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Abstract. Let p1 and p2 be the prime numbers. For sufficiently large values of the natural number N we prove
that the number of solutions to the inequality |N − p1 − p2| ≤ H is greater than O

(
HN0.525+o(1)

(ln(N))2

)
provided that

H ≥ N0.07+o(1).
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1. INTRODUCTION

In 2001, R. Baker, G. Harman, and J. Pintz [6] obtained for the number of solutions to inequality |p−N| ≤H
in prime numbers p the correct lower bound in order provided that H ≥ N0.525+o(1). If we assume the Riemann
hypothesis is true then a given positive number N can be approached by a prime number p at a distance of
O
(
N0.5+o(1)

)
.

One would then ask about approximating a given positive number N by the sum of two prime numbers. In
1975, H. Montgomery and R. Vaughan showed in their paper [4] that inequality

|p1 + p2 −N| ≤ H (1)

is solvable for H ≥ N7/72+o(1). S. Gritsenko and D. Goryashin [2] proved that the number of solutions to the
inequality (1) in primes p1 and p2 is greater than

O

(
HN0.525+o(1)

(ln(N))2

)

provided that H ≥N7/80+o(1). In this work, we improve the result of S. Gritsenko and D. Goryashin by obtaining
the lower bound of the number of solutions to the inequality (1) for smaller H.

THEOREM 1. Let N be the sufficiently large natural number and let J(N,H) denote the number of solutions
to the inequality |N − p1 − p2|< H in the prime numbers p1 and p2. Then for all N7/100+o(1) ≤ H ≤ 0.1N we
have

J(N,H)≫ N0.525+o(1)H
(ln(N))2 .
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Before moving on to the proof of Theorem 1, we note that our proof is based on the results of R. Baker, G.
Harman and J.Pintz [6] and L. Guth and J. Maynard’s new density theorem [3].

In the following, we use Vinogradov’s notation ≪ and the big O notation equivalently. The meaning of
these notations is that

f (x)≪ g(x)⇒ | f (x)| ≤C|g(x)| for some constant C and x > x0.

However, when g(x) is complicated we prefer to use Vinogradov’s notation than the big O notation.

2. SOME PRELIMINARY LEMMAS

Let Λ(n) denote the von Mangoldt function, and ψ(x) = ∑
n≤x

Λ(n) denote the Chebyshev function.

LEMMA 1. Let 2 ≤ T ≤ x. Then,

ψ(x) = x− ∑
|γ|≤T

xρ

ρ
+O

(
x(ln(x))2

T

)
,

where ρ = β + iγ runs through the zeros of the Riemann zeta function in the critical strip.

Proof. See [5], p.52.
Let π(x) = ∑

p≤x
1 denote number of primes p ≤ x.

LEMMA 2 (R. Baker, G. Harman, J. Pintz [6]). For all x > x0, the interval [x− x0.525,x] contains prime
number.

Note that in [6] a lower bound on the number of primes in the interval [x− x0.525,x] is obtained:

π(x)−π(x− x0.525)≥ 0.09
x0.525

ln(x)
. (2)

LEMMA 3 (Zero-free region for ζ (s)). There exist an absolute constant c > 0 such that the Riemann zeta
function ζ (s) has no zero in the following region of the s-plane

t ≥ 10, σ ≥ 1− c
(ln(ln(t)))1/3(ln(t))2/3 .

Proof. See [5], p.119.

LEMMA 4. Let S(t) be a complex-valued function, continuously differentiable function on the interval
[t0, tk], and let

t0 < t1 < · · ·< tk.

Then setting δ = min
0≤r<k

(tr+1 − tr), we have

k

∑
r=1

|S(tr)|2 ≤
1
δ

∫ tk

t0
|S(t)|2dt +2

(∫ tk

t0
|S(t)|2dt

)1/2(∫ tk

t0
|S′(t)|2dt

)1/2

.

Proof. See [7], p. 94.

LEMMA 5. The number of zeros ρn of the zeta function that satisfy T ≤ ℑ(ρn) ≤ T + 1 does not exceed
O(log(T )).

Proof. See [7], p. 58.
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LEMMA 6 (L. Guth, J. Maynard [3]). Let N(σ ,T ) denote the number of zeros ρ of ζ (s) with ℜ(s) ≥ σ

and |ℑ(s)| ≤ T . Then we have
N(σ ,T )≪ T 15(1−σ)/(3+5σ)+o(1).

LEMMA 7. Let Y ≥ 2 and T ≥ 2. Then we have

∫ 2Y

0.5Y

∣∣∣∣∣ ∑
0<|γ|≤T

xρ

∣∣∣∣∣
2

dx ≪ Y 2 ln(Y )(ln(T ))2 max
0.5≤α<1

Y 2α−1N(α,T ),

∫ 2Y

0.5Y

∣∣∣∣∣ ∑
0<|γ|≤T

ρxρ

∣∣∣∣∣
2

dx ≪ Y 2T 2 ln(Y )(ln(T ))2 max
0.5≤α<1

Y 2α−1N(α,T ),

where ρ = β + iγ runs through the zeros of the Riemann zeta function in the critical strip.

Proof. 1) Proof of the first inequality. We write∣∣∣∣∣ ∑
0<|γ|≤T

xρ

∣∣∣∣∣
2

=

(
∑

0<|γ|≤T
xρ

)(
∑

0<|γ|≤T
xρ

)
=

(
∑

0<|γ1|≤T
xβ1+iγ1

)(
∑

0<|γ2|≤T
xβ2+iγ2

)

=

(
∑

0<|γ1|≤T
xβ1+iγ1

)(
∑

0<|γ2|≤T
xβ2−iγ2

)
= ∑

0<|γ1|≤T
∑

0<|γ2|≤T
xβ1+β2+i(γ1−γ2).

Thus, we have

2Y∫
0.5Y

∣∣∣∣∣ ∑
0<|γ|≤T

xρ

∣∣∣∣∣
2

dx = ∑
0<|γ1|≤T

∑
0<|γ2|≤T

2Y∫
0.5Y

xβ1+β2+i(γ1−γ2)dx

= ∑
0<|γ1|≤T

∑
0<|γ2|≤T

(2Y )β1+β2+1+i(γ1−γ2)− (0.5Y )β1+β2+1+i(γ1−γ2)

β1 +β2 +1+ i(γ1 − γ2)

≪ Y ∑
0<|γ1|≤T

∑
0<|γ2|≤T

Y β1+β2

1+ |γ1 − γ2|

= Y ∑
0<|γ1|≤T

 ∑
0<|γ2|≤T

β1≤β2

Y β1+β2

1+ |γ1 − γ2|
+ ∑

0<|γ2|≤T
β1>β2

Y β1+β2

1+ |γ1 − γ2|



≪ Y ∑
0<|γ1|≤T

 ∑
0<|γ2|≤T
0.5≤β2<1

Y 2β2

1+ |γ1 − γ2|
+ ∑

0<|γ2|≤T
0.5≤β1<1

Y 2β1

1+ |γ1 − γ2|


= 2Y ∑

0<|γ1|≤T
∑

0<|γ2|≤T
0.5≤β<1

Y 2β

1+ |γ1 − γ2|

≪ Y ∑
0<|γ1|≤T
0.5≤β<1

Y 2β

 ∑
0<|γ2|≤T
|γ1−γ2|≤1

1+ ∑
0<|γ2|≤T
|γ1−γ2|>1

1
|γ1 − γ2|

 .
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By lemma 5 we have
∑

0<|γ2|≤T
|γ1−γ2|≤1

1 ≪ ln(γ1)

and

∑
0<|γ2|≤T
|γ1−γ2|>1

1
|γ1 − γ2|

= ∑
1≤n≤T

∑
n<|γ1−γ2|≤n+1

1
|γ1 − γ2|

≤ ∑
1≤n≤T

1
n ∑

n<|γ1−γ2|≤n+1
1

≪ (ln(T ))2.

Thus ∫ 2Y

0.5Y

∣∣∣∣∣ ∑
0<|γ|≤T

xρ

∣∣∣∣∣
2

dx ≪ Y (ln(T ))2
∑

0<|γ1|≤T
0.5≤β<1

Y 2β . (3)

Inserting the identity

Y 2β = Y +2ln(Y )
∫

β

0.5
Y 2udu.

into (3) we obtain

∫ 2Y

0.5Y

∣∣∣∣∣ ∑
0<|γ|≤T

xρ

∣∣∣∣∣
2

dx ≪ Y (ln(T ))2
∑

0<|γ1|≤T
0.5≤β<1

(
Y +2ln(Y )

∫
β

0.5
Y 2udu

)

≪ Y 2(ln(T ))2N(T )+Y ln(Y )(ln(T ))2
∫ 1

0.5
Y 2uN(u,T )du

≪ Y 2 ln(Y )(ln(T ))2 max
0.5≤α<1

Y 2α−1N(α,T ).

2) Proof of the second inequality. We write

∫ 2Y

0.5Y

∣∣∣∣∣ ∑
0<|γ|≤T

ρxρ

∣∣∣∣∣
2

dx = ∑
0<|γ1|≤T

∑
0<|γ2|≤T

(β1 + iγ1)(β2 − iγ2)
∫ 2Y

0.5Y
xβ1+β2+i(γ1−γ2)dx

≪ T 2
∑

0<|γ1|≤T
∑

0<|γ2|≤T

∣∣∣∣∫ 2Y

0.5Y
xβ1+β2+i(γ1−γ2)dx

∣∣∣∣
= T 2

∑
0<|γ1|≤T

∑
0<|γ2|≤T

∣∣∣∣∣(2Y )β1+β2+1+i(γ1−γ2)− (0.5Y )β1+β2+1+i(γ1−γ2)

β1 +β2 +1+ i(γ1 − γ2)

∣∣∣∣∣
≪ Y T 2

∑
0<|γ1|≤T

∑
0<|γ2|≤T

Y β1+β2

1+ |γ1 − γ2|

In the above argument we proved the following estimate

∑
0<|γ1|≤T

∑
0<|γ2|≤T

Y β1+β2

1+ |γ1 − γ2|
≪ Y (ln(Y ))(ln(T ))2 max

0.5≤α<1
Y 2α−1N(α,T ),
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and the proof of the second inequality follows.

LEMMA 8. Let 0 < ε < 0.1 be arbitrary small number and let N(σ ,T ) denote the number of zeros ρ of
ζ (s) with ℜ(s)≥ σ and |ℑ(s)| ≤ T . Then we have

N(σ ,T )≪ T (30/13+ε)(1−σ)(ln(T ))14.

Proof. It follows from Lemma 6 that

N(σ ,T )≪ T 15(1−σ)/(3+5σ)+ε1 .

Here 0 < ε1 < 0.01 is arbitrary small number. Put ε2 = 169/(40/ε1 −140)> 0. Let us consider 3 cases:
Case 1: If 0.7+ ε2 < σ < 13/15 then we have

15
3+5σ

<
15

3+5(0.7+ ε2)
=

30
13

− 300ε2

169+130ε2
.

Thus

N(σ ,T )≪ T 15(1−σ)/(3+5σ)+ε1

< T 30(1−σ)/13+ε1−40ε2/(169+130ε2)

= T 30(1−σ)/13. (4)

Case 2: If σ ≤ 0.7+ ε2 then we use the Ingham’s density estimate [1]

N(σ ,T )≪ T 3(1−σ)/(2−σ)(ln(T ))5. (5)

We have
3

2−σ
≤ 3

2− (0.7+ ε2)
=

30
13

+
300ε2

40−260ε2
≤ 30

13
+ ε.

Here we take ε = 10ε2. Then, it follows from (5) that

N(σ ,T )≪ T (30/13+ε)(1−σ)(ln(T ))5. (6)

Case 3: If σ ≥ 13/15 then we use density estimate (see Theorem 12.1, [8]) as following

N(σ ,T )≪ T 2(1−σ)/σ (ln(T ))14.

Since σ ≥ 13/15 then
N(σ ,T )≪ T 30(1−σ)/13(ln(T ))14. (7)

We finish the proof by combining (4), (6) and (7).

3. PROOF OF THEOREM 1

Let ε > 0 be arbitrary small number and put N1 = N0.525+3.75ε . For the number J(N,H) of solutions to the
inequality 0 ≤ N − p1 − p2 < H we have

J(N,H) = ∑
2≤p1≤N

N−p1−H<p2≤N−p1

1 ≥ ∑
N−2N1<p1≤N−N1

N−p1−H<p2≤N−p1

1. (8)
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We have

∑
N−p1−H<p2≤N−p1

1 = ∑
N−p1−H<n≤N−p1

Λ(n)
ln(n)

− ∑
N−p1−H<n=qk≤N−p1

k≥2
q - prime

Λ(n)
ln(n)

≫ 1
ln(N) ∑

N−p1−H<n≤N−p1

Λ(n)− ∑
N−p1−H<n=qk≤N−p1

k≥2
q - prime

Λ(n)
ln(n)

. (9)

We establish that

∑
N−p1−H<n=qk≤N−p1

k≥2
q - prime

Λ(n)
ln(n)

= ∑
2≤k≤log2(N)

k√N−p1−H<q≤ k√N−p1

1
k

≪ ∑
2≤k≤log2(N)

k
√

N − p1 − k
√

N − p1 −H
k

≪ 1+
√

N − p1 −
√

N − p1 −H

ln(N)
(

1+ 3
√

N − p1 − 3
√

N − p1 −H
)

≪ H√
N1

+ ln(N). (10)

It follows form (8), (9) and (10) that

J(N,H)≫ 1
ln(N) ∑

−2N1<p1≤N−N1
N−p1−H<n≤N−p1

Λ(n)+O

(
H
√

N1

ln(N)
+N1

)
. (11)

Put T = N1(ln(N))3/H. By Lemma 1 we have

∑
N−2N1<p1≤N−N1
N−p1−H<n≤N−p1

Λ(n) = H (π(N −N1)−π(N −2N1))−W +O

(
H

ln(N)

)
(12)

where

W = ∑
N−2N1<p1≤N−N1

∑
0<|γ|≤T

(N − p1)
ρ − (N − p1 −H)ρ

ρ
.

Next, Lemma 2 yields

π(N −N1)−π(N −2N1)≫
N1

ln(N)
. (13)

By combining (11), (12) and (13) we obtain

J(N,H)≫ HN1

ln(N)
−W +O

(
H
√

N1

ln(N)
+N1

)
+O

(
H

ln(N)

)
. (14)

To prove Theorem 1 it suffices to show that

W ≪ HN1 exp
(
− 10
√

ln(N)
)
.
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First we write

∑
0<|γ|≤T

(N − p1)
ρ − (N − p1 −H)ρ

ρ
= ∑

0<|γ|≤T

∫ N−p1

N−p1−H
xρ−1dx

=
∫ H

0
∑

0<|γ|≤T
(x1 +N − p1 −H)ρ−1dx

≪ H
N1

∣∣∣∣∣ ∑
0<|γ|≤T

(x1 +N − p1 −H)ρ

∣∣∣∣∣
here x1 ∈ [0,H] which maximize the modulus of the sum over zeros ρ of the Riemann’s zeta function. Thus,
we have

W ≪ H
N1

∑
N−2N1<p1≤N−N1

∣∣∣∣∣ ∑
0<|γ|≤T

(x+N − p1 −H)ρ

∣∣∣∣∣ .
The Cauchy’s inequality give us

W 2 ≪ H2

N1
∑

N−2N1<p1≤N−N1

∣∣∣∣∣ ∑
0<|γ|≤T

(x1 +N − p1 −H)ρ

∣∣∣∣∣
2

.

Put
f (t) = ∑

0<|γ|≤T
(x1 +N − t −H)ρ .

Lemma 4 give us

W 2 ≪ H2

N1

(
0.5
∫ N−N1

N−2N1

| f (t)|2dt +2
(∫ N−N1

N−2N1

| f (t)|2dt
)0.5(∫ N−N1

N−2N1

| f ′(t)|2dt
)0.5

)
(15)

It follows from Lemma 7 that

∫ N−N1

N−2N1

| f (t)|2dt =
∫ 2N1+x1−H

N1+x1−H

∣∣∣∣∣ ∑
0<|γ|≤T

tρ

∣∣∣∣∣
2

dt

≤
∫ 2N1

N1/2

∣∣∣∣∣ ∑
0<|γ|≤T

tρ

∣∣∣∣∣
2

dt

≪ N2
1 (ln(N))3 max

0.5≤α<1
N2α−1

1 N(α,T ). (16)

Similarly, we have

∫ N−N1

N−2N1

| f ′(t)|2dt =
∫ 2N1+x1−H

N1+x1−H

∣∣∣∣∣ ∑
0<|γ|≤T

ρtρ−1

∣∣∣∣∣
2

dt

≪ N−2
1

∫ 2N1

N1/2

∣∣∣∣∣ ∑
0<|γ|≤T

ρtρ

∣∣∣∣∣
2

dt

≪ T 2(ln(N))3 max
0.5≤α<1

N2(α−1)
1 N(α,T ). (17)
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By combining (15), (16) and (17) we obtain

W 2 ≪ H2N2
1 (ln(N))3 max

0.5≤α<1
N2(α−1)

1 N(α,T ). (18)

We recall that T = N1(ln(N))3/H and H ≥ N0.07+ε = N2/15+0.5ε

1 . It follows from Lemma 8 that

N2(α−1)
1 N(α,T )≪ N2(α−1)

1 T (30/13+ε)(1−α)(ln(T ))14

≪ N2(α−1)
1

(
N1(ln(N))3

H

)(30/13+ε)(1−α)

(ln(N))14

≪

(
N2/15+13ε/30

1
H

)(30/13+ε)(1−α)

(ln(N))19

≪ N−ε(30/13+ε)(1−α)/15
1 (ln(N))19

≪ N−2/13ε(1−α)
1 (ln(N))19. (19)

From (18) and (19),
W 2 ≪ H2N2

1 (ln(N))22 max
0.5≤α<1

N−2/13ε(1−α)
1 .

Therefore, by Lemma 3,

W 2 ≪ H2N2
1 exp

(
− c1ε ln(N)

(ln(ln(N)))1/3(ln(N))2/3 +22ln(ln(N))

)
≪ H2N2

1 exp
(
− 10
√

ln(N)
)
. (20)

We finish the proof by combining (14) and (20).

REFERENCES

[1] A. E. Ingham, On the estimation of N(σ ,T ), Quart. J. Math. Oxford Ser., 11 (1940), 291–292.
[2] D. V. Goryashin, S. A. Gritsenko, On the diophantine inequalities with prime numbers, Chebyshevskii Sbornik, 24.4 (2023),

325–334.
[3] L. Guth, J. Maynard, New large value estimates for Dirichlet polynomials, arXiv:2405.20552 (2024).
[4] H. Montgomery, R. Vaughan, The exceptional set of Goldbach’s problem, Acta Arithmetica, 27.1 (1975), 353-370.
[5] A. A. Karatsuba and S. M. Voronin, The Riemann Zeta-Function, Translated from the Russian by Neal Koblitz, Walter de Gruyter

(Berlin, New York, 1992).
[6] R. C. Baker, G. Harman, J. Pintz, The difference between consecutive primes II, Proc. London Math. Soc., 83.3 (2001), 532-562.
[7] A. A. Karatsuba, M. B. Nathanson (auth.) Basic Analytic Number Theory, Springer-Verlag Berlin Heidelberg (1993).
[8] H. Montgomery. Topics in multiplicative number theory. Lecture Notes in Mathematics, Vol. 227. Springer-Verlag, Berlin-New

York (1971).

Received December 20, 2024


