem (VP) is (p, p')- semi strictly V-univex type I at T with o+ Z 6 20

a;(S.T) (sT) =

according to the partition {J,,J,,...,J,} , with respect to A and some positive functions a;’, iO{L.., p},

B, sO{L.., K.

Further, assume that the functions ¢, and ¢, have the properties

¢,(r)z002_0 (17)
and
rzo0 ¢,(r3_o, (18)
with ¢, linear, and
b, (S,7)>0,b,(S,T) =0. (19)

Then f(S)f(T)+A]g, (T)e.
Theorem 3.3. (Strong duality). Assume that
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gn S%isa properly efficient solution to (VP);
(2) there exists S"OP with g,, ES"H<0, where M, {j lg, @s"@:o} , such that

0, 8"+ 3 (D@, 8" 0y 1) <0, 00 {L. )

Then there exist 7" R} 7°>0 and A°OR] such that (S°,7",A°300D and the objective
functions of (VP) and (GMWD) have the same values at S” and S°,7",A"4, respectively. If problem (VP)
is (po, p(’J) pseudo quasi V-univex type I with p, + o) =0 at all feasible solutions of (GMWD) according
to the partition {J,,J,,...,J,} ,with respect to 7°, A°, and conditions (14)-(16) of Theorem 3.1 are satisfied,
then ﬁSO,TO,/\OﬁD D is an efficient solution for (GMWD).

Theorem 3.4. (Strong duality). Assume that (j1) and (j2) of Theorem 3.3 are satisfied. Then there exist
r’OR} 1°>0 and A"ORY such that (S°,7°,A°E0D and the objective functions of (VP) and
(GMWD) have the same values at S° and £5°,7°,A"F, respectively. If problem (VP) is (P, 0})- semi
strictly V-univex type 1 with p, + p; 20 at all feasible solutions of (GMWD) according to the partition
{39191, 3,} . with respect to A°, and conditions (17)-(19) of Theorem 3.2 are satisfied, then
8°,1°,A"0D is an efficient solution for (GMWD).

Theorem 3. 5 (Converse duality) Assume that

(kD ET®,7°,A°30D with 7° > 0;
k2)T° DP
(k3) problem (VP) is (p p) -V-univex type I at T°, with Z T@sprlog Sk ﬁ@sﬂﬁ >0, according to
the partition {JO,JI,...,Jk} , With respect to A% and some positive functions a;, ID{,L.., p} and [,
sO{L.., K.
Assume also that the functions ¢, and ¢, have the properties
r<00¢,(ry 0 ; ¢,(03_0 ; & M ¢,8)_¢,(n) (20)
rzo0 ¢,(9_0 (21)
and
b, [S,T">0,b5S,T°: 20, (80 P (22)

Then T° is an efficient solution to (VP).
If, in addition, there exist positive numbers n,,m. such that n, <a, ﬁS,Toﬁ<mi for all SOP and

i=1,...,p,then T® is properly efficient for (VP).
Theorem 3.6. (Converse duality). Assume that (k1) and (k2) of Theorem 3.5 are fulfilled and problem
(VP) is (po,p('))- semi strictly pseudo V-univex type I in ¢, at T, with p, + P, 20, according to the

partition {J,,J;,....J,}, with respect to T°, A’ and some positive functions a;, iO0{L.., B}, B,

sOfL.., K.
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Assume also that the functions ¢, and @, have the properties

¢,(r)z002_o0, (23)
r200 ¢,(_0 (24)

and
b, 58, T7°5>0,b5S,T°; 20, (B0 P (25)

Then T? is an efficient solution to (VP).

If, in addition, there exist positive numbers n,,m, such that n, <a, ﬁS,Toﬁ<mi forall SOP and
iO{L.., B, then T° is properly efficient for (VP).

Theorem 3.7. Assume that (k1) and (k2) of Theorem 3.5.are fulfilled and

(k3") problem (VP) is (po,pg)-strictly pseudo quasi V-univex type I at T, with p, t P, 20,
according to the partition {JO,JI,...,Jk}, with respect to 7°, A’ and some positive functionsa,,
io{L.., g, B, sOfL.., K.

Assume also that the functions ¢, and ¢, have the properties

r<od¢,(r3_0 ; .1 ¢.4) ¢,n) (26)
rz00¢,(3_0 (27)

and
b, 85, T°E>0,b,S, 7% 20, (80 P (28)

Then T is an efficient solution for (VP).
If, in addition, there exist positive numbers n,,m. such that n, <a, ﬁS,Toﬁ<mi for all SOP and

i=1,...,p,then T is properly efficient for (VP).
The proofs will appear in [8].
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