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1. INTRODUCTION AND HISTORICAL BACKGROUND

In this paper, we consider only undirected, connected, simple graphs and use the standard terminology and
notation of graph theory. Let P,, n > 1, C,, n > 3, and S,, n > 3 denote a path, a cycle, and a star with n
vertices, respectively. We define Py as the empty path. The subdivision sub.,(G) of an edge e = xy in G means
inserting a new vertex of degree 2 into the edge e. If xy € E(G), we say that x is a neighbor of y. The set of
all neighbors of x is called the open neighborhood of x and is denoted by N(x). The set N(x) U {x} is called
the closed neighborhood of x and is denoted by N[x]. For a subset X C V(G), we define N(X) = |J N(x) and

xeX

N[X]= U N[x]. For X C V(G)UE(G), G\ X denotes the graph obtained from G by deleting the set X.
xeX
Recall that a vertex of degree 1 in a graph G is called a leaf. For x € V(G), denote by L(x) the set of all

leaves adjacent to the vertex x, and let |L(x)| = I(x) and L(G) = | L(x). A vertex x € V(G) with L(x) # 0
x€V(G)

is called a support vertex. If [(x) > 2, then x is called a strong support vertex and the set of all strong support

vertices is denoted by Ss. If I(x) = 1, then x is called a weak support vertex and the set of all weak support

vertices is denoted by S,,. The unique leaf adjacent to a weak support vertex is called a single leaf. The set

of all support vertices in G is denoted by S(G), so S(G) = S;US,,. For any subset U C V(G), we define

L(U)= U L(x). A vertex x € V(G) is called a penultimate vertex if it is not a leaf and is adjacent to at least
xeU
dg(x) —1leaves in G. By a unicyclic graph, we mean a graph of order n, with n > 3, obtained from an n-vertex
tree by adding exactly one edge. B
Let G be an arbitrary graph. For a graph G of order n, with n > 2, we define G-addition as a local augmen-

tation of G. This operation, denoted by G — adé(x y)(G), consists of adding the graph GtoG by identifying a

vertex x € V(G) with a fixed vertex y € V(G).
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Let n > k > 3 be integers. We define P, as the graph of order n obtained by attaching the path B, ;.
to the cycle C; using G-addition, that is, P, ; = adp, .. (xy)(Cx) where y € V(P 441) is a leaf and x € V(Cy).
Similarly, forn > k+2 > 5, we define C, x as the graph of order n obtained by attaching the cycle C; to G,
using G-addition, that is, Cuk = adc,(xy)(Co—t+1) wWhere x € V(C,_¢11) and y € V(Cy). The graph H, 3, for
n > 4, is obtained from the star Kj ,_; by adding an edge between two of its leaves.

A subset S C V(G) is called an independent set of G if no two vertices in S are adjacent in G. The empty
set and all subsets containing exactly one vertex are also independent by definition. The number of all inde-
pendent sets in G is denoted by 6(G). For x € V(G), let 0,(G) (respectively, _,(G)) denote the number of
independent sets S such that x € S (respectively, x ¢ S). The basic rule for counting independent sets is given
by 0(G) = 0,(G) + 6_(G). Moreover, for x,y € V(G), let o, ,(G) (respectively, oy _,(G)) denote the number
of independent sets S such that x,y € S (respectively, x € Sand y € S).

The topic of counting all independent sets was initiated from a purely mathematical perspective in 1982 by
Prodinger and Tichy in [[12f], and in the next decades it has been discussed in many papers; see, for example,
[2,4H7]. This interest was further motivated by their observation that the number of independent sets in paths
is given by Fibonacci numbers.

The parameter o (G) was called the Fibonacci number of a graph in [12], based on the following facts:
6(P,) = F,41 and o(C,) = L,, where the Fibonacci numbers F, are defined recursively by Fy = F; = 1 and
F,=F, |+ F, ,forn> 2, and the Lucas numbers L, are defined by Lo =2,L; =1,and L, =L, |+ L, , for
n > 2. It is well known and also used for our future considerations, that Fibonacci numbers are also defined for
negative indices by F_; =0 and F_, = (—1)"F,_, forn > 2.

The paper by Prodinger and Tichy gave impetus to the study of counting independent sets. Additionally,
in [8], Merrifield and Simmons introduced the parameter 6(G) in the combinatorial chemistry. The parameter
o(G) of a molecular graph is used in molecular design and belongs to the class of so-called topological in-
dices, which serve as quantitative descriptors of the structure of a molecular graph. For historical reasons, the
parameter 6(G) is named as the Merrifield—Simmons index.

A review of the literature shows that the topic is current, see, for example, [ 1}3,/9,/11]]. Many papers dealing
with the theory of counting independent sets in graphs have appeared. For instance, the survey by Gutman and
Wagner [4] collects and classifies results related to o(G), see this paper and its references for further details.

We recall that for trees and unicyclic graphs, the following results have been proved:

THEOREM 1 [12]. If T, is a tree of order n,n > 1, then F, | < 6(T,) <2"~ ' + 1. Moreover 6(T,,) = Fy, ;1
ifand only if T, =2 P, and o(T,) = 2"~ ' + 1 if and only if T,, = S,..

THEOREM 2 [10]. If G is a unicyclic graph of order n, then L, < 6(G) < 3-2"3 + 1. Moreover,
0(G) =L, ifand only if G=C, or G= P, 3 and 6(G) =3-2" 3+ 1 ifand only if G= Cy or G = H,, 3.

Let R, 33 denote the graph of order n, where n > 6, obtained by attaching the cycle C; to B,_»3 using
G-addition, that is, Ry33 = adc,(yy)(Pi—23), where x € V(B,_23) is the unique leaf of B, 53, and y € V(C3).
The graph H, 3 3, for n > 5, is obtained from the star Kj ,_; by adding two edges in such a way that the resulting
graph contains two edge-disjoint triangles.

For graphs with exactly two elementary cycles, the following result was proved:

THEOREM 3 [13]|. Let G be an arbitrary graph of order n, n > 5, with exactly two elementary cycles.
Then 5F, 3 < 6(G) < 1+9-2""2. Moreover 6(G) = 5F,_3 for G= Cs3and G=R,33 forn>6and 6(G) =
149-2"2 for G H, 3.

In this paper, we determine the number of independent sets that include the set L(G) as a subset. Indepen-
dent sets containing L(G) as a subset in trees and unicyclic graphs were previously studied in [[14], [16].

This subfamily of independent sets is of particular interest, as sets that include the set of leaves L(G) may
have applications in localization problems related to security. For example, a graph can model a system of
communication routes in a border area. To ensure border protection, outposts must be placed so that each
endpoint is monitored by a guard post. At the same time, to optimize placement, the posts should be located
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at intersections, but no two should be adjacent. In terms of graph theory, such a configuration corresponds to
an independent set that includes the set of leaves. Depending on the number of available outposts, one may
select an independent set of the desired cardinality. In particular, it is important to determine the number of
independent sets that include the set of leaves.

Every independent set that includes the set L(G) as a subset can be extended by locally augmenting the
graph for example, by attaching new leaves to existing support vertices. Such local augmentations do not affect
the number of independent sets that include L(G) as a subset.

Let 01(G) denote the total number of independent sets in G including the set L(G). If L(G) = {w}, then
for simplicity we also put 6,,(G) instead of 67,1(G) or 0(G). For trees and unicyclic graphs, the following
results was proved:

THEOREM 4 [14]. Let T be an arbitrary n-vertex tree, n > 3. Then 1 < o(T) < F,_3. Moreover
o(T)=F,_3ifT =P,

THEOREM 5 [15]]. Let G be a unicyclic graph of order n, n > 5, and G # C,. Then or(G) < F,_;.
Moreover, 6(G) = F,_1 if G = Py 1.

Let € be a family of graphs with two elementary cycles having only one vertex in common. In this paper
we study the parameter oy (G), where G € €.

2. TRANSFORMATIONS THAT PRESERVE OR INCREASE o0;,(G)

Let S C V(G) be an independent set. Then 0.(G) = 6(G\ N[L]). If 6(G) > 2, that is, L(G) = 0, then
0.(G) = o(G). Consequently, for all graphs with minimum degree 6(G) > 2, the parameter o7(G) coincides
with the Merrifield-Simmons index. Let .%#; be the family of all independent sets of G that include L(G) as
a subset. Then |.%;| = |.#'| where .%’ is the family of all independent sets in G\ N[L]. Let x be an arbitrary
vertex of V(G). Let o7 (G) (respectively, o7, _(G)) denote the number of independent sets that include L(G)
as a subset and contain x (respectively, do not contain x). Then 07(G) = o7 +(G) + 61, —(G) is the basic rule
for counting independent sets that include L(G) in a graph G.

Since C, ;. has no leaves, that is, L(C, x) = 0, it follows that 6.(C, ) = 0(C,.x). In the subsequent consid-
erations, we assume that G # C, .

The following lemma is immediate.

LEMMA 1. Let G be a graph of order n, where n > 6 and G € €. Then o1(G) =1 if and only if V(G) =
L(G)US(G).

Next, we determine the maximum number of independent sets that include L(G) in graphs belonging to
%, we also characterize graphs that attain this maximum. We present a sequence of results that describe how
to gradually transform a graph into another graph of the same order such that 6,(G) increases or remains
unchanged at each step. To determine the maximum value of the parameter oy (G) and to characterize the
extremal graphs that achieve it, we first prove several necessary results.

The next two results are immediate.

LEMMA 2. Let G be a graph of order n, where n > 7 such that G € € and let x € Sy(G). For any subset
L'(x) C L(x), we have oL(G) = o,(G\ L' (x)).

LEMMA 3. Let G be a graph of order n, where n > 7 such that G € € and let x € S,,(G) with L(x) = {z}.
If x is not a penultimate vertex, then or(G) < or(G\ {z}).

LEMMA 4. Let G be a graph of order n, where n > 7 and G € €. Let x € S;(G) with L(x) ={z1,...,2},
where k > 2. Then for any 1 <i <k, either

(i) 0L(G) < or(suby,(G\{z})) if u is a penultimate vertex and v € N(u) \ L(u), or
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(i) or(G) < or(subyy(G\{zi})) if G has no penultimate vertex and q is a vertex belonging to a cycle.

Proof. Let z; € L(x), 1 <i <k, be a fixed vertex. Then by Lemma|2) we have that 6;.(G) = 0.(G\ {z;}), let
us consider the following cases.

(i) Let u be a penultimate vertex of G and v € N(u) \ L(u). Denote G’ = sub,,(G\ {z;}) and let .#;, and
F'1, be families of all independent sets including the set of leaves in G and in G, respectively. Clearly
o.(G') = o u(G') + o1 _,(G'). Since u is the penultimate vertex in G hence u is the penultimate vertex
in G, too. Let S € .#';. Then it is obvious that u ¢ S. This gives that o7(G") = |#' _,|. Let z be
the vertex inserted into the edge uv. Of course |F#'f, _,| = | F'1 |+ | F'L_.| =% L.| + oL(G). Since
|71 .| > 1s00L(G') > oL(G).

(ii) Since a graph G has no penultimate vertex so every support vertex belongs to the subgraph C,; in
G. Let g be a neighbor of x and g belongs to a cycle in G. Let z be a vertex inserted into edge xq.
Denote G’ = subyy(G \ {zi}). Then 01(G’) = 01,(G") + 01, _.(G'). Since o7 _.(G') = 61(G) hence
o.(G') = 01.(G') + 0,(G) > o,(G), which ends the proof.

In the similar way we can prove following results:

THEOREM 6. Let G be a graph of order n, where n > 6 and G € €. Let x € S,,(G) with L(x) = {z}. Let u
be a penultimate vertex of G and v € N(u) \ L(u). Then or(G) < op(sub,,(G\ {z})).

THEOREM 7. Let G be a graph of order n, where n > 7 such that G € € and let G has at least two leaves.
Let x € S,,(G) with L(x) = {z}. If G has no penultimate vertex then 61(G) < or(suby(G\ {z})), where q is a
vertex belonging to a cycle.

THEOREM 8. Let G be a graph of order n, with n > 9 and G € €. Suppose that G contains two subtrees
isomorphic to P, and P, with t,m > 3, such that:

(1) P, and P,, have only one vertex x in common,
(ii) the endpoints of P; and P,, distinct from x are leaves in G, and

(iii) all internal vertices of P, and P,, have degree two in G.

Then 61.(G) < or(adp,(,x)(G\ (P \{x}))) where u is the end vertex of Py, distinct from x, which is identified
with the initial vertex x of P,.

Proof. Denote G' = adp(,) (G \ (P \ {x})). Clearly, 0.(G) = 0.,(G) + 01, (G). Let S be an arbitrary
independent set in G that includes the set of leaves. Then u € S. Define S* = SN (V(G)\ (V(B)UV(Py)),
S1=8SNV(P,), S2 =SNV(F,). We consider two cases:

(1).xeS.

Identifying the initial vertex x of P, with the end vertex u of P,, we observe that the set §* US| US, is
an independent set in the graph G’ including the set L. Moreover, the set S* US| US; \ {u} is an additional
independent set in the graph G’ including the set L. Hence, 07 4(G) < or.(G).

2). x & 8S.

Letve N(x)NV(PR). Ifv¢ S, then $*US; US> is an independent set in the graph G’ including the set L. If
vE S, then S*US US, \ {u} is an independent set in the graph G’ including the set L.

Consequently, in both subcases, 07, (G) < o1, _(G').

Finally from the above cases we obtain that 67(G) < or(G’), which ends the proof. O

Using the same method, we can prove the following:

THEOREM 9. Let G be a graph of order n, withn > 9 and G € €. Suppose that G contains two subtrees
isomorphic to P, and P, with t,m > 3 such that
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(i) P has exactly one vertex x in common with a cycle, and P,, has exactly one vertex y in common with
a cycle, where x %y,

(ii) the endpoints of P, and P, distinct from x and y are leaves in G,
(iii) all internal vertices of P, and P,, have degree two in G.
Then o.(G) < or(adp,ux(G\ (B \ {x}))), where u is the end vertex of B, distinct from x, which is identified

with the initial vertex x of P;.

Letk>3,1>3,0<r<]|l/2],andn > k+1. By GAT we denote the graph of order n consisting of
two cycles C; and C; that have exactly one common vertex, say x, and a path P, _;_;; attached to a vertex
y € V(C;) (not necessarily distinct from x), such that d ., (x,y) = r, where r > 0. Clearly, L(GE™)| =1. Let

L(GE™) = {w}.

o W
[ )
B k141 :
°
°
P,
y
G

G0 Gl

Fig.1 — Graphs G],‘,’l’r for arbitrary r > 0.

From previous theorems, we can conclude:

THEOREM 10. If G € € is a graph of order n, for which the value of 61(G) attains its maximum possible
value among all graphs of order n belonging to ¢’ and G % Cy, then G = Gﬁ’l’rfor some integers n,k,l, and r.

It follows from Theorem that to determine the maximum value of o (G), it suffices to study the behavior

of the parameter o (Gy™™").

3. THE BEHAVIOR OF THE PARAMETER o (Gy"")
In future calculations we use the following well-known identities for Fibonacci numbers
Fan+Fm—1Fn—1:Fm+na (D

Fan_Fm-HFn—l :(_l)nFm—n- (2)

From (1) we get F,_1F,—1 + Fn_2F,—>» = F,+n—>. Hence and by (1) we get
Fnkbyp — Fy 2Fy 2 = Fm+n71 . (3)
From (2) we get F 1F, 1 — FpioF, 2 = (—1)""'F,_,,». Hence and by (2) we get

Fan _Fm+2Fn72 - (_l)n_lmenJrl- (4)
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LEMMA 5. Letk >3,1>3,0<r<][l/2], n > k+1. Then

(i) ow(Gy"") = FaFiaFy i i1+ BFiF i1,

(i) 6u(Gy"") = B oFi o2Fy i+ FeFo i1,

(iii) 0w (Gy'"?) = B aFy i3+ F(FioFy s 1+ Fux2), [ >4,
(iv) 0w(Gy"") = Feoa(Fir2Fr2Fy1-1 + Fiop 1 Fo Fypg

)
+F(F—r 1 B Fyjy 1+ F B ), 1 > 6,7 > 3.

Proof. (i) Forn > k+1+2 we get

O'W(Glr?l’o) = Gw.,x(Gl:z’l70) + O'W,—x(GﬁJ’O)
0(Pi—3)0(P—3)0(Py—k—1-2) + 0 (P-1)0(P—1)0(Pr—k—1-1)
= FoF oFy -1+ FF

Forn=k+1+1 we get

Gw(Gﬁ’l’O) = O'w,x(Gﬁ’l’O) + Gw.,—X(Glrch’o)
0(P—3)0(P-3) +06(Pi—1)0(P-1) = Fe2Fi 2+ Bl
= FoF oF 11+ FFF

Forn =k+1 we get
0,(GH0) = 6, _(GE') = 6(P_1)0(P—1) = FeFi = FiaFi 211 + FeFi By
(1) Forn > k4141 we get

Gu(Gi") = GGy + G o(G)
= 0(P—3)0(P-3)0(Pi—i—i1-1) + 0 (Pi—1)0(Pr—r—2)
= kb oF 1+ FFy1.

For n = k+1 we get

0u(Gi™) = GGy + G o(Gi")
= 0(P—3)0(P3)+0(Pi—1)0(P—2) = FkoFi2 + FFi—y
= FB b oF, j+EFy -

(iii) Forn > k+1+1 we get

6,(G,'?) = 0ux(Gy'?) + 04 x(G'?)
= 0(P3)0(Pyk-1)+0(P1) (6(Pl—3)6(Pn—k—l—1) + G(Pn—k—3)>
= Feobp s+ F(Fab g1+ Fk2)

Forn =k+1 we get

O'W(sz’m) = GW,X(Gﬁ’l’Z) + o'vv,—X(Gﬁ’m)
0(Pi—3)0(P_4) +0(P—1)0(P—3) -2 = Fe2F;_3+2FF;_»
= FoFp w3+ F(FiaFp 1+ Foga).
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(iv) Forn > k+[+2 and r > 3 we get
6u(Gy) = Oux(Gy) + 0 x(Gy")
- c(PH)(o(n,r,3>o<P,_3)c(Pn,k,,,g
o (P-r-2)0(Pr- 2)G(Pn—k—1—1))
+ 0 (Pr- 1)( 0(P—r—2)0(Pr2)0(Pyi—j—1-2)

o(Pr-1)0(Pr I)G(Pnfkflfl))
= F_ 2(Fz r2F o Fy i+ Fo 1 Fo 1 Fyg)
+F(F—r 1 F 1By + F_ FFy ).

Forn=k+1+1 we get by (1)

GW(G]:;’IJ) = O-W,X(Glrc;’l’r) + Gw.fX(sz’l’r)
= 0(P3)0(P3)+0(P-1)0(P-1) = Fy2F1 2+ FiFp
= Fo(F_raF 2F g1+ F_ 1 Fr 1 Fy )
+F(F— 1 F 1 Fyg—1—1 + F— FFy ).

Forn=k+1[and r > 2 we get

GW(sz’l’r) = GvV,X(sz7l7r) + Gwﬁx(Glr?l’r)
0 (Pi-3)0(Pi—r—2)0(P—2) + 0(P-1)0(P—r-1)0 (P—1)
Fe2F 1 Fry + FiFp - Fy
= For(F—raFoF kg +F_ 1 F1Fig)
+F(F— 1 F By k1 + Fi_ FoFy ).

This ends the proof of Lemma 5]

a

If we substitute in (iv) r by 0, 1 or 2 then we get (i), (ii) or (iii) respectively. We distinguish these cases

because of the manner of proof and the later use.

COROLLARY 1. The following inequalities are true:

i) 6.(G" ) > 6,(G>") forn > 1.
(ii) 6,(Gy" %) > 6,,(Gy™*°) for n > 7 and equality holds iff n =
(i) 0,(Ga"*%) > 6,,(Ga™") for n > 8 and equality holds iff n = 8.

Proof. Above inequalities are easy to verify by using the Lemma (i)

From the Lemma it follows the following relations between the numbers of independent sets of Ghr

special r.

LEMMA 6. Letk >3,1>3,0<r<][l/2], n > k+1. Then

(i) 6,(G") (G + B FiaFoi1-2 > 0, (G,
(i) 6,(Gh"™") = 6, (Gi"?) + F 1 Fr3F 412 > 6, (Gy'), [ > 4,
(iii) 6,(Gr") = 6u(Gy"") + ot Foer 1 Fro1 B2 > 6,(Gi™), 1> 6, 1 > 3.

Oy
Oy

The equations hold if and only if n = k+1+ 1.

a

for
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Proof. (i) By the Lemmal] (i), (ii) and (3) we have

0, (G0 = 6, (GEM) = FoFo(Fyi—io1 — Fyit) + Fe(FiFy—i1 — Fyoie1)
= —Fab oy k12t Bl o2F 12
= Bk oF .

(ii) By the Lemma 3] (iii), (ii) and (3)) for I > 4 we get

0w (Gh'?) = 0, (GE") = Feo(Fuoies — FiaFu 1) + F(FraFyi1 + Fyoiea — Fyoi1)
= —FoF 4Fy i1 2+ F(F2F 11— Fii3)
= —Fobpaby 12t FFaF 2
= FFaFy 12

Hence and by virtue of (i) we get for [ > 4

0, (GH0) — 6, (G2 = Fu \Fy oF, 12— Fi 1FyaFy 2= F 1F 3F, 1 .

(iii) By the Lemmal (iv) and (1] . ) for[ >6,r>3

0 (GE0) — 6, (GE'") = Fo(FraFui—io1 — Fir2Fr2Fy 11 — Frp o1 o1 By )
+ F(FiFy 1 —F—r 1 Fr 1 By 11 — i FrFp i)
= FoFiraFaF1—F 1 FaFyi)
+F (B BBy —Fp  Fr1Fy 1)
= —FobiraFr b2+ FFi— 1 Fro Py
= Fe1Fi—r 1 Fro1Fyg—1-2.

Because F,, =0iff p=—1then F, ;_; » =0iff n =k+[+ 1. The remaining subscripts are positive. Hence
it follows that the equalities in (i)—(iii) hold if and only if n = k+1+1. O

LEMMA 7. Letn > k+1,1 > 3. Then

(i) 6u(GE'0) = 6, (GE MY o ()RR Fy__yy for k > 4.

(i) 6w (Gy"™") = 0 (G 2 20) - (=1 R 1 Bk for k> 5.

Proof. (i) By the Lemma 3] (i) and (2) we have for k > 4

0w (Gy"0) = 0, (G V) = R R oFy i+ FFiFyi
—F 3P 1By 11 — Fe—1Fre1 Bkt
= (FaFi2—F 3R 1)F -1+ (FF— F1Fy)Fg
(=D 2Rt + (= ) R By
= (—D'Fi(Fieio1 + B
(—D*FiFuiii.

(ii) By the Lemma[3] (i) and () we have for k > 5
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0, (G'0) — 0, (G220 = F oF oFy i1+ FFiF i
— b aFFy 11— Fp o F by
= (Fea2F2—FaF)Fy 11+ (FF — Fe2F2)Fa i
(—D P Fi By + (=D g Fygey
(=D "B (Bukmi1 + Fua)
(—D* "Fi By

This ends the proof. O

LEMMA 8. Letn > k+1, k> 3. Then

(i) 0,(Ge"0) =0, (G "0) 4+ (=1)!A, I > 4, where A> 0 forn > k+21—2.

(ii) 6,(G5") = 6, (GE' ")+ (=1)"*IB, | > 4 where B> 0 for n < k+21—2.
(i) 6,(G5') = 6, (GE'2)+ (=1)'71C, 1 > 5, where C > 0 for n > k+21 — 3.

(iv) 6,(G"0) = 6,,(GE' )+ (=1)"*~ID, 1 > 5, where D > 0 for n < k+21 —3.

Proof. Because Fibonacci numbers are also defined for negative indices, so we prove that A,B,C,D are
positive numbers.

(i) By the Lemmal[5] (i) and () we get for [ > 4

0, (GE'0) — 0, (G0 = FoFaF g1+ FeFiFyoi
—F2F 3F 1 — FRFi 1 By g1
Fi2(FraFy k11— Fi3Fp 1) + F(FFy 1 — FiaFpi111)
= Fo—D)"?F g +B(—1)F gy
(=) (Fe—aFp—i—a141 + FiFpi—21).-

Ifn—k—2l>—-2thenA = FioF,_—21+1+ FiFy—k—21 > 0.
(i1)) We have

FeaFy o1+ FBFy o = Fo(—1)"" 20 o s+ F(—1) 2 s
(_1 n+k+21—1(

FioF yiki21-3 — FlF_pikio0-2)
n+k—1 (

)
1)~ Fy oF k013 — FeoFyiiqai—2 — Fre 1 Fopgiqo1-2)
)
)

(—

—1)"N R L F —F._F

( (—F2F pikioi-a — Fe1 Fopigroi-2)
(—

D) "M FeaFopii—a + Fe 1 Foppioi—a).

Thus we get by (i)

0, (GE0) — 0, (G0 = (1) "B o F iki-a + Fe 1 Fopiiioi—2)

(=) N FBoF piksar-a+Fa 1 Fopiria-2),

where B = Fy_oF_pixa0i—a+ Fr1F_yikini—2 >0 for —n+k+21—4 > -2,



356 Mateusz PIRGA, Mariusz STARTEK, Iwona WEOCH 10

(iii) By the Lemma 3] (i) and () we get for / > 5

0w (G0 — 0,,(GE') = FoFaF i1+ FFiFu i
—Fe b1 aFyj—1+1 — FiFl—2Fp—k—142
= Fao(FaF 11— FaF i 11)
+ Fi(FiFy k1 — Fi2Fi142)
= Fo(—1)"7F oo+ F(—1)" B o
= (=" (F2Fi-a2+ FFpi-2+1).

Ifn—k—-2l+1>—-2then C=F,_F, 2112+ FiFy_x—2+1 > 0.
(iv) Similarly as in (if) we get by (iii)

0w (GE0) — 6, (GE720) = (1) N (F oF piasar—s + Fe 1 Foniiei3),

where D = Fy o F_, k4015 + Fr—1F_piry21-3 > 0for —n+k+21—-5> —2. a

4. EXTREMAL BOUNDS FOR PARAMETER o0, (G)

In this section we give the upper bound for the parameter 67 (G) in (n,n+ 1)-graphs.

THEOREM 11 Let k> 3,1>3,0<r <[l/2], n>k+1>7. Then 6,(Gy"") < 6,,(Gy"~*%) = 5F,_4.
klr)_SFn 4lfand0n[y,kaerG;Ln 40.

Moreover, 6,,(Gy
Proof. Suppose that k, [ are fixed. By Lemma 6] it follows that for 0 < r < [//2]

0w(Gy"") < 0(G,"0) )

and equality holds if and only if n = k+ [+ 1. Therefore, it suffices to consider graphs of the form Gi'0.
Now suppose that the sum k+ [ is fixed and k41 > 8. Wlthout loss of generality, assume k < [ because
6,(GE0) = 6,,(GE*0). Let k > 4. If k is odd then, by Lemmal7| (i), 6,,(Gx") < 6,,(G5™"%) and k — 1 is
even. If k is even then, by Lemma (i), 6, (GN"™") < 6, (Gh ™ 2O) and k — 2 is even. For k = 3 we have, by

Lemma ), Gw(Gy" 0) < 0,(Gy"™). Hence it follows that for k # 4, k+1 > 8
GW(Gﬁ’l’O) < GW(Gi’kH*LL’O). (6)

Thus it is suffices to consider the graphs Gr'0 1> 4.

Consider any graph Gy and suppose that 4 <l <n—4. We have either n > 2[+2 orn <2/+1. Let
n>2l+2. If [ is odd then, by Lemma , 6,(Gh") < 6,(Gy' "), If I is even then, by Lemma (iif),
GW(GMO) < W(GM *Yand1—2> 4. Now suppose that n < 21+ 1. If n— [ is odd then, by Lemma [8] (ii),
6w (Gr'™) < 6, (GH19). If n— I is even then n > [ + 6 (because n > 4 +1), n— (I +2) is even and n < 2/ +5.
Hence and by Lemma (iv) O'W(GMO) < 6,,(Gy l+20) and[4+2<n—4.

Thus for every graph Gy'® with 4 < | < n— 4 there exist a graph G40 such that GW(GM 0) > GW(GM’O)
and 4 <!’ <n—4. For any n the number of different graphs G0 is finite. Thus the graph with maximal
independent sets among the graphs G4’l’0 4 <[ <n-—4,isagraph 1som0rph10 with G4 40 or G4 =40 . Hence,
by (6) and by assumption k+ [ > 8 it follows that in the set of graphs G&'0 k>3, 1> 3, the maximal number
of independent sets is realized in the graph which is isomorphic with one of the graphs: G0, G0, GO,
G% " jg By virtue of Corollary [1| we see that for n > 7 the extremal graph is only the graph isomorphic to
G," .

Thus by (§) forn >7

6. (Gy'") < 0, (Gy"*P)
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and the equality holds if and only if k =4, =n—4,r=0o0ork=n—4, 1 =4, r = 0. Moreover, by Lemmal

(D),

6w (Ga" ) = F4F,_¢F_1 + F4F,_4Fy = 5F,_4, which ends the proof.

From Theorems|10|and |1 1| we immediately obtain the main result of this paper.
THEOREM 12 Let G be a graph of order n, n > 7 and G € €. Then o1.(G) < 5F,_4. Moreover the equality

holds only for G = G40
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