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1. INTRODUCTION AND PRELIMINARIES

The pseudospectrum of an element in a unital complex Banach algebra was studied by A. Krishnan and S.
H. Kulkarni [11]]. In [12], S. H. Kulkarni and D. Sukumar introduced and studied the condition pseudospectra
of an element in a unital complex Banach algebra. Recently, K. Dhara and S. H. Kulkarni [7] extended and
studied the (n, €)-pseudospectra of an element in a unital complex Banach algebra.

In Banach spaces, M. Seidel [16] extended and studied the (n, €)-pseudospectra of operators on complex
Banach spaces. The approximation of spectra of linear operators on Hilbert spaces enabled A. C. Hansen
[10] to introduce the concept of (n, €)-pseudospectra of operators in complex Hilbert spaces. The generalized
eigenvalue problem is one of important problems in functional analysis that is the dynamical problem related to
many engineering structures. Linear operator pencils become apparent in control theory, quantum mechanics,
numerical solutions to differential equations and then play a central role in perturbation theory and numerical
analysis, e.g., [9L/13}/18].

In this study, we define and examine the (n,€)-pseudospectra and condition (n, €)-pseudospectra of an
element pencil in unital complex Banach algebras. In particular, we demonstrate some properties of (n,€)-
pseudospectra and condition (n, €)-pseudospectra of an element pencil in unital complex Banach algebras. We
start with:

Definition 1 [14]. A unital Banach algebra is a unital algebra .« with identity 1 together with a complete
norm || - || satisfying the following conditions:

O =1

(i) [yl < [lx] 1] for all x,y € .

Definition 2 [14] . An element of a unital complex Banach algebra <7 for which there exists an inverse
(left inverse, right inverse) will be called invertible (left invertible, right invertible). The unique inverse of an

invertible element x will be denoted by x~!. The set of all invertible elements in an algebra .27 will be denoted
by Inv().
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PROPOSITION 1. [|/4|] Let &/ be a unital complex Banach algebra and let x € </ such that ||x|| < 1, then
(x—1)""exists in o and (1 —x)~' = Y5 ok,

Definition 3 [[14]] . Let o be a unital complex Banach algebra and let x € <7, the spectrum & (x) of the
element x is defined by

oc(x)={AeC:x—A1&Inv(H)}.
The resolvent set p(x) of x is C\ o (x).
We define the spectrum of an element pencil in a unital complex Banach algebra.

Definition 4. Let </ be a unital complex Banach algebra and let x,y € <7, the spectrum o (x,y) of the
element pencil of the form x — Ay is defined by

ox,y)={A eC:x—Ay&Inv()}.
The resolvent set p (x,y) of the element pencil of the form x— Ay is C\ o (x,y). Setforall A € p(x,y),R(A,x,y) =
(x—Ay)~', R(A,x,y) is called the resolvent of the element pencil (x,y) of the form x — Ay.

Note that o(x,1) = o(x).

2. MAIN RESULTS
2.1. (N, €)-pseudospectra of an element pencil in unital complex Banach algebras

Now, we define the (n, €)-pseudospectra of an element pencil in unital complex Banach algebras.

Definition 5. Let <7 be a unital complex Banach algebra. Let j € o/ ,a € Inv(</),n € N and € > 0, the
(n,€)-pseudospectrum o, ¢(j,a) of the element pencil (j,a) of the form j— Aa is

. . . oyt 1
Gue(.a) = 0(j,@) U{A € C[[(j—Aa) |7 > 2,

with the convention ||(j — Aa) 2|2 =, if A € 6(j,a).
By Definition [} we get the following remark.
Remark 1. If n = 0, then 0y ¢(j,a) = 0¢(j,a) is the pseudospectrum of the element pencil (j,a).
We get the following results.

THEOREM 1. Let <7 be a unital complex Banach algebra. Let j € <7 ;a € Inv(</),n € N and € > 0, hence

(i) Foreach €;,& with & < &, Opg, (j,a) C Ong, (j,a);

(ll) G(j,a) = ﬂ Gn./é‘(j7a)'

>0
Proof. (i) If A € 0, (j,a), hence 1= 2Aa)~2"||2" > g ' >& ! thus A € 0, (j,a).

(ii) Since for any € > 0, 6(j,a) C 0,¢(j,a), hence o(j,a) C ﬂ One(j,a). For the converse inclusion,
e>0
if A € () One(j.a), hence for any € > 0, A € Gye(j,a). If A & 6(j,a), thus L € {A € C: [|(j -
e>0
la)*an%" > g1}, for € — 0", we obtain [|(j — ka)*an% = oo which is a contradiction with A ¢
6(j,a). Consequently A € 6(j,a).

O]
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COROLLARY 1. Let o/ be a unital complex Banach algebra. Let j € of ,a € Inv(</) and € > 0, then for
anyn e N7 GnJrl,&'(j’a) C Gme(jva)'

Proof. If A € 0,41¢(J,a), hence

1 0 1
= < G—Aa) |z (1)
< G -2ra) |7 )
thus A € 6,¢(j,a). O

PROPOSITION 2. Let < be a unital complex Banach algebra. Let j € of ,a € Inv(</),n € N and € > 0.
Then for any A € C* and for each a € C,0,¢(Aj+ aa,a) = Ot—|—7l,6n7ﬁ(j,a).

Proof. If u ¢ 6(Aj+ aa,a), then

Ajtaa—pa) e o 2G-2 %0 1ecw

& (j—”;aa)“ €,

hence 6(Aj+ aa,a) = a+Ac(j,a). Let 4 € 6,¢(Aj+ aa,a), then

1 . _on L
- < (j+aa—pa)y | 3)
_ . ‘LL — _on 1
< QNG a7, @)
hence ¥2% € O, & (j,a),thus u € o+ Aanﬁ (j,a). Similarly, we obtain the converse inclusion. O

THEOREM 2. Let < be a unital complex Banach algebra. Let j € o/ ;a € Inv(</),n € N and € > 0. Then,

U Gn(j+d7a) an,S(jva)v
ded:||d| <"

where 6,(j+d,a) ={A € C:(j—2Aa)* +d is not invertible}.

Proof. Let Uy :|a|<¢2" On(j +d,a). We argue by contradiction. Suppose that A € p(j,a) and [[(j —
Aa) || <e?
Consider f defined on <7 by

oo

=Y @G- (—d(j— za)2">k.

k=0

From
1d(j—Aa)~>"[| < ld|lI(j —Aa)>| < 1

and Proposition [I} f is well-defined and in <7. It is easy to see that f can be written as follows f = ((j —
Aa)* +d)~! which is a contradiction. Thus A € 6,,.¢(j,a). O

PROPOSITION 3. Let <f be a unital complex Banach algebra. Let j € of ;a € Inv(/), ja=aj,n € N and
€>0. Then

Gﬂvi(ailj) c 6”78(j7a) c Gn,sHa*lH(ail.j)‘

llall



156 Jawad ETTAYB 4

Proof. We get 6(a'j) = o0(j,a). If A € 0, ¢ (a~'}j), then

n
[l

< i@ j=a1)2 =

(™" (j - Aa)) ||
. _on L
lall||(j = Aa)~2" ||

IN

From a is invertible, then [ja]| > 0, so 1 < ||(j—7La)*2"H2i", hence A € 0, ¢(j,a). If A € 0,¢(j,a), hence

1 . _on L
~ < G2
€
1. oy b
= |l(a(a™"j—A1)7>||>
- 1. ony L
< a7 lia™t = A7,
1. YIRS .
thusm<H(a lj—21)72 |27, hence A € G, 5,1 (@' ). O

PROPOSITION 4. Let 7 be a unital complex Banach algebra. Let j € of ,a € Inv(</) and A & o(j,a),
then u € o((j—Aa)~',a) if and only ifﬁ eo((j—Aa)a).

Proof. Foreach A ¢ 6(j,a),
(j—Aa)™' —pa=(j—21a)"'[I —u(j—Aa)al.
Hence p € o((j — Aa)~!,a) if and only ifﬁ €o((j—Aa)a). O
Let & be a unital complex Banach algebra. Let j € &/,a € Inv(«/) and n € N. Define 7/, : C — R as

G =2a) 7, if A& o(),a)
ﬁ,a(z‘)_ {0’ ifﬁ«ec(]’aa)'

THEOREM 3. Let <7 be a unital complex Banach algebra. Let j € o7 ;a € Inv(</) and n € N, we have

@) y}{a is continuous.

(i) One(j,a) ={A €C:7j,(4) <e}.
(iii) One(j,0a) = o, c (j,a) for all a € C\{0}.

af

(v) If o is a C*-aglebra, then A € G, ¢(j,a) if and only if A € 6, ¢(j*,a*).

Proof. (1) We have

o(j,a) = {A€C:j—Aaisnotinvertible}
= {A€C:ja'—2isnotinvertible}
= o(ja").

Assume that A; € C\o(j,a) such that 4 — A for certain A ¢ o(j,a). Hence

Ve = 1= @) 2|7 — || —Aa) 2|7 = i, (A). )

?

If 4, € C\o(j,a) such that A — A for certain A € &(j,a). From Lemma 10.17 of [15], ||(j — Axa)~%"|| — oo
and ¥} (&) — 0 =17} ,(A). Then ¥} ,(4) is continuous.
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(i) It follows from Definition |5|and the definition of yj" a
(iii) Let o € C\{0}, we get o(atj,0a) = o(j,a). Then

1 n

A€ oye(aj.a)\o(aj,aa) < - <|(aj-Aaa) "
. _ny L

= <=2

= reo, ¢ (a)\0la).

(iv) From Theorem 11.15 of [15], A € 6(j,a) if and only if A € o(j*,a*). If A € One(Jj,a), then by
Proposition 1.4 and Proposition 1.7 of [5]],

1 : _ony 1 P T
e <l—2a) o = = Aa) ||,

thus A € 0,.¢(j*,a*). Similarly, if 1 € 0,¢(j*,a*), then A € 6,(j,a). O

THEOREM 4. Let <7 be a unital complex Banach algebra. Let j € <7 ;a € Inv(</) and n € N. We have

(i) If ja=ajand Ha2"||2L" # 0, then

Op,— ¢ (a_lj)gcn’g(j,a)gc -

n,e||a

J)-

e @
lla2" | 2"

(i) If j is invertible, aanzi", sznHzi" #0, ja=ajand k, = |)L*1]sznHzi"Hafz'leL"forcertain A #0, then

Aeue(ja)= A7 € Oper, ().
Also, if K, = | A=Y j2"||>" ||a®"|| " for certain A # O, then

= Gmg(j,a*l) = lil € Gn’gk;l(j717a).

Proof. (i) We get 6(a~'j) = o(j,a). If

|| i

< @Ay
_ . _on L

("' (j—Aa) ||

€ . — €1
la® ||| (j = Aa) =2

IN

So A € 0,¢(j,a). Further presume that ja =aj and A € 0,¢(j,a), then

1 . _on 1
= < G-Aa) )

-1 . _on L
I(a(a"j—A1))2"||7
la 2|7 || (@ j—21) 2|7,

IN

thus A € ¢ (a7 )).

nglla=" |27
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(ii) Let us assume that j,a are invertible and ja = aj. Let A # 0, then

is not invertible

reo(jha) <= Ala—j
-1
= —la(% —j)j lis not invertible

= % co(jal).

IfA €0,e(jta)\o(j!,a), then

. _on L
~ < NG =27

a—l

= @Ga(S- =i )7

-1
1y —ory L ony 1A N_on L
A la 2"HZ"HJZnHZ"H(Tl -7

IN

So )'_] € Gn,ek,. (jaa_l)'
On the other hand, if A € 0,.¢(j,a™!), then

Lo Ay
=< G-
a . .71

= @Ga (G =i )

_ ny Lo on L a R N, Ve
< eI G =

SoA~le Gn’gk;’(j717a). ]

THEOREM 5. Let <7 be a unital complex Banach algebra. Let j € < ;a,w € Inv(</),n € N and k, =
||w||2L” lw™1 HZL" Seti=wjw ! and | = waw™", then
Gnyks:(i,l) C One(j,a) C Opex, (i,1)
and
Gn,é(jaa) C Gn,&‘(ial) C Gn,ek,, (jaa)‘

Proof. We have 6(i,l) = 6(j,a). If A € 6, & (i,]), then

€ R ET.
[wll= w2

. _on Zi'l
N
—1\2 L
= [[(w(i—rapw )~ HZ 2"
L 1L . _on L
< wlEm w TG = Aa)

hence A € 0u¢(j,a). Then 6, ¢ (i,/) C Gy¢(j,a). Analogously, if A € 0,¢(j,a), then

1 n., 1
— < [(G=ra)F
. < lU-2a)
= [l(w = 2Dw) |
T BT S _on L
< wlEw G- A7
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hence A € 0, ¢, (i,1). Thus 0, ¢(j,a) C O, ek, (i,1). Utilizing analogous reasoning, we demonstrate that

Gn,é(ﬂa) C Gn,e(iyl) C O'n,sk,,(j7a)-

2.2. Condition (n, £)-pseudospectra of an element pencil in unital complex Banach algebras

Now, we define the condition (n, €)-pseudospectra of an element pencil in unital complex Banach algebras.

Definition 6. Let < be a unital complex Banach algebra. Let j € «7,a € Inv(</),n € Nand 0 < € < 1, the
condition (n, €)-pseudospectrum A, ¢ (j,a) of an element pencil (j,a) of the form j— Aa is

. . . ny o oyt 1
Ane(j.a) = 0(j.a) U{2 € C: [[(j—Aa) |7 [|(j —Aa) " > —},

with the convention ||(j — Aa)?' ||27||(j — Aa)~2"||7" =0, if A € 6(j,a).
By Definition[6] we get the following remark.
Remark 2. If n =0, then A ¢(j,a) = A¢(Jj,a) is the condition pseudospectrum of an element pencil (j,a).
We get the following results.

THEOREM 6. Let < be a unital complex Banach algebra. Let j € o7 ,a € Inv(/),n € Nand 0 < € < 1,
then

(i) Foreach €1,& with € < &, 6(j,a) C Ang (j,a) C Ang,(j,a);

(i) 6(j,a) = [ ) Ane(),a).

e>0

Proof. (i) If A € Ayg, (j,a), hence ||(j—Aa)' |7 ]|(j— Aa) 2|7 > &' > &', thus A € Ane,(j,a).
(i) Since for any € > 0, 6(j,a) C Ane(j,a), hence o(j,a) C ﬂ An¢(j,a). For the converse inclusion, if

e>0
Ae ﬂ Ane(j,a), hence for any € >0, A € A, ¢(j,a). f A € o(j,a),thus A € {A €C: ||(j—)La)2"H2L”H(j—
e>0
Aa)~2'||7 > &1}, for € — 0T, we obtain ||(j — Aa)?"||>"||(j — Aa) 2"||>" = oo which is a contradiction with
A & o(j,a). Consequently A € o(j,a). O

COROLLARY 2. Let of be a unital complex Banach algebra. Let j € o/ ,a € Inv(</),n € Nand 0 < &g < 1,
then for any n € N, Ay 1¢(j,a) C Ane(J,a).

Proof. If A € Ay41¢(j,a), hence

. 2n+| 1 . _211+] 1
< G =) |7 (- )2 |7 ©6)
< G =207 — Aa) 2|77, 7
thus A € A e(j,a). O

PROPOSITION 5. Let o be a unital complex Banach algebra. Let j € o7 ;a € Inv(</),n € Nand 0 < € < 1.
Then for any A € C* and for each oo € C, A, ¢(Aj+ aa,a) = ot + AN, ¢(j,a).
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Proof. If u ¢ 6(Aj+ aa,a), then

Aj+aa—pa)'eod o A7\(j-

) -
& (J—u

hence 6(Aj+ aa,a) = a+Ac(j,a). Let u € A, ¢(Aj+ 0a,a), then

1 . L . _onp L
s < [(Aj+ ota—pa) || [|(Aj + ota — pa) |2 ®)
_ . ,LL - _on L . ’J — O n, 1
< ANG- a)~ |7 AL - a)”||7, ()
A A
hence 5% € Ay ¢(j,a), thus 1 € 0+ AA,¢(j,a). Similarly, we obtain the converse inclusion. O

THEOREM 7. Let <f be a unital complex Banach algebra. Let j € o/ ;a € Inv(</),n € Nand 0 < € < 1.
Then,

U 0,(j+d,a) C Anelj,a),
dedt:||d|| <€ ||(j—Aa)?"||

where 6,(j+d,a) ={A € C:(j—2Aa)* +d is not invertible}.

Proof. Let Uge.z:|a|<e? ||(j—ra)"| On(J + d,a). We argue by contradiction. Suppose that A € p(j,a) and
1G = Aa)* [[[I(j = Aa) || < 72"
Consider f defined on <7 by

oo

f=Y(j—ha)™ (—d(j—la)z")k-

k=0
From
Id(j—2Aa) || < d|ll(j—Aa) || <1

and Proposition f is well-defined and in 7. Hence f can be written as follows f = ((j — Aa)* +d)~! which
is a contradiction. Then A € A, ¢(j,a). O

PROPOSITION 6. Let <7 be a unital complex Banach algebra. Let j € <f ,a € Inv(</) such that ja = aj,
ne€Nand0 < e <1. Then

Ape(@™')) S Ane(jia) S Aper(a j)

in which k = ||al|||la"||.

Proof. We geto(a'j)=0(j,a). If A € An7%(a‘1j), then

—1
alllla L L o
H”LH < ||(a 1]_),1)2 ”21"“(0 11_/11) 5 Hzln
— . n,, 1 B ) o
= H(a 1(‘]_10))2 ||2n”(a 1(]—2,61)) 2 ||2n
< el G ~ A0 I G~ Aa)
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b H(j—la)_Z"HzL", hence A € A, ¢(j,a). If A € Ap¢(j,a), hence

From ||a|| > 0,s0 L < [|(j—Aa)*

1 . n Ao, —on b
: < 1= Aa)> 7 [|(j = Aa) ||
1. n 1 1. _on L
= |(a(@'j=21))" (|7 |[(ala " j= A1)~ ||
_ 1. n, 1 1. _on L
< e Mlllallli@ =AD" [(a = A1),
1. n 1 1 - _ony L 1 .
thus oot < Il = A0 |7 [[(a™"j = A1)7>"||>", hence A € Ay ex(a' ). O

Let o/ be a unital complex Banach algebra. Let j,a € &/, n€Nand0 <& <1.Define I} ,: C — R, as

I, (A) =

I7a

1G—Aa)? 7 (i —Aa) 2|7, ifA&o(ja)
0, if A € (j,a).

THEOREM 8. Let </ be a unital complex Banach algebra. Let j € o/ ;a € Inv(2/),n € Nand 0 < & < 1.
We have

@) F;?ﬂ is continuous.

(i) Ane(j,a)={A€C:I" () <e}.

(iil) Ape(aj,oa)= A, ¢(j,a)forall oo € C\{0}.

(v) If o is a C*-algebra, then A € A, ¢(j,a) if and only if A € Ane(j*,a*).
Proof. (i) We have

o(j,a) = {A€C:j—Aaisnotinvertible}
= {A€C:ja '~ Aisnotinvertible}
= o(ja").

Assume that A, € C\o(j,a) such that 4y — A for certain A ¢ o(j,a). Hence

) = 1G—Aa)? |71~ ka) |7
— G =27 —Aa) |7
= F;{a()t).

(=) 1=

If 2 € C\o(j,a) such that Ay — A for certain A € 6(j,a). From Lemma 10.17 of [15],
Aga)~?"|| — oo and I (&) — 0=T" ,(A). Then I"; (1) is continuous.

(i1) It follows from Definition [6|and the definition of I ’; o

(iii) Let o € C\{0}, we get o(atj,0a) = o(j,a). Then

1 n n 1
b€ Aelarjaa)\o(oj,0a) = < |(orj Aot | (erj ~ Ava) |
1 ) AT B _on
— &< 1 = Aa)> |77 [|(j — Aa) ™|
= AeMc(j,a)\o(j,a).

(iv) From Theorem 11.15 of [[15], A € &(j,a) if and only if A € o(j*,a*). If 1 € A,e(j,a), then by
Proposition 1.4 and Proposition 1.7 of [3]],

1= 2Aa)? |77 || — Aa) =2 |7 = |(* = Aa") ||| (j* — Aa®) 2|7,

hence A € A, ¢(j*,a*). Similarly, if L € A, ¢(j*,a*), then A € A, ¢(j,a). O
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THEOREM 9. Let &7 be a unital complex Banach algebra. Let j € of ;a € Inv(</),n € Nand 0 < € < 1.
We have

1) If ja=ajand Ha2n||2L" £ 0, then

Ap e (a'j) CAueljia) CA

a2 2T 2" 7

(@')).

1 1
n.glla®||27 [la=2"|| 2

(i) If j is invertible, ||a*"| ”, 72" o #0, ja=aj and
e = |77 1127 la 2 || 212" (|2 |a®"|| " for certain A # 0, then

reEMe(ia)= A €Ay, (jah)

and
Ae An,e(jya_l) =21""e An,sk,,(j_17a)-

Proof. (i) We geto(a'j) =0(j,a). If A €A, e _(a”'j), then

a2 | 27 |la=2" || 27
n 1 n 1
Ja® || la=2"|| " iy I ony 1
c < a = AP (@ - A1)
1 I —2M ||
= @ '(i—2a)” |7 [l(a”" (j—Aa))~*||2
ng o _on 1 ng o _ony 1
< @27 la= |2 |G = Aa)® (|77 1 — Aa) (|2

SoA € Aye(f,a).
Further presume that ja = aj and A € A, ¢(j,a), then

VAN

. n, 1 . _on L
1= @) (|77 [|(j = Aa) ||
_1 . n, L _1 . _on, L
— |l(ala " j=21)¥ |7 ||(ala j— A1) 2|7
< a2 @7 (@ = AP (@t — A

| (a_lj).

thus A € A |
n.ella=?" |27 [|a?" || 27

(ii) Let us assume that j,a are invertible and ja = aj. Let A # 0, then

1
£

Aco(j'a) < Aa—j'is not invertible
-1
= —la(aT —j)j 'is not invertible
1
= —co(jal).

A
IfA €Ae(jt,a)\o(j!,a), then

- no Lo _on L
— < NG =P G = Aa)

a! a!

= [(Aa(5 =0 I I Aa(5 =0

-1 -1
_ oy oy o Ly a 21y L Lo oy L d . 1
A e P P S = D72 1 Al 1 L1 (S = D

IN

SoA~" e Aper, (joa™h).
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On the other hand, if A € A, ¢(j,a™!), then

Y A Y
= I N )
S e e e [ e el £
SoA!e An,ek,,(jfl,a). .

THEOREM 10. Let <7 be a unital complex Banach algebra. Let j € o/ ;a,w € Inv(</),n € Nand 0 < € < 1.
Set k, = HWHZL"HW_I Hzi”, i=wjw ! and | = waw™", then

Amk%(i,l) C Ane(j,a) C An,ek,% (i,0)

and
An,k%(j,a) C Anyg(i,l) C An,ek,zl(jva)'

Proof. One can see that 6(j,a) = o(i,l). If A € A, ¢ (i,]), then

£
k7

< NG=ADT | IG=an "2

™ ‘mww

1w (i = 2a)w™ D227 (w(j = Aa)w ™)~ H" ||
1 _ 1 1 _ L . n, L
w2 w127 w27 w127 1 = Aa) (|77

1 —Aa)~ 2|7,

IA

hence A € Ay e(j.a). Then A, < (i,1) C Ane(j,a).
: ¥ ,
Analogously, if A € A, ¢(j,a), then

1 . n o —on
- < G- (1= Aa) |
_ . n 1 _ . _ n, 1
= [ = ADw)> [ [ (™ i = ADw) >
1 — 1 . n, L . _on,, L
< (Iwl w2l = ADZ (1= A0~

hence A € A, gi2(i,1). Thus Ay e (j,a) C A, g2 (i,1). Utilizing analogous reasoning, we demonstrate that

Anu{%(]’,a) - An,s(ial) C An,skﬁ (j7a)'
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