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Abstract. Engineering ropeway has the characteristics of convenient transportation, low cost and strong 

environmental adaptability, which is widely used in production and life. However, strong nonlinear 

vibration behavior will occur due to complex coupled vibration during operation, which threatens the 

safety of the whole system. This kind of nonlinear vibration behavior is difficult to express in the form 

of analytical solution. For the comprehensive consideration of safety and efficiency in the operation of 

engineering ropeway, it is necessary not only to express the nonlinear vibration dynamic response of 

engineering ropeway quickly, but also to clarify the influence of ropeway parameters on the nonlinear 

vibration response. In this paper, a typical form of ropeway -- bridge crane is selected for constructing 

a moving pendulum model, and the corresponding nonlinear vibration equation is derived by Lagrange 

method. By using McLaughlin series expansion and orthogonal Chebyshev polynomials, the 

differential equation with both sinusoidal and cosine nonlinearities is reduced to polynomial equations. 

The analytical approximate solution of nonlinear vibration equation of engineering ropeway is obtained 

by combining Newton linearization with harmonic balance method. The results show that the analytical 

approximation solutions are highly consistent with the exact solutions obtained by the shooting method. 

The influences of parameters such as rope length, hanging weight and amplitude, on the nonlinear 

vibration response are analyzed. It is found that the length and amplitude of the rope are positively 

correlated with the period, while the hanging weight is the opposite. The present results have certain 

guiding significance for engineering ropeway design, optimization, and application. 

Keywords: engineering ropeway, nonlinear vibration, analytical approximation, Newton linearizaiton, 

harmonic balance method. 

1. INTRODUCTION 

The engineering ropeway is a special means of transportation, which has the advantage of being able to 

transport both vertically and horizontally. Moreover, the transportation span is large, and the work can be 

carried out in the complex terrain and mountain appearance as well as the severe wind, rain, snow and fog 

weather. Compared with other modes of transportation, ropeways have lower infrastructure costs, lower 

maintenance costs, and electric power is more environmentally friendly. In summary, ropeway is a kind of 

efficient and fast transportation means, and its application fields cover machinery, forestry, agriculture, mining, 

electricity, civil construction, tourism, aerospace and so on. Therefore, the majority of scholars and researchers 

are concerned about this, and have obtained fruitful academic results and applied them to the practice to 

improve the engineering ropeway [1−5]. 

When the ropeway is working, the whole system is in dynamic change. The carrier vehicle runs with a 

heavy load, which has a strong dynamic effect on the carrying rope. At the same time, there are external 

incentives, such as wind load will affect the carrier vehicle and load rope. As early as 2007, Petrova [6] 

considered the dynamic response of the ropeway under the action of crosswind and established the 

corresponding mechanical model. Through the use of MATLAB to calculate and analyze the vibration 

behavior of the heavy weight suspended in the model (namely the pod), the obtained data results have certain 

significance for improving the safety of the ropeway. Bryja [7] first derived the nonlinear differential equation 

of ropeway vibration based on Lagrange equation. Then, considering the linear and nonlinear interaction forces 

https://www.doi.org/10.59277/PRA-SER.A.26.2.09


184 Lin ZANG, Zhongyuan LIU 2 

between the ropeway and the pendulum, the equations governing the motion of the pendulum are derived. 

Finally, a numerical method for simulating the nonlinear vibration of double ropeway under operating load is 

proposed. Knawa-Hawryszków [8]  used numerical analysis method to study the initial tension of the load rope 

in the double rope channel, considering the nonlinear effect of the load rope. The influence of this method on 

displacement state and internal force is analyzed, and the recommended initial tension value of rope and the 

limit value of transverse displacement of rope are given. Xiao [9] proposes a nonlinear model for vehicle-

ropeway system. An incremental nonlinear equation of motion is established by using the updated Lagrange 

expression and the principle of virtual work, which develops a new iterative algorithm for finding the response 

solution. 

If multiple factors are coupled together and the coupled vibration equation is further established, the 

vibration characteristics of ropeway hoisting work can be expressed more accurately [10−14]. Therefore, it is 

very important to analyze the dynamic behavior of engineering ropeway from shallow to deep. Bridge crane 

is a kind of engineering ropeway, because of the low cost and complete functions, suitable for most of the need 

to control the cost but also to improve the efficiency of work, expand the scale of small and medium-sized 

enterprises [15] .At the end of last century, Lee [16] first applied the Lagrange dynamic equation to the problem 

of crane load swing, and established the mathematical model of bridge crane on this basis, which laid the 

foundation for the subsequent related research on crane anti-swing. Dai, et al. [17] established a 3D crane 

system coordinate system for the change of rope length and the control idea, and used Lagrange equation to 

establish a dynamic mathematical model and MATLAB for calculation, which not only simplified the 

modeling process, but also more intuitively reflected the crane swing response. Ouyang [18] analyzed the 

linearization of the simple pendulum model and obtained the second-order oscillation link according to the 

linearization results. Sun [19] added the consideration of coupling effects of other external disturbances on the 

basis of considering friction, so that the model can better simulate the real operating environment of bridge 

crane. In the study of nonlinear vibration, Mori and Tagawa [20] developed a linear parameter varying 

acceleration limit model considering the nonlinear acceleration of cranes, and combined the dynamic model 

of cranes with the speed limit model to establish a controlled object model considering the acceleration limit 

characteristics. Colic, et al. [21] describes the dynamic behavior of bridge crane under non-stationary operation 

state by using the Lagrange method and the small oscillation theory is used to analyze the system oscillation 

amplitude. 

The above researchers have done a lot of work on the dynamic response of ropeway vibration, but most 

of the results are calculated by numerical simulation, because the nonlinear vibration response of ropeway is 

difficult to be expressed in the form of analytical solution. Based on the theory of bridge crane and the 

corresponding research results of vibration theory and vibration mechanics of single-span ropeway system, the 

hoisting and transportation stage of ropeway system is analyzed in this paper. Based on the Lagrange dynamics 

modeling method, the nonlinear swing equation of the mobile operation of the loaded carrier vehicle is derived. 

By using Maclaurin expansion and Chebyshev polynomial acceleration, the nonlinear governing equation 

including sine and cosine functions is reduced to polynomial equations, and reasonable initial approximations 

satisfying the boundary conditions are given. Then combining Newton method and harmonic balance method, 

the analytical approximation solution of the bridge crane pendulum model is obtained. The analytical 

approximation solution obtained is simple in form and has high approximation accuracy compared with the 

exact solution. 

2. SIMPLE PENDULUM MODEL AND EQUATION OF MOTION 

When the carrier vehicle starts to run, it goes through the process of starting acceleration, running at a 

constant speed and braking deceleration in an operation cycle time. However, due to the particularity of lifting 

wire rope material and time displacement hysteresis, there will be heavy objects and lifting wire rope around 

the running carrier vehicle swing. And the swing mainly appears in the direction of its movement. Yang [22] 

found in their research that the brake swing angle of the vehicle was approximately 0 when the weight was 

vertically lifted, so this paper only studied the horizontal movement and did not consider the lifting process. 

Therefore, the following assumptions are made for the simple pendulum model: i) Friction and air 

resistance are ignored; ii) The weight and deformation of the rope are ignored; iii) The swing only appears in 

the movement direction of the vehicle, that is, only the plane motion trajectory is studied, and the horizontal 
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running state is maintained. The simplified moving simple pendulum system is shown in Fig. 1, where the 

mass of the carrier vehicle is M ,  the mass of the hanging weight is m , the length of the rope is 𝑙, and the 

swing angle is φ. 

 

                    
     (a)                                                                                              (b) 

Fig. 1 – Schematic diagram of weight swing of a simple pendulum system. 

The force analysis is carried out on the moving simple pendulum model. According to the geometric 

relationship between the carrier vehicle and the hanging weight, the displacement components of the hanging 

weight can be obtained as follows 

 { 
𝑋 = 𝑥 − 𝑙 sin𝜑
𝑌 = 𝑙 cos𝜑

 (1) 

Then, the velocity components of the hanging weight in the horizontal and vertical directions are 

 {
𝑋̇ = 𝑥̇ − 𝑙𝜑̇ cos𝜑

𝑌̇ = −𝑙𝜑̇ sin𝜑
 (2) 

The kinetic energy of the simple pendulum system is 

𝑇 =
1

2
(𝑀 +𝑚)𝑥̇2 +

1

2
𝑚(𝑙2𝜑̇2 − 2𝑥̇𝑙φ̇ cos𝜑) (3) 

The potential energy of the simple pendulum system is 

 𝑉 = −𝑚𝑔𝑙 cos𝜑 (4) 

Therefore, the Lagrange function of the system is 

 𝐿 = 𝑇 − 𝑉 =
1

2
(𝑀 +𝑚)𝑥̇2 +

1

2
𝑚(𝑙2𝜑̇2 − 2𝑥̇𝑙φ̇ cos𝜑) + 𝑚𝑔𝑙 cos𝜑 (5) 

The Lagrange equation under the conservative force system is 

d

d𝑡
(
𝜕𝐿

𝜕𝑞̇𝛼
) −

𝜕𝐿

𝜕𝑞𝛼
= 0 (6) 

Therefore, the Lagrange equation of the system in generalized coordinates 𝑥 and 𝜑 is 

{
 

 
d

d𝑡
(
𝜕𝐿

𝜕𝑥̇
) −

𝜕𝐿

𝜕𝑥
= 0

d

d𝑡
(
𝜕𝐿

𝜕𝜑̇
) −

𝜕𝐿

𝜕𝜑
= 0

 (7) 

According to Eq. (6), we can obtain, by substituting Eq. (5) into Eq. (7), the nonlinear dynamic equation 

of the simple pendulum model can be obtained. 

 {
 (𝑀 +𝑚)𝑥̈ − 𝑚𝑙𝜑̈ cos𝜑 +𝑚𝑙𝜑̇2 sin𝜑 = 0
 𝑙𝜑̈ − 𝑥̈ cos𝜑 + 𝑔 sin𝜑 = 0

 (8) 

The (   ̇) here is the derivative of the variable 𝑡. 
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3. ESTABLISH ANALYTICAL APPROXIMATION SOLUTIONS 

In this section, Eq. (8) will be solved by using the harmonic balance method and Newton’s linearization 

method [23−25]. 

Firstly, Eq. (8) is simplified as follows 

 (2𝑀 +𝑚 −𝑚cos2𝜑)𝑙𝜑̈ + 𝑚𝑙 sin2𝜑 𝜑̇2 + 2𝑔 (𝑀 +𝑚) sin𝜑 = 0 (9) 

The corresponding boundary conditions are 

 𝜑(0) = 𝐴,    𝜑̇(0) = 0 (10) 

Introduce a new variable 𝜏 = 𝜔𝑡, where ꞷ is the corresponding nonlinear vibration frequency, rewrite 

Eq. (10), then the equation and its boundary conditions are as follows, 

(2𝑀 +𝑚 −𝑚cos 2𝜑)𝑙Ω𝜑″ +𝑚𝑙 sin 2𝜑 Ω 𝜑′ 2 + 2𝑔(𝑀 +𝑚)sin𝜑 = 0 

𝜑(0) = 𝐴,    𝜑′(0) = 0 
(11) 

The ( ′ ) here is the derivative of the variable 𝜏, 𝛺 = 𝜔2. This variable is introduced so that the solution 

of Eq. (11) is a periodic function of 2𝜋 with respect to variable 𝜏, and the corresponding nonlinear vibration 

frequency is 𝜔 = √𝛺. 

Let 𝜑 = 𝐴𝑢, Eq. (11) can be written as 

[2𝑀 +𝑚 −𝑚 cos(2𝐴𝑢)]𝑙𝛺 𝑢″ +𝑚𝑙 sin(2𝐴𝑢)Ω𝑢′ 2 + 2𝑔(𝑀 +𝑚) sin(𝐴𝑢) = 0 

𝑢(0) = 1,    𝑢′(0) = 0 
(12) 

The trig-functions in Eq. (11) were expanded by Maclaurin series and accelerated by Chebyshev 

polynomial, and then constructed into a new nonlinear equation without trigonometric functions [26] 

cos(2𝐴𝑢) = 𝐵1 + 𝐵2𝑢
2 + 𝐵3𝑢

4 

sin(2𝐴𝑢) = 𝐶1𝑢 + 𝐶2𝑢
3 

sin(𝐴𝑢) = 𝐷1𝑢 + 𝐷2𝑢
3 

(13) 

where 

𝐵1 = 1 −
𝐴6

360
+

𝐴8

2880
 

𝐵2 = −2𝐴
2 +

𝐴6

20
−
𝐴8

180
 

𝐵3 =
2

3
𝐴4 −

2

15
𝐴6 +

𝐴8

90
 

𝐶1 = 2𝐴 −
𝐴5

12
+
𝐴7

90
−

𝐴9

1440
 

𝐶2 = −
4

3
𝐴3 +

𝐴5

3
−
𝐴7

30
+
𝐴9

540
 

𝐷1 = 𝐴 −
𝐴5

384
+

𝐴7

11520
−

𝐴9

737280
 

𝐷2 = −
𝐴3

6
+
𝐴5

96
−

𝐴7

3840
+

𝐴9

276480
 

Substituting Eq. (13) into Eq. (12), this nonlinear equation can be expressed as 

Ω𝑓1(𝑢)𝑢
″ + Ω𝑓2(𝑢)𝑢

′2 + 𝑓3(𝑢) = 0 

𝑢(0) = 1,    𝑢′(0) = 0 
(14) 

where 

𝑓1(𝑢) = [2𝑀 +𝑚−𝑚(𝐵1 + 𝐵2𝑢
2 +𝐵3𝑢

4)]𝑙𝐴2 
𝑓2(𝑢) = 𝑚𝑙(𝐶1𝑢 + 𝐶2𝑢

3)𝐴2 
𝑓3(𝑢) = 2𝑔(𝑀 +𝑚)(𝐷1𝑢 + 𝐷2𝑢

3) 



5 Comparative analysis of two magneto-rheological clutches with different geometric configuration 187 

The initial analytical approximation solution satisfying the boundary conditions is approximated as 

follows 

 𝑢1 = cos 𝜏 (15) 

Substitute Eq. (15) into Eq. (14) and expand into Fourier series. To eliminate the secular term, the 

coefficient of cos τ, must be zero, such that 

1

32
𝜋{16𝐷1𝑔(𝑀 +𝑚) + 12𝐷2𝑔(𝑀 +𝑚) + 𝐴2𝑙[(−8 + 8𝐵1 + 6𝐵2 + 5𝐵3 + 2𝐶1 + 𝐶2)𝑚 − 16𝑀]𝛺} = 0 

(16) 

The first analytical approximation solution of 𝛺 can be obtained by solving Eq. (16). 

𝛺1 = −
[4(4𝐷1𝑔𝑚 + 3𝐷2𝑔𝑚 + 4𝐷1𝑔𝑀 + 3𝐷2𝑔𝑀)]

[𝐴2𝑙(−8𝑚 + 8𝐵1𝑚
+ 6𝐵2𝑚+ 5𝐵3𝑚+ 2𝐶1𝑚+ 𝐶2𝑚− 16𝑀)] (17) 

Thus, the first analytic approximation period and periodic solution of the simple pendulum moving 

system are obtained. 

𝑇1(𝐴) =
2𝜋

𝜔1(𝐴)
,    𝜔1(𝐴) = √𝛺1(𝐴) 

𝑢1(𝑡) = cos 𝜏 ,    𝜏 = √𝛺1(𝐴)𝑡,    𝜑1(𝑡) = 𝐴𝑢1(𝑡) 

(18) 

Next, Newton’s method and harmonic balance method are combined to further solve the analytical 

approximation solution of Eq. (14). The first step is Newton’s method, the periodic solution of Eq. (14) and 

the square of the frequency can be expressed as 

 𝑢 = 𝑢1 + 𝛥𝑢1,   𝛺 = 𝛺1 + 𝛥𝛺1 (19) 

Substitute Eq. (19) into Eq. (14), linearize correction terms 𝛥𝑢1 and 𝛥𝛺1, and get 

2𝐷1𝑔𝑚𝑢1 + 2𝐷1𝑔𝑀𝑢1 + 2𝐷2𝑔𝑚𝑢1
3 + 2𝐷2𝑔𝑀𝑢1

3 + 2𝐷1𝑔𝑚Δ𝑢1 + 2𝐷1𝑔𝑀Δ𝑢1 
   + 6𝐷2𝑔𝑚𝑢1

2Δ𝑢1 + 6𝐷2𝑔𝑀𝑢1
2Δ𝑢1 + 𝐴

2𝐶1𝑙𝑚𝛺1𝑢1(𝑢1
′2 + 2𝑢1

′Δ𝑢1
′) 

   + 𝐴2𝐶2𝑙𝑚𝛺1𝑢1
3(𝑢1

′2 + 2𝑢1
′Δ𝑢1

′) + 𝐴2𝐶1𝑙𝑚𝑢1Δ𝛺1𝑢1
′2 + 𝐴2𝐶2𝑙𝑚𝑢1

3Δ𝛺1𝑢1
′2 

   + 𝐴2𝐶1𝑙𝑚𝛺1Δ𝑢1𝑢1
′2 + 3𝐴2𝐶2𝑙𝑚𝛺1𝑢1

2Δ𝑢1𝑢1
′2 + 𝐴2𝑙𝑚𝛺1(𝑢1

′′ + Δ𝑢1
′′) 

   − 𝐴2𝐵1𝑙𝑚𝛺1(𝑢1
′′ + Δ𝑢1

′′) + 2𝐴2𝑙𝑀𝛺1(𝑢1
′′ + Δ𝑢1

′′) − 𝐴2𝐵2𝑙𝑚1𝛺1𝑢1
2(𝑢1

′′ + Δ𝑢1
′′) 

   − 𝐴2𝐵3𝑙𝑚𝛺1𝑢1
4(𝑢1

′′ + Δ𝑢1
′′) + 𝐴2𝑙𝑚Δ𝛺1𝑢1

′′ − 𝐴2𝐵1𝑙𝑚Δ𝛺1𝑢1
′′ + 2𝐴2𝑙𝑀Δ𝛺1𝑢1

′′ 
   − 𝐴2𝐵2𝑙𝑚𝑢1

2Δ𝛺1𝑢1
′′ − 𝐴2𝐵3𝑙𝑚𝑢1

4Δ𝛺1𝑢1
′′ − 2𝐴2𝐵2𝑙𝑚𝛺1𝑢1Δ𝑢1𝑢1

′′ 
   − 4𝐴2𝐵3𝑙𝑚𝛺1𝑢1

3Δ𝑢1𝑢1
′′ = 0 

(20) 

 Δ𝑢1(0) = 0,   Δ𝑢1
′(0) = 0 (21) 

𝛥𝑢1 is a periodic function of period 2𝜋 with respect to 𝜏, and both Δ𝑢1, Δ𝛺1 are unknowns. 

To solve the unknowns Δ𝑢1 and Δ𝛺1 in the linearized Eq. (20) by HB method, let 

 Δ𝑢1 = 𝑥1(cos 𝜏 − cos3 𝜏) (22) 

This assumption satisfies the initial conditions of Eq. (21). 

Substituting Eq. (15) and Eq. (22) into Eq. (20), the obtained expression was expanded into trigonometric 

series, and the coefficients of cos 𝜏 and cos 3 𝜏 in the equation were set to 0 [26], respectively, to obtain 

𝑔1(𝐴)𝑥1 + 𝑔2(𝐴)Δ𝛺1 = 0 

ℎ1(𝐴)𝑥1 + ℎ2(𝐴)Δ𝛺1 + ℎ3(𝐴) = 0, 
(23) 

where 

𝑔1(𝐴) = 𝑔(𝑀 +𝑚) ∙ 

   ∙
[4(20𝐵2 + 25𝐵3 + 12𝐶1 + 7𝐶2)𝐷1𝑚+3(−16 + 16𝐵1 + 32𝐵2 + 35𝐵3 + 16𝐶1 + 9𝐶2)𝐷2𝑚− 96𝐷2𝑀)]

[16(−8 + 8𝐵1 + 6𝐵2+5𝐵3 + 2𝐶1 + 𝐶2)𝑚−256𝑀]
 

𝑔2(𝐴) =
1

32
𝐴2𝑙[(−8 + 8𝐵1 + 6𝐵2 + 5𝐵3 + 2𝐶1 + 𝐶2)𝑚 − 16𝑀]𝜋 

ℎ1(𝐴) =
{(4𝐷1 + 3𝐷2)𝑔[(128𝐵1 + 64𝐵2 + 43𝐵3 − 128 + 16𝐶1 + 9𝐶2)𝑚 − 256𝑀](𝑀 +𝑚)𝜋}

[16(−8 + 8𝐵1 + 6𝐵2 + 5𝐵3 + 2𝐶1 + 𝐶2)𝑚 − 256𝑀]
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ℎ2(𝐴) =
1

64
𝐴2(4𝐵2 + 5𝐵3 − 4𝐶1 − 𝐶2)𝑙𝑚𝜋 

ℎ3(𝐴) = 𝑔(𝑀 +𝑚) ∙ 

                 ∙
{[−16𝐵2𝐷1 + 4(4𝐶1 + 𝐶2)𝐷1 + 16(−1 + 𝐵1 + 𝐶1)𝐷2 + 5𝐶2𝐷2−5𝐵3(4𝐷1 + 𝐷2)]𝑚 − 32𝐷2𝑀}

[16(−8 + 8𝐵1 + 6𝐵2 + 5𝐵3 + 2𝐶1 + 𝐶2)𝑚−256𝑀]
 

By solving Eq. (23), we can obtain 𝑥1 and Δ𝛺1, respectively. 

𝑥1 =
𝑔2ℎ3

−𝑔2ℎ1 + 𝑔1ℎ2
,   Δ𝛺1 =

𝑔1ℎ3
𝑔2ℎ1 − 𝑔1ℎ2

 (24) 

Therefore, the second analytic approximation period and the periodic solution of the simple pendulum 

moving system are 

𝑇2(𝐴) = 2𝜋/𝜔2(𝐴),    𝜔2(𝐴) = √𝛺2(𝐴), 𝛺2(𝐴) = 𝛺1(𝐴) + 𝛥𝛺1(𝐴) 

𝑢2(𝑡) = 𝑢1(𝑡) + 𝛥𝑢1(𝑡) = 𝑋(𝐴) cos 𝜏 + 𝑌(𝐴) cos 3 𝜏,    𝜏 = √𝛺2(𝐴)𝑡,   𝜑2(𝑡) = 𝐴𝑢2(𝑡) 
(25) 

where 

 𝑋(𝐴) = 1 + 𝑥1(𝐴),   𝑌(𝐴) = −𝑥1(𝐴). (26) 

4. RESULTS AND DISCUSSIONS 

In this section, the accuracy of the analytical approximation solution derived in Section above is verified 

by comparison with the numerical results obtained for the nonlinear vibration equations. The influence of 

different parameters on the periodic is analyzed, and the applicability of the analytical approximation solution 

is verified. 

4.1. Comparison of exact period and approximate period 

In order to describe the dynamic vibration behavior of the single pendulum model of the bridge crane 

and verify the accuracy of the analytical approximation solution, the value of the obtained analytical 

approximation solution is compared with that of the exact solution. Let the initial values be  𝑙 = 5m, 
𝑀 = 450 kg, 𝑚 = 3 000 kg, 𝑔 = 9.8 m/s2 . The exact period 𝑇𝑒  that be obtained by using the shooting 

method [25], compared with the approximation periods 𝑇1 and 𝑇2 obtained through Eqs. (18) and (25). In the 

case of different initial values, the list comparison is shown in Table 1. The table shows that the period accuracy 

obtained by the analytical approximation solution is good, and the percentage error has been significantly 

reduced. 
 

Table 1 

Comparison of approximate period and exact period 

𝐴 𝑇1 (error%) 𝑇2 (error%) 𝑇𝑒 

0.1 0.482153(1.257644) 0.484883(0.698555) 0.488294 

0.2 0.677375(2.520122) 0.690499(0.63147) 0.694887 

0.3 0.871892(3.330414) 0.897157(0.529198) 0.90193 

0.4 1.10232(3.068887) 1.13196(0.462531) 1.13722 

0.5 1.37742(2.579409) 1.39987(0.991591) 1.41389 

1 3.27208(−1.74862) 3.19828(0.546264) 3.215847 

2 7.30936 (3.011163) 7.48863(0.632407) 7.53629 
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4.2. Parameter sensitivity analysis 

In this subsection, the parameter sensitivity analysis of the period of the model is carried out. Set the 

crane model as QD32/5, the rated lifting weight of the main hook of the crane is 32 t, and the highest lifting 

height is 12 m. According to the reference table of crane parameters, the weight of the carrier vehicle is 

11 500 kg. Next, sensitivity analysis is carried out on rope length 𝑙, hanging weight mass m  and amplitude 𝐴. 

That is, the numerical values of each parameter are substituted into the approximate period 𝑇2(𝑡) formula 

obtained by Eq. (25), and comparative analysis is made by drawing, as shown in Fig. 2. The range of the rope 

length 𝑙 is 5~10 m, the range of the hanging weight mass 𝑚 is 10 000~30 000 kg, and the range of amplitude 

𝐴 is 0.5~2 rad. 

Figure 2a represents the relationship between the period 𝑇, the mass of the hanging weight 𝑚 and the 

length of the rope 𝑙 when 𝐴 = 1 rad. It can be seen that 𝑚 and 𝑙 have little mutual influence, and 𝑙 has a 

greater correlation with period 𝑇 than 𝑚. Figure 2b represents the relationship between the period 𝑇, the mass 

of the hanging weight 𝑚 and the amplitude 𝐴 when 𝑙 = 5 m. At this time, 𝐴 has a greater correlation with 

period 𝑇 than 𝑙. Figure 2c represents the relationship between the period 𝑇, the mass of the length of the rope 

𝑙 and the amplitude 𝐴 when 𝑚 = 25 000 kg. Different from the previous two figures, 𝑙 and 𝐴 influence each 

other. As shown in Fig. 2, when 𝐴 is small, 𝑇 increases slowly as 𝑙 increases. But as 𝐴 gradually increases, the 

relationship between 𝑇 and 𝑙 gradually reverses into inverse proportion. And the rate of change between 𝑇 and 

𝐴 is just increasing a little bit as 𝑙 increases. 

 

             

(a)                                                             (b)                                                           (c) 

Fig. 2 – Effect of different parameters on the period 𝑇: a) 𝐴 = 1rad, 𝑚 = 10 000~30 000 kg, 𝑙 = 5~10 m;  

b) 𝑙 = 5 m, 𝑚 = 10 000~30 000 kg, 𝐴 = 0.5~2 rad; c) 𝑚 = 25 000 kg, 𝑙 = 5~10 m, 𝐴 = 0.5~2 rad. 

As shown in Figs. 2a, 2b and 2c, when 𝐴 = 1 rad, the mutual influence between 𝑚 and 𝑙 is small, and 

between 𝑙 and m, 𝑇 is more sensitive to 𝑙. When 𝑙 = 5 m, 𝑇 is more sensitive to 𝐴. When 𝑚 = 25 000 kg, 

unlike the first two figures, 𝑙 and 𝐴 interact. When 𝐴 is small, 𝑇 increases slowly as 𝑙 increases. But as 𝐴 

gradually increases, the relationship between 𝑇 and 𝑙 gradually reverses into inverse proportion. However, the 

rate of change between 𝑇 and 𝐴 increases slightly with the increase of 𝑙. 

4.3. An engineering example 

In this section, the data in engineering examples are substituted into the equation for calculation, and the 

results are compared with the actual data. The example object is the QD32/5 crane [27], where the carrier 

vehicle mass is 11.5 𝑡 (𝑀 = 11 500 kg), the carrier vehicle running motor is the YZR160m-1, the brake is the 

JWZ9-200/E23. There are three working conditions as follows: (a) 𝑙 = 5 m, 𝑚 = 25 000 kg, 𝐴 = 0.3 rad;  

(b) 𝑙 = 10 m,𝑚 = 25 000 kg, 𝐴 = 0.215 rad; (c) 𝑙 = 10 m,𝑚 = 12 500 kg, 𝐴 = 0.265 rad. The effects of 

different rope lengths and hanging weights on the model vibration are respectively considered. 

The parameters were substituted into exact periodic solution 𝑢𝑒(𝑡) and approximate periodic solution 

𝑢1(𝑡), 𝑢2(𝑡), and the results were graphically compared with the example data, as shown in Fig. 3. As can be 

seen from the figure, the approximate periodic solution obtained by the equation has high accuracy and is close 

to the actual situation. The described motion situation of the crane carrier vehicle lifting the goods smoothly 
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runs provides the foundation for the system’s lifting weight swing control, and has certain reference value for 

the application in practical engineering. 
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(a)                                                                   (b)                                                                    (c) 

Fig. 3 – Comparison of exact periodic solution, approximate periodic solution and actual engineering data at 3 conditions:  

a) 𝑙 = 5 m,𝑚 = 25 000 kg, 𝐴 = 0.3 rad; b) 𝑙 = 10 m,𝑚 = 25 000 kg, 𝐴 = 0.215 rad; c) 𝑙 = 10 m,𝑚 = 12 500 kg, 𝐴 = 0.265 rad. 

5. CONCLUSIONS 

Taking bridge crane as an example, this paper analyzes the response characteristics of engineering 

ropeway under nonlinear vibration, and uses an alternative analytical solution to construct an analytical 

approximation solution with high accuracy. The main conclusions are as follows: 

1. By means of harmonic balance method and Newton linearization method, the analytic approximation 

period and periodic solution of nonlinear vibration of a simple pendulum model of engineering ropeway are 

obtained. 

2. The analytical approximation solution is compared with the exact solution, and the error of the two 

solutions is small. The accuracy of the analytical approximation solution is verified by a practical engineering 

example, and it is found that the approximation solution is in good agreement with the engineering data. That 

is, the approximate solution has good accuracy for the nonlinear vibration of the model. By applying the 

analytical formula, the nonlinear frequency and periodic responses of the simple pendulum model of the 

ropeway can be analyzed without numerical integration. 

3. Based on the analytical approximation solution, the dependence of oscillation period and response on 

the parameters (rope length, hanging weight mass and amplitude) is studied. It can be found that the rope length 

and amplitude are positively related to the period, while the hanging weight is the opposite. Moreover, the 

amplitude can affect the effect of rope length on the period variation. When the amplitude reaches a certain 

degree, the rope length is negatively correlated with the period, which should be paid attention to in practical 

application. 

REFERENCES 

[1] Alshalalfah B, Shalaby A, Dale S, et al. Aerial ropeway transportation systems in the urban environment: State of the art. Journal 

of Transportation Engineering-ASCE. 2012; 138(3): 253−262. 

[2] Alshalalfah BW, Shalaby AS, Dale S, et al. Feasibility study of aerial ropeway transit in the Holy City of Makkah. Transportation 

Planning and Technology. 2015; 38(4): 392−408. 

[3] Arena A, Carboni B, Angeletti F, et al. Ropeway roller batteries dynamics: Modeling, identification, and full-scale validation. 

Engineering Structures. 2019; 180: 793−808. 

[4] Pernkopf M, Gronalt M. An aerial ropeway transportation system for combined freight and passenger transport – A simulation 

study. Transportation Planning and Technology. 2020; 44(1): 45−62. 

[5] Peterka P, Kačmáry P, Krešák J, et al. Prediction of fatigue fractures diffusion on the cableway haul rope. Engineering Failure 

Analysis. 2016; 59: 185−196. 

[6] Petrova RV, Hoffmann K, Liehl R. Modelling and simulation of bicable ropeways under cross-wind influence. Mathematical and 

Computer Modelling of Dynamical Systems. 2007; 13(1): 63−81. 

[7] Bryja D, Knawa M. Computational model of an inclined aerial ropeway and numerical method for analyzing nonlinear cable-car 

interaction. Computers & Structures. 2011; 89(21-22): 1895−1905. 

[8] Knawa-Hawryszków M. Determining initial tension of carrying cable in nonlinear analysis of bi-cable ropeway – Case study. 



9 Comparative analysis of two magneto-rheological clutches with different geometric configuration 191 

Engineering Structures. 2021; 244: 112769. 

[9] Xiao X, Xue H, Chen B. Nonlinear model for the dynamic analysis of a time-dependent vehicle-cableway bridge system. Applied 

Mathematical Modelling. 2021; 90: 1049−1068. 

[10] Fei H, Danhui D. Free vibration of the complex cable system − An exact method using symbolic computation. Mechanical 

Systems and Signal Processing. 2020; 139: 106636. 

[11] Knawa-Hawryszków M, Prokopowicz D, Bryja D. Multipurpose nonlinear cable model for dynamic response of structures under 

moving load. Computers & Structures. 2021; 257: 106642. 

[12] Shen G, Macdonald J, Coules HE. Nonlinear cable-deck interaction vibrations of cable-stayed bridges. Journal of Sound and 

Vibration. 2023; 544: 117428. 

[13] Tian Z, Xu B. Coupled vibration analysis of multi-span continuous cable structure considering frictional slip. Applied Sciences. 

2024; 14(5): 2215. 

[14] Patreider M, Wenin M, Adam C, et al. In-plane free vibration analysis of an inclined taut cable with a point mass. Acta Mechanica. 

2025; 236: 3001−3020. 

[15] Feau C, Politopoulos I, Kamaris GS, et al. Experimental and numerical investigation of the earthquake response of crane bridges. 

Engineering Structures. 2015; 84: 89−101. 

[16] Lee HH. Modeling and control of a three-dimensional overhead crane. Journal of Dynamic Systems, Measurement, and Control. 

1998; 120(4): 471−476. 

[17] Dai SJ, Cheng YY, Pei P, et al. Dynamic modeling of the variable rope length 3D crane system of a bridge crane. Applied 

Mechanics and Materials. 2011; 130-134: 3759−3762. 

[18] Ouyang HM, Zhang GM, Mei L, et al. Residual load sway reduction for double-pendulum overhead cranes using simple motion 

trajectory. IEEE International Conference on Real-time Computing and Robotics (RCAR). Okinawa, Japan; 2017, p. 

327−332. 

[19] Sun YH, Yu YP, Liu BC. Closed form solutions for predicting static and dynamic buckling behaviors of a drillstring in a 

horizontal well. European Journal of Mechanics A-Solids. 2015; 49: 362−372. 

[20] Mori Y, Tagawa Y. Vibration controller for overhead cranes considering limited horizontal acceleration. Control Engineering 

Practice. 2018; 81: 256−263. 

[21] Colic M, Pervan N, Delic M, et al. Mathematical modelling of bridge crane dynamics for the time of non-stationary regimes of 

working hoist mechanism. Archive of Mechanical Engineering. 2022; 69(2): 189−202. 

[22] Yang H, Hong L, Yong Z. Anti-swing PID control system for gantry crane. Hoisting and Conveying Machinery. 2012; 11: 5. 

[23] Wu BS, Liu WJ, Zhong HX, et al. A modified Newton-harmonic balance approach to strongly odd nonlinear oscillators. Journal 

of Vibration Engineering & Technologies. 2020; 8(5): 721−736. 

[24] Wu BS, Sun WP, Lim CW. An analytical approximate technique for a class of strongly non-linear oscillators. International 

Journal of Non-Linear Mechanics. 2006; 41(6-7): 766−774. 

[25] Yu YP, Wu BS, Lim CW. Numerical and analytical approximations to large post-buckling deformation of MEMS. International 

Journal of Mechanical Sciences. 2012; 55(1): 95−103. 

[26] Yu YP, Sun YH, Zang L. Analytical solution for initial postbuckling deformation of the sandwich beams including transverse 

shear. Journal of Engineering Mechanics. 2013; 139(8): 1084−1090. 

[27] Wei X, Lei W. Dynamic simulation of the vibration performance of lifting heavy objects deflection systems for overhead cranes. 

Forest Engineering. 2014; 30(3): 4. 

Received February 10, 2025 


