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Abstract. In this paper, issues of both attractivity and stability for some classes of nonlinear systems are inves-
tigated. New sufficient conditions for practical /-stability of non-autonomous nonlinear systems depending on
a parameter are proposed by indefinite Lyapunov functions. We present new converse Lyapunov theorems for
non-autonomous systems. The h-stability analysis is achieved with the help of scalar practical A-stable func-
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1. INTRODUCTION

The second Lyapunov function approach has been extensively explored and has yielded a wealth of sig-
nificant results in the study of stability analysis of nonlinear systems (see [1}2,9}/10}/15/20]). This method
provides powerful tools for control design and system analysis. It is widely recognized that the Lyapunov func-
tion method has practical applications in control theory and serves as a fundamental tool to simplify complex
systems (see [18]]). Recently, growth conditions for the asymptotic behavior of solutions of various classes of
nonlinear systems have been studied. Several significant advancements have been made in developing stability
criteria for nonlinear differential systems. However, some of these developments overlap with previous works,
including [[8,/14},2830]], where various intrinsic modifications of Lyapunov’s original stability concepts were
introduced. Therefore, in this paper, we aim to extend the theoretical framework by providing a deeper com-
parison with previous stability results. Over the years, Pinto introduced the concept of i-stability in [22-24] to
study weakly stable systems — those that are less stable than exponentially asymptotically stable ones — under
specific perturbations. In many cases, even when a system is mathematically unstable, its behavior may remain
sufficiently close to a desired state to be acceptable. However, some systems are practically unstable because
their domain of attraction is not sufficiently large. To address this issue, a more suitable stability notion than
Lyapunov stability is required. Practical stability has been extensively discussed in [2-8]] and [21]. While
previous works have investigated practical stability and related notions, our approach in this paper focuses
on practical uniform /-stability, an extension that provides a more flexible framework incorporating classical
practical exponential stability. A key result of this technique is the practical uniform A-stability framework
introduced in [10}/11]], which unifies several stability concepts. A converse Lyapunov theorem for practical
h-stability was established in [10], stating that if a system is locally uniformly A-stable, then a Lyapunov func-
tion satisfying specific conditions exists. In [13]], a converse stability theorem was formulated to construct a
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Lyapunov function ensuring global asymptotic stability for certain classes of cascaded systems with unbounded
dynamics. These previous studies provide an essential foundation for our work. However, our study aims to re-
fine these results by explicitly characterizing the role of practical A-stability in perturbed systems and extending
the applicability to new dynamical classes. Furthermore, the idea of scalar stable functions and the comparison
principle have been utilized in [31]] to analyze the stability of nonlinear time-varying systems. The concept of
practical stable scalar functions was further developed in [[15]] to analyze time-varying systems.

Building on this foundation, we explore the possibility of extending the concept of an A-stable function to
the practical A-stability framework. Our objective is to develop new converse Lyapunov theorems for both local
and global uniform practical A-stability in a family of systems that depend on a parameter. This approach allows
us to define a new Lyapunov function that ensures the practical A-stability of a class of perturbed systems.

The paper is organized as follows. In Section 2, necessary and sufficient conditions are proposed for prac-
tical h-stability. New converse stability theorems are given in Section 3. Our conclusion is given in Section 4.

1.1. Preliminaries

Let R be the set of real numbers. R denotes the set of all non-negative real numbers, R’ =]0, ) and

R" is the n-dimensional Euclidean space with the Euclidian norm || - ||. Besides, we denote by I,J C R are

two intervals that are not empty and not reduce to a singleton. PC(I,J) is the space of piecewise continuous

functions on 7 to J. BC(1,J) is the space of continuous bounded functions on / to J endowed with the norm

|| £l = sup|f(¢)|]. C(1,J) is the space of continuous functions on I to J. C'(I,J) is the space of continuous
tel

differentiable functions on I to J. For r > 0, B, = {x € R"/||x|| < r}. LP([0,°0)) denotes the space of functions
f such that |f|” is integrable on [0,e0), where p > 1. % is the set of all functions that are strictly increasing,
continuous and vanish at the origin. % is the set of all functions that are of class %" and unbounded.
Consider the nonlinear system
x(t) = F(t,x(t),¢), (1)

where ¢ € R is the time, x(7) € R" is the state, € € RY and .7 (-,-,€) : R, x R" — R" is piecewise continuous
in time and locally Lipschitz in state. It is well known that for a given x € R” there exists a unique solution of
denoted by ¢ (-,z,x, €) satisfying the initial condition ¢ (,#,x,€) = x.

Definition 1. Let h € BC(R,R%).

* The system (T)) is said to be locally uniformly practically i-stable if there exist r > 0 and ¢ > 1 such that
forallz > 0, all € € R* and all x € R"” with ||x|| < r we have

10 (s,t,x,€)|| < c|[x||h(s)h(t) " +ne, Vs>1t, )

with 1¢ > 0.

* The system () is said to be globally uniformly practically i-stable if there exists ¢ > 1 such that for all
t >0, any € € R’ and any initial state x € R", the solutions satisfy (2).

Definition 2. Let x,& € PC(R4,R) and h € C'(Ry,R*%) N BC(R;,R%). The function x is &-globally
uniformly practically A-stable if there exist A > 0 and p, > 0 such that for all s > 1,

/Sx(r)drg/sh’(r)h(r)’ldr—kl,

and

[ g0 1 < pe.

where O(s,1) = e*h(s)h(t) .
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2. PRACTICAL A-STABILITY

Several authors handled the problem of stability and boundedness of certain classes of ordinary differential
equations (ODEs), see [25-27]. The innovation in our work is to tackle the problem of uniform practical A-
stability of solutions of system (1)) by utilizing indefinite Lyapunov functions.

THEOREM 1. Let h € C! (R4,R%) be a decreasing function. Assume that there exist a continuously
differentiable function A(.,.,€) : Ry xR" — R, a function o0 € s, constants K > 0, p > 1 and a scalar
function y € PC(R,,R) such that for allt > 0, all € € R*_ and all x € R",

K| x||? < A(t,x,€) < a(|x||) + &, with § >0, 3)

aa/t\(t,x,e) + aa/;(t,x,s)ﬁ(t,x,s) < x(O)A(t,x,€) + & (1), with & € PC(R4,R) 4)

then, system (|l is locally uniformly practically h%—stable if x is Eg-globally uniformly practically h-stable.

Proof. From generalized Gronwall-Bellman inequality [19] and (@), we have for all s > 1,

AGs.0(s.t.x,8).€) < Alt,x.)0(s.1) + [ Ee(1)8(s 7)dr,
t
where O(s,1) = exp (/ x(r)dr) . According to , one obtains for all s > ¢,

t

k|| ¢ (s.1,x,€)||P < A(t,x,€)0(s,1) +/ts Ee(7)O(s, T)dT.

Since, ¥ is &-globally uniformly practically A-stable, there is A > 0 and pe > 0 such that for all s > ¢, Then for
all s > ¢,
1

!

+ K7 (G +pe) -

A
10/(s,1,x,€)|| < K7 our (|[x|[)er 7 (s)h(t)”
Ay > Y. If we take any initial state x € R” such that

For every v > 0, we choose ¢ > 1 such that § = a~ ! (kvPe %)
0 > [|x|| > ¥, then for all s > 1,

19 (s,2,x,€)[| < cllxl[h? (s)h(r) ™7 + K7 (Lee* + pe) 7.

Consequently, system H is locally uniformly practically h%—stable. O

COROLLARY 1. Let h € C! (Ry,R%) be a decreasing function. Assume that there exist a continuously
differentiable function A(.,.,€) : Ry x R" — R, constants by > 0, by > 0, p > 1 and a scalar function y €
PC(R,R) such that for allt > 0, all € > 0, and all x € R",

by||x|[? < A(t,x,€) < ba||x||? + Ce,, with & >0, 5)
aa/t\(t,x,e) + g/;(t,x,e)ﬁ(t,x,e) < x(O)A(t,x,€) + & (1), with & > 0 (6)

then, system (1)) is globally uniformly practically h%-stable if x is Ee-globally uniformly practically h-stable.

Proof. From generalized Gronwall-Bellman inequality [[19] and (), we have for all s > 1,

AGs, 6 (s,0,3,€),€) < Altx,€)0(s,1) + /t (105, 7)dr,
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N
where O(s,1) = exp (/ )((T)df) . According to , one obtains for all s > ¢,
t

K||@(s,2,x)]|” < A(t,x,€)O(s,t) —l—/ts & (1)0(s,7)dT.

Since, x is &g-globally uniformly practically A-stable, there is A > 0 and p, > 0 such that for all s >z,

1 1

brer \? A »

[0 (s.2,x,€)|| < 2¢ HxHh%(s)h(t)Tl)_F Cee L Pe)
b by by

1 1
Consequently, system (/1)) is globally uniformly practically h% -stable with ¢ = (%) "and ne = (%‘fl + ﬁ—f) "
O

Remark 1. Corollary 1 generalizes some previous results in [[11,|/15]]. For example, when p = 2 this result
reduce to |11, Theorem 2.1]. When A(t) = e~ ", with ¥ > 0, ¢ > 0, this result reduces to the one in [15]

3. CONVERSES STABILITY THEOREMS

In this section, we present new converses Lyapunov theorems when the system () is locally and or globally
uniformly practically h-stable as an extension of the converse theorem given in [[15,/16]. The author in [15]
16] has treated a particular case by taking /(¢) = e~%, 8 > 0 in which the constructed Lyapunov function is
permitted to own an indefinite derivative. Therefore, we generalize the converses theorem given in [2}/12,|15].
In order to give the precise assumption imposed for .Z (-,-), we need to introduce the following subclasses of
C(Ry, R, ), see [12].

Definition 3. We say that a function @ € C(R,, R, ) is of class BN, if there exists a function M € C(R;,R )
such that f;+5 o(s)ds <M(5), Vt>0, 6>0.

Definition 4. We say that a function @ € C(R, R ) is of class BN?, if there exists a function N € C(R, ,R )
such that ["7° @2(s)ds < N(8), Vt>0, &>0.

Now, to prove a converse theorem, we shall suppose the following assumptions.

4 There exist functions R(-) € BN and ¥, (-) € BN? such that
(

|7 (t,x,e)| <@(1)|x]| +We(t), @) =D+R(t), D>0,

(#) The system (1)) is locally uniformly practically A-stable, that is there are r > 0 and ¢ > 1 such that for
any ¢ > 0, any initial state x € R” with ||x|| < r, and any € > 0, system (1)) satisfies (2).

THEOREM 2. Suppose that assumptions (741) and (74) are satisfied and assume that there exist p > 0
such that
h is decreasing and h(t)h(t +8)"' <p, Vt>0, >0, (7)

then there exist a continuously differentiable function A(-,-,€) : Ry x R" — R, constants by > 0,by >0, r >0,
an integer p > 2 and scalar functions ¥ € PC(R,,R) such that for all (t,x,€) € Ry x B, x R,

by ||x]|? < At,x,€) < byl|x||P + &, with & >0

aa[t\(t,x,e) + g/:(t,x,e)ﬁ(t,x,s) < x(OA(t,x,€)+ & (1), with & € PC(R,R),

such that ¥ is Eg-globally uniformly practically h-stable.
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Proof. Let

[62;()6) /, Swg(r)dr)} g)hfl(s)ds,

where ® € C(R;,R*%)NL([0,0)) is a decreasing function with ir>1(f) (w(z)) > 0. On the one hand, we have
>

t+6
At =h) [ o) (o1,

A(t,x,€) < h(t) /, Mw(s) (ch(s)h(t)_1\|x\|+ng)p—|— [esz(a) /t S‘Pg(r)dr)]g)h(s)_lds.

By using the decreasing of 4, we derive

2M(8) 2

Alt,x€) <27 P8 @(0) x|+ (2" nE + | S5-Ne(8)] )3 0(0).
On the other hand, we have
d
&(])T(s,t,x,s)(])(s,t,x,e) Z —ZG(S)H(I)(s,t,x,S)HZ _ZIPS(S)HQ)(SJ?)C?S)H' (8)

Letting ve(s) = —||¢(s,2,x,€)|| and using (8), we obtain as in [18] that
D ve(s) < —@(s)ve(s) + Pe(s),

such that DT v (¢) = limsup + (vg(t +T)—ve (t)) . Let,
T—0*

Then, it follows that

S
DTE(s) < ‘Pe(s)e/t . )
Integrating (9) between ¢ and s, yields

N

5) < velt / ot /‘YTE(T)e/trw(G)der)e t (D(T)df.

On the one side, we have

o(t)dT
e/t (@) < PONMO) st 48], 1>0.

)

On the other side, we have

/\Pg / g)dgdr> /zsw( /‘Ps D(t- ’dr) _-/zsw(r)df.

Using Cauchy-Schwartz inequality, one obtains for all s € [r,7+ 8] and all r > 0,

1

eZM(S) s ! s
t
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Since

(3) 2

2M(5) Lo MO
[lo(s..x.€) 1+ (55 nde)] <2 ool +2 [ [ oW ear]

the following inequality holds for all s € [r,# + 0] and ¢ > 0,

P
2

1 _ —pD(s—
N L B e (10

As a consequence, we obtain

e~ PM(d) (] — = PD3)
> i P,
Alt,x,€) > T inf(e(t)) ]

e ™ inf(a(1)) > 0, by =27 P8 (0),

Thus, A(t,x, €) satisfies the first inequality of Theorem 2 with by = —— oD of
>

and (¢ = (2” nf + [ Ng(5)] 7)[)6(1)(0). We have,

)4
2

)h(u)*ldu.

2M(§)
D

s+0 e
A(s,(l)(s,t,x,e),s)—h(s)/sJr w(u)(qu(u,t,x,e)Her[ 5

Ku‘l’g(r)dr]

Then, the derivative of A(¢,x, €) along the trajectories of system (1)) exists and is given by

Alt,x,€) = %(A(s,qb(s,t,x,s),s)/sz,
<K (Oh(t) ' Ae(t,x) + 0(t )(21’ LeP —1)rP

P

)+
+w(r)p(2p71”p+ [ezD )F)

Thus, the second inequality of Theorem 2 is satisfied with x(¢) = h'(¢)h(¢)~"!, and

& (1) = () |2 = 1) 4p (2777 + | ©
where x is E.-globally uniformly practically A-stable. O

Now, the question that is raised here: is there a Lyapunov function that satisfies conditions of Theorem 2
when the system (1)) is globally uniformly practically /-stable? The response to this question is as follows.

(743) The system (1) is globally uniformly practically A-stable, that is there exists ¢ > 1 such that for any ¢ > 0,
any initial state x € R" and any € > 0, system (1)) satisfies (2).
Then, we have the following theorem.

THEOREM 3. Assume that assumptions (741 and (A43) are fulfilled and h satisfies the condition (7), then
there exist a continuously differentiable function A(.,.,€) : Ry X R" — R, constants by >0,by >0,b >0, an
integer p > 2, and a scalar function } € PC(R,R) such that for all (t,x,€) € Ry x R" x R% ,

by ||x||? < A(t,x,€) < by||x||P + &, with { > 0,

a—A(t 8)+8—A
o L EITOY

such that y is E-globally uniformly practically h-stable with h(t) = h(t)e”.

(t,x,€).F (t,x,€) < x(t)V(t,x)+ & (t), with & € PC(R4,R),
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Proof. Let

[62;26) /jl}fﬁ(r)dr)} g)hfl(s)ds,

where € C(R,R,) is a decreasing function, satisfies @(t)@(t + &) < v with v >0, § > 0 and wh~! €
L9([0,00)) with ¢ > 1. Using the same arguments as in Theorem 2 with the same by, b, and {¢. Moreover, the
derivative of A(z,x, €) along the trajectories of system (1)) exists and is given by

t+6
At =h) [ o) (o1,

d
ds (A(S,(P(Sat,xvg)?g)/s:t

< (W (Oh(0)" +b)A(x. ) + o) [p (27 "0l + |

Alt,x,e) =
22M(8)

2D

)4
2

Ne(8))

)

2P~pD(2P~ 1P —1)v

where b = ") (1703 Thus, the second inequality of Theorem 3 is satisfied with )(( ) =h(t)h(t) "' +b,
and & (1) = o(t) [p (2”711154- [ezfga)Ng(S)} . We have/ x(7)dt < / W (t 7)d7. Also,

£2M(8) ’

/ts|<§e( )|©(s, r)dr<p(2p 1np+[ S5 Ne(8 )} )thlw/ o(t)i~ ! (1)ebTdr.

Therefore, by using the fact that the function @i~ € L9(]0,)) and the Holder inequality, one obtains

* 24(8) 2\ pllille(g—1), -
<t [ o] )
[ le@l0s. ndr < (217 + [ e(o) o
Consequently, ¥ is Eg-globally uniformly practically A-stable. O

Remark 2. One can see that when h(t) = e~ ", where y > 0, the Theorems 2 and 3 ensure that there
exist a Lyapunov function with indefinite derivative such that the function ¥ is globally uniformly practically
exponentially stable, see [|15].

3.1. Perturbed systems

We consider non-autonomous perturbed systems of the form:

(1) = E(t,x(1), €) + B (t,x(1)), (11)

where 1 € R} is the time, x(f) € R" is the state and € € R}.. E(-,-,€) : Ry x R" - R" and ¥ : Ry x R" - R”
are piecewise continuous in time and locally Lipschitz in state.
We consider the following assumptions:

(#42) There exist a continuously differentiable function A(.,.,€) : R4 x R" — R, constants by > 0,by >0,
p > 1 and a scalar function ¥ € PC(R,R) such that for all # > 0, all x € R" and all € > 0,

bi|x||” < Alt,x,€) < bs||x||” + &, with & >0,

a—A(t e)+a—A
ar L HE T8

(A5) There exist I' € BN such that for all # > 0 and all x € R",

(t,x,€)E(t,x,€) < X (1)A(t,x,€) + E:(t) with & € PC(R,R).

215, )9(1,0)[< TOAG €. (12)
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THEOREM 3. Let h € C'(Ry,R%) such that the function h(t) = h(t)e? € BC(Ry,R*) with b > 0 and
the function |jg|h~" € L1([0,0)), with g > 1. Under assumptions () and (74), the perturbed system is

globally uniformly practically h%-smble if ¥ is ég-globally uniformly practically h-stable.

Proof. Let 6 € R.. We consider the following function:

Z5(1,%,8) = A(t,x,€)exp(Vs(1,x,)) (13)
where s 3
t+68 ps 1 A
Vol )= [ | Siiatrimer e g (T OB 5€)€)D(50(n x €))ands.

Hence, for well chosen values of 8, we must prove that Zg satisfies the conditions of Theorem 1 to guarantee
1
that |i is globally uniformly practically A -stable. Since,

?;(t,x,s)ﬁ(t,x) <T()A(,x, ),

then,
Vs (2,x)| < M(5).

Therefore, Z; satisfies the inequality (3)) with
by :EIeM@, by :EzeM@ and §. = {,:eM(‘S).

The derivative of Zs(t, x, €) along the trajectories of system (I1) satisfies

Za(1,0) < 0+ L) Z5(0,1,0) + £,

Therefore, if § is chosen such that M(5) < bd, then, Zs . satisfies the inequality @ with
x(0) =) +b and &(r) = & (1)),
Since, ¥ is fg—globally uniformly practically A-stable, then one gets,
/t Cy(t)dr < /, (DR (t)dT+ A

Since, h € % (R4, RY), then
| @) 2)ar < MO B [7|&(2) " (2)e s,
! t

Thus, by using the fact that the function | |h~! € L4(]0,0)) and the Hlder inequality one has

; MO P o(g=1) 5
| lEm)1e6. 2T < o Nl

Consequently, x is &g-globally uniformly practically A-stable. According to the Corollary 1 the perturbed
1
system 1i is globally uniformly practically A -stable. O
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4. CONCLUSION

In this paper, we have given some new sufficient conditions for both local and global uniform practical

h-stability of non-autonomous nonlinear dynamical systems in the presence of parameters based on indefinite
Lyapunov functions. In addition, we have established two converses theorems when the system is locally and
or globally uniformly practically %-stable. Then, an interesting application of the new Lyapunov functions is
given for a class of non-autonomous perturbed systems.
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