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Abstract. In this paper, we investigated two different kinds of commutators associated with the multi-sublinear
maximal function .#, when symbol functions belong to Lipschitz spaces. We give some necessary and suffi-
cient conditions for the boundedness of these two different kinds of commutators on the products of Slice space.
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1. INTRODUCTION AND MAIN RESULTS

Let T a classical singular integral operator, the commutator |7, ] generated by T and a suitable function b
as follows

[T,6]f (x) = T((b(x) = b)) (x) = b(xX)T (f)(x) = T (bf)(x). (1)

A well-known result due to Coifman, Rochberg and Weiss [1]] states that [T,b] is bounded on L?(R")
if and only if » € BMO(R"), where 1 < p < . Moreover, Janson [2] also gave some characterizations of
Lipschitz spaces via the commutator. It was proved that [T, b] is bounded from L?(R") to L?(R") if and only if
beAg(R"),where0< B <1,1<p<n/B,B=n(l/p—1/q).

Let 0 < o < n, for a locally integrable function f, the maximal function is defined by

1
Ma(F)00 = swp 5 | 1704

where the supremum is taken over all cubes Q C R” containing x.
The maximal commutator of M, with a locally integrable function b is defined by

1
Mas()0) =00 [ [600F0) b0 70)

where the supremum is taken over all cubes Q C R” containing x. [M,b] can refer to (1).

When o = 0, we simply denote by [My,b] = [M,b] and My ;, = M.

In 2000, Bastero, Milman and Ruiz [3]] gave the necessary and sufficient conditions of the boundedness of
[M,b] and [M*, b] on Lebesgue spaces. In 2009, the authors [4] considered the same problem for the fractional
maximal function. Then, the commutators theory of maximal functions have been studied intensively by many
authors (see [[5H18]]). In 2017, Zhang [8]] gave the necessary and sufficient conditions of the boundedness of
M), and [M, b] on Lebesgue spaces and Morrey spaces when the symbol b belong to Lipschitz spaces, by which
some new characterizations of Lipschitz functions are given. In 2018, Zhang, Wu and Sun [11]] considered
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the boundedness for the commutator of the fractional maximal function and sharp maximal function on Orlicz
spaces. Recently, Yang and Zhou [|14}/17] studied necessary and sufficient conditions for the boundedness of
My, [M,b], My, and [M, ] on Slice spaces when the function b belongs to Lipschitz spaces.

On the other hand, multilinear Calderén-Zygmund operators were introduced and first studied by Coifman
and Meyer [19]. The theory was then further investigated in the last few decades. In 2014, Lu and Zhang [20]
studied the multilinear commutators of multilinear Calderén-Zygmund operators. In 2022, Lu, Wang and
Zhou [21]] considered some classical multilinear operators on weighted amalgam spaces, such as the multilinear
Hardy-Littlewood maximal operator, the multilinear Calderén-Zygmund operator and so on. Moreover, it turns
out that the multi-sublinear maximal functions play an important role in establishing the multiple-weight theory.
Now, we recall the definition of the multi-sublinear maximal functions.

Definition 1. Let 0 < & < mn, for a collection of integrable functions f = (fi,-- , fn), the multi-sublinear
maximal function .Z, is defined by .#q(f)(x) = supys, W [T o | fi(v;)|dy;, where the supremum is
taken over all cubes Q C R" containing x.

When o = 0, .# is the multilinear maximal function denoted by .#, and .#,, is the multilinear fractional
maximal function when 0 < @ < mn. When oo = 0,m = 1, .4 is the classical Hardy-Littlewood maximal
function, and .#, is the classical fractional maximal function when 0 < o < n.

As usual, Denote by |Q| the Lebesgue measure of Q, ¢ the characteristic function of Q and write Q" =

(Q)m:QX"'XQ, f: (fla"'vfm)a )_;: (ylv"'aym> and d)_;:dyldym We also USCE: (bla"'ubm) S

m
(Ag)™ to stand for b; € Ag(R") for j=1,---,m.

Definition 2. Let 0 < @ < mn, f = (fi,-++,fm) and b= (b1, ,by) be two collections of locally integrable
functions. The maximal commutator of .#y with b is defined by ., ; (f)(x) = LiL| A é ;(f)(x), where

- 1
Ay ()0 =5 o |

bi(x) = bi(y)) | T T 155 ()1,
0>x j=1

where the supremum is taken over all cubes Q C R” containing x.
The nonlinear commutators of .#, with b is given by [#y,D|(f)(x) = Y1 [A«,b)i(f)(x), where

[ Ao, Dli(F) (%) = [ M, bli(F)(x) = bictla( F) (x) = Ma(fiy - bifis -+ s fon) (%).

When o = 0, we simply denote by [.#y,b] = [.#,b] and .4 wi = ;. We would like to remark that
operators .Z, ; and [///a,B] essentially differ from each other. For example, .#, ; is positive and sublinear, but
[.#,D] is neither positive nor sublinear.

In 2015, Zhang [22] considered the mapping properties of the commutators ./} and [.#,b] when the
symbols belongs to BMO(RR"). In 2019, Zhang [23] studied the boundedness of .#, ; and [#s,b] when the
symbols belongs to Lipschitz spaces. Recently, Zhang and Agcayazi gave necessary and sufficient conditions
for the boundedness of .#, ; and [.#q,b] on the products of Morrey spaces when the symbol belongs to
Lipschitz spaces.

Our main aim of this paper is to find the necessary and suffcient conditions for the boundedness of .7, ;
and [%Q,B} on the products of Slice spaces, where symbols belongs to Lipschitz spaces. Our results extend the
results in [|17] to the multilinear setting and also extend the results in [23] to the Slice spaces.

To state the results, we first give some definitions and notations.

Definition 3. The Lipschitz space of order 3, 0 < B < 1, is the space of function f, such that

Ap={f:1f(x)— f)| < Clx—y[P},

and the smallest constant C > 0 is the Lipschitz norm || - || Ag-
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In 2019, Auscher and Mourgoglou [25]] introduced the slice space (E5); with 0 <t < oo and 1 < p < oo,
they studied the weak solutions of boundary value problems with a 7-independent elliptic systems in the upper
half plane. Recently, Auscher and Prisuelos-Arribas [26] studied the boundedness of some classical operators
on the Slice space (EF); with 0 <t < e and 1 < p,r < e. Lu, Zhou and Wang [27] established the necessary
and sufficient conditions for boundedness of commutators associated with the Calderén-Zygmund operators on
Slice spaces. We shall recall the definition of the Slice space.

Definition 4. Let 0 < t < e and 1 < r, p < oo. The slice space (Ei7 ) , (R") is defined as the set of all locally
r-integrable functions f on R” such that

1/p

11l ey, ey = (/R <|Q()1”)| /Q(m If(y)\rdy>p/rdx> .

If we take r = p, then the Slice space (EF) , (R") is the Lebesgue space LP(R"). For a cube Q, we denote
by £l (ery ) = 1 2ell ey, ey

Definition 5. Let 0 < a0 < mn and f = (f1,--+, fm) be a collection of locally integrable functions, the multi-
sublinear maximal function with respect to Q is given by

-,

1 m
Aao(P)0) = swp oz TT [ [1i0]ay, xeo
=172

Qo>x
QoCQ
where the supremum is taken over all the cubes Qg C Q and Qg > x.
When a = 0, we denote by .#Zp = .#,0; when m = 1, we denote by My 9 = My 0; whena =0andm =1,
we denote by Mgy = .4 ¢.

Our main results in this paper can be stated as follows.

THEOREM 1. Let 0 < B < 1,0<a <mn, 0 < ax+f < mn, 0<t<ooandb= (by,--+ ,bw) be a collection
of locally integrable function. If 1 < p,p1,--+ ,pm <o, 1 < q,q1, ,qm <o and (+B)/n=1/p—1/r=
1/q—1/s, where 1/p=Y",1/piand 1/q =Y, 1/qi. Then the following assertions are equivalent:

() b € (Ag)™;

(ii) .4, 3, is bounded from (ER) (R") X - x (Efm) (R") to (E2);(R™), that is, there exists a constant C > 0
such that for all f; € (Egj)t(R”)(j =1,---,m),

o 5 (P ), ey < CHEH(Aﬁ)m H1 ”fj||(E;fjf)t(Rn)~
j=

Remark 1. When m = 1, the result was proved in [[17]] (see Theorem 1.4). When p; = g; and s = r the result
was proved in [23]] (see Theorem 1.1).

THEOREM 2. Let 0 < B <1,0<a<mn, 0 < a+f <mn, 0<t<ooandb= (by,--+ ,bm) be a collection
of locally integrable function. If 1 < p,p1,-++ ,pm < oo, 1 <q,q1,"++ ,qm <o and (a+B)/n=1/p—1/r=
1/q—1/s, where 1/p=Y" 1/piand 1/q=Y7"1/q:.

() If b € (Ag)™ and b; > 0 for j=1,---,m, then [.My,B) is bounded from (Ef),(R") x --- x (Epm),(R")
0 (E)(R");

(i) If [ Ao, b); is bounded from (E}});(R") x --- x (Epn)(R") to (E$);(R"), then b; € Ag and b; > 0 for

i=1,--,m.

Remark 2. When m = 1, the result was proved in [17] (see Theorem 1.3). When p; = g; and s = r the result
was proved in [23]] (see Theorem 1.4).
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2. PRELIMINARIES AND LEMMAS

In this section, we recall some known preliminaries and lemmas. It is known that the Lipschitz space
/\ﬁ (R™) coincides with some Morrey-Companato space (see [28] for example) and can be characterized by
mean oscillation as follows, which is due to Janson, Taibleson and Weiss [28]] and Paluszyriski [29].

LEMMA 1. Let 0 < B < 1 and 1 < q < oo. Define

A ny .__ ny . 1 1 é
Aﬁ-,q(R )= {f 6Llloc(]R ) 'SZPW (]Q\/Qf(y) —fQ|qdy> < °°}-

Then, forall0 < B < land 1 < p < o, Aﬁ (R") = Aﬁ,q(R”) with equivalent norms.
From [13]], we have the following characterization of non-negative Lipschitz functions.
LEMMA 2 [13]]. Let 0 < B < 1 and b be a locally integrable function. Then b € /\,3 (R™) and b > 0 if and
only if there exists a constant C > 0 such that sup|Q| =B/ Jo |b(x) —Mg(b)(x)|dx < C.
Q

The following the lemma is given in [21[](see Theorem 2.1 and Theorem 6.1), they obtained that the bound-
edness of the multi-sublinear maximal operator .#, (0 < ot < mn) on Slice spaces.

LEMMA 3. Let 0 <t <o, 0< o <mn, 1 <p,p1,--,pm <ceand 1 < q,q1, - ,qm < o with o/n =
1/p=1/r=1/q—1/s, where 1/p=Y"_1/p;and 1/q =Y} 1/q;. If f; € (E}}),(R") (j =1,--- ,m), then

[0 =TI i)

(E?), (R")
where the positive constant C is independent of f andt.
LEMMA 4 [27]. Let 0 <t < oo, 1 < p,r <o and Q be a cube in R", then H)(QH(Erp) () R 0|'/7.

LEMMA 5 [23]. Let 0 < o < mn and b = (b1, ,by) be a collection of nonnegative locally integrable
function. Then for any f = (fi,--+, fin) with fj € Lioc(R")(j = 1,--- ,m),

[ A B)(F) )] < My 5(F) (0)-

LEMMA 6 [23]]. Let 0 <y < mn, f be a locally integrable function and Qg be a cube in R". Then for any
1 <j<mandall x € Qy,

‘/f%Qo(%Qor"’XQ()?f%QonQoa cee 7%Qo)(x) = %Y(XQ()?"'7%Q07f%Q07XQ07"'7XQ0)(X)

j—1 m—j j—1 m—j
and
00200+ 20,) (%) = Moy Xoy) () = 1Qo[".
N——— ——
m m
3. PROOF OF MAIN RESULTS
In this section, we prove Theorems 1 and 2. For notational convenience, we will write Yo = (X0, , X0)
N——

m
and fo 25 = (X0, X0, [X0:Xo; - Xo) in the following.

i—1 m—i
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Proof of Theorem 1. (i) = (ii) Assume b € (Ag)™, for any x C R”, we have

i (7 1 "
A5 (F)6) = 59 1 [ i)~ o [ 1501

0>x
< C"bi“AB(Rn)%a+ﬁ (J?) (x).
Because of .7, ﬂ(f)( )=y 1//li Z(f)( x) < C(X™, ||bi ||Aﬁ) (Hﬁ(f)( x), together with Lemma 3, shows
that .#Z, 3 is bounded from (Ej;), (R") x - x (Efy), (R") to (E}), (R).
(ii) = (i) It suffices to prove b; € Ag(IR") fori = 1,--- ,m. For any fixed cube Q, we have( [23]], page 9)

1 1 o
W/QV%(X) bi)o|dx < W//// b (Xo) (x)dx.

Since .#,, ; is bounded from (Ef}) (R") x--- x (Ef») (R") to (E), (R"), by Holder’s inequality, Lemma
4 and noting that (a+B)/n=1/qg—1/s,itis easy to see that

C
yQ|1+B/n/" bioldx < Q[T+ (e+B)/n

Ws70)|| . el (e0) 0

(E2):,(Q)

C m
< W}I}l %ol (Ezf)t(Q) <C,

where 1/s41/s' =1,1/r+1/r = 1. This together with Lemma 1 gives b; € Ag(R").
Proof of Theorem 2. (i) = (ii) Obviously, it follows from Lemma 5 and (i) = (i) of Theorem 1.
(ii) = (i) By Lemma 2, it suffices to prove

1
SZPW/QVH( Mg(bi)(x)|dx < C. ()

We divide the proof into two cases according to the value of «.

Case 1. Let o = 0. For any fixed cube Q and any x € Q, Lemma 6 gives
M (bio ) (x) = My (bioXp) (x) and A (Fp) (x) = 1.
For any x € Q, we note that .#( (b,- o )?’Q) (x) = Mg (b;) (x), then
bi(x) — Mo (by) (x) = bi()- (Fo) (x) — A (bio F) (x) = [ 4, Bli(GHg) (v)-

Since [.#4,b]; is bounded from (EZ);(R") x --- x (E&"),(R") to (E?),(R"), by Holder’s inequality, Lemma 4
and B/n=1/q—1/s=1/q1+-+1/qu—1/s, we have

W/Q|bi(x)—MQ(bi)(x)|dx—W/Q‘[.///,B]i(fég)(x)‘dx

L Bli(o)|

H%Q”(E:,’)t(Q)

< -
~ QB (E2),(0)

C m
< — I I ; <
>~ ‘Q’]/H_ﬁ/n o |’XQH(EZJ,>[(Q) >~ C7

which implies (ii) since Q is arbitrary and the constant C is independent of Q.
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Case 2. Let 0 < o < mn. For any fixed Q and any x € Q, by Holder’s inequality and Lemma 4, then

1
e i)~ Mo (5 (0] < i b=~ Mo(b) 5,
1 —o/n ~i
< g b 10 gl 7|
1
+|Q|B/n+l/s

=h+1D,

(E}),(Q)
10|~/ Me,o(bio %) — Mo(b;)

(E2),(Q)

For I, for any fixed Q C R” and x € Q, by Lemma 6, it is not difficult to check that
Mo (%) (x) = Moo (Ro) (x) = Q|*" and My (bio Fp) (x) = Ma,0(bio o) (x)-

Since [.#q,b); is bounded from from (Ef!),(R") x --- x (Ef™),(R") to (E?),(R") and noting that (o + f8)/n =
1/g—1/s=1/q1+--+1/qu—1/s, then

_ 1 o —a/n o mi
= ommeirs ||2 = 19! //[a’Q(blO%Q)‘(Ei),(Q)
1
WH (A Dli(Zo) | 52, 0 3)
<7 qi <C
= Q|4 .IIJleQH(E,Z)t(Q) -
where in the last step we have applied Lemma 4.
Next, we estimate /. For any x € Q, by Lemma 6, we obtain
o+ aQ(box¢)<x>—MQ<bi><x>]
<101 [ uo(bio Zy) ()~ 11,0101 | + [ i) —~ Mo (b)) @
=lo| " ///(bOZg’g)( )—Ib( ) Ao (X0) ( \+Hb )4 (o) (x) — A (bio ) (¥)|
=[0I |Ibil .- #a); (%) (| + | [Ibi] .- #]; (%) (3)].

For any fixed cube Q, by Holder’s inequality, Lemma 4 and (3), it is easy to see that

1 7i
[Q[i+F/n /Q [bi(x) Q1" Ma0(bi0 7p) (x)dx
C

< e ||p =12 Mo bio Zo) |, 120l e )
o[ +B/ (s (£7),(@
C .
< - - _ _a/” .oyl <(C.
= Jgprer |1 1@ ‘///“’Q(b’O%Q)Hw;),(Q) =

For any cube Q C R”, noticing the obvious estimate
[(bi)ol < |Q|7a/"///a7g(b507?é)(x) for x € Q.

Let E = {x € Q,b;(x) < (bi)o} and F = {x € Q,b;(x) > (bi)o}, then

[ 1) = B)oldx = [ [6ix) = (boold
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Since for any x € E, b;(x) < (b;)o < |(bi)o| < |Q|~ %" My o (b; © Xp) (%), by using (5), we have

G )~ Golde = s [ 1h(3) - (ol
< G J, ) 101" oo Zg) (s <.
Thus, b; € Ag(R"), which implies |bi| € Ag(R™).
By the definitions of [.#,b]; and .#y and Lemma 6, we have, for any x € Q,
| [ |bil); (o) ()| = | Ibi(x) |- A (Ro) (x) — Ao (1bi] © ) ()]
szgw/gwi( w00 T [, o591

1 m
< C|bi HAB Sup OH_ﬁ)/]I—[l/Q,

> |Q™
= C|lbill 5, lQ1 P,

where

I1 / 200 dy;.

(o 2a) 09 = 30 ([ iolzetsaan)
|Q J=1(j#i)
Similarly, we have |[.Z, |bi]]; (7o) (x)| < CHZ?,-HAI3 |0|B/". So, by (4) we obtain, for any x € Q,
101"t 0(b10 ) (x) — Mo (b) ()] < Cllel 5, QI
Then, by Lemma 4, for any x € O, we have

L= |01~/ Mo g(bio Ry) — Mg(b;)

1
|Q|B/n+1/s (E2),(Q)

C
= _|o|B/n

Combining /; and I, we may get W Jo |bi(x) — Mg (b;)(x)|dx < C, which implies (ii) since the cube

Q C R" is arbitrary.
So far, the proofs of Theorem 1 and 2 are completed.
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