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1. INTRODUCTION

We are interested in the following problem.

PROBLEM 1. Let n be a positive integer. Find positive rational numbers x1,x>,x3,x4 such that

X1xpx3x4 = 1,
(1

X1 +x2+x34+x4 =n.

The following result was proved in [3}6].

THEOREM 1 [3,6]. Let n be a positive integer. Assume that 8|n or n = 4m with m*> — 1 = 2*"k with
h,k € Z", h > 2, and 8|k — 1. Then the equation

X < w
n=>42p Y
y z0w X

has no solutions in the positive integers. Equivalently, system (1)) has no solutions in the positive rationals.

In this paper, we study system (I)) with an additional condition x;x, = x3x4 = 1. The main result is the
following.

THEOREM 2. Let n > 4 be a positive integer. Assume that n has a prime factor congruent to 3 modudo 4

or 8|n or 8|n— 1. Then the equation

< w

n=-+-+—+— (2)
y x w oz

has no solutions in the positive integers.

1E-mail: tan.nguyenduy@hust.edu.vn
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We prove the first two cases of Theorem 2] using an elementary argument and Theorem [I] respectively, and
study the last case using the Brauer-Manin obstruction framework.

2. PRELIMINARIES

2.1. Brauer-Manin obstruction

This section mostly follows Colliot-Thélene and Skorobogatov [[2, Chapter 13] and Poonen [7, Chapter 8].
Let k be a number field, let Q be the set of all places of k, and let A be the adele ring of k. Let X be a proper,
smooth, geometrically irreducible variety defined over k. Let Br(X) be the Brauer group of X, that is the group
of equivalence classes of Azumaya algebras over X. In 1970, Manin [4]] introduced the Brauer-Manin paring

X (Ax) xBr(X) — Q/Z,
sending (P,) € X (Ax) and <7 € Br(X) to

eva((R)) = Z inv,(A(P,)) € Q/Z,

where for each valuation v and each Azumaya algebra </ in Br(X), inv,: Br(k,) — Q/Z is the local invariant
map from class field theory and <7 (P,) is defined as follows. A point P, € X (k,) gives a map Spec(k,) — X,
and hence induces a pullback map Br(X) — Br(k,). We write <7 (P,) for the image of <7 under this map. The
Brauer set of X (A;)B" is given

X(Ay)® = {(P,) € X(Ay) such that ev,,((P,)) = O for all o7 € Br(X)}.

The following theorem is due to Manin [4].

THEOREM 3. Let k be a number field and let X be a variety defined over k. The Brauer-Manin set X (A )5"
contains the closure of the image of the diagonal map : X (k) — X (Ay).

If X(Ar)B" # X (A;) then we say there is a Brauer-Manin obstruction to weak approximation for X. Our
model problem is that for a given variety X defined over k, we want to show X (k) % = 0, where X (k) is
the set of all points in X (k) having a property &?. The guiding principle is to construct an Azumaya algebra
o/ € Br(X) such that

evy/((P)) #0forall Pe X(k),

where (P,) € X(Ay) = [T,co X (k,) is the image of P € X (k) under the diagonal map.

2.2. The local Hilbert symbol

This sections follows Serre [8, Chapter III]. Let p be a finite prime. For a nonzero p-adic number a, denote
vp(a) the highest power of ¢ dividing a. Let k = Q,, or k = R. For a and b in k*, the local Hilbert symbol (a,b),
is defined as

1 if ax? + by?> = z? has a point (x,y, z) in P?(k),
(avb)p = .
—1 otherwise.

(i) Leta, b, c € Q,. Then

(a,b*), =1,
(a,bc)p = (a,b)p(a,c)m
(a,b) ] (a,b)g=1.

p prime
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(ii) Leta = p®u, b = pPv, where o = v,(a) and 8 = v,(b). Then

B o
(@), = (002 (47 (2) i p 22,

p
(a,b)p _ (_1)(uf1)(vfl)/4+(x(v271)/8+ﬁ(uzfl)/8 if p=2,

where (—) denotes the Legendre symbol.

3. PROOF OF THEOREM 2]

PROPOSITION 1. Let n be a positive integer with a prime factor congruent to 3 modulo 4, then equation
has no solutions in the positive integers.

Proof. Assume that there exist positive integers x, y, z, w satisfying (2)). We can further assume that gcd(x,y) =
1 and ged(z,w) = 1. Let p be a prime factor of n such that p = 3 (mod 4). Let n = pm with m € Z*. By (),

pmxyzw = (X +y*)zw + (22 + w?)xy. 3)
Since ged(x,y) = ged(z,w) = 1, we have xy|zw and zw|xy. Hence xy = zw and by (3)),
pmxy = x? —I—y2 + 22 +w? 4)

Since x = zw/y, we have

2,2
w
pmxy = yT—Fyz-i-Zz-i-wz
0?+22) 0% +w?)
y? '

~1

Hence p|(y* 4 z%)(y* +w?). Without loss of generality, we assume that p[y? 4 z>. Since <) =1, it follows
p

that p|y,z. By @), p|x*> +w?. So p|x,w. Hence gcd(x,y,z,w) > 1, which gives a contradiction. O

PROPOSITION 2. Let n be a positive integer such that 8|n. Then equation (2)) has no solutions in the
positive integers.

Proof. This follows directly from Theorem I} 0

PROPOSITION 3. Let n > 4 be a positive integer such that 8|n — 1. Then equation [2)) has no solutions in
the positive integers.

We briefly discuss the proving strategy of Proposition [3] Equation (2) is first transformed into an elliptic
curve E of the form
y* =x(x* + Ax+B)

with A, B € Q. Positive integer solutions of (2)) correspond to rational points on E in the bounded component
x < 0. To show the nonexistence of positive integer solutions is the same as to show the nonexistence of rational
points (x,y) with x < 0. Then Lemma|l|below is used to construct an Azumaya algebra .# in Br(Q(E)), such
that for all P = (x,y) € E(Q) with x < 0 then

0 if v= p, a finite prime,

— ifv=rco,
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where (P,) is the image of P in E(Ag), which contradicts Theorem [3| See Tan and Tho [5] for another
application of this strategy.

Proof. Assume that (2)) has a solution (xo, yo, 20, wo) With positive integers xo, yo,20, wo. Let agp = xo/yo and

bo = zo/wo. Then (2) becomes
1

1
n=ay+—-+by+ —.

ap b()
So [ap : by : 1] is a point on the genus one projective curve C defined by

(ab+ c*)(a+b) = nabe.
Note that [0 : 1 : 0] is a point on C. Using Magma [1]], we obtain that a Weierstrass form of C is
E:y? =x(x*+ (n* —8)x+16). 3)

A map ¢ from C to E is given by

0(0:1:0)) =ooand ¢(fa:b:]) = (x.),

where
—4a
x =—,
c
_ —4(2ab+2b* + nbc)
y = ac '
Let (u,v) = @([ap : bo : 1]). Then
—4(2agbg +2b3 +nb
u= —4ap,v= (2a0bo + ot n 0).
ap

Since ag, by > 0, we have u < 0. Let Q(E) be the function field of E.

LEMMA 1. Let A, B, and C be quaternion algebras over Q(E) with A = (x,4 —n), B= (x> + (n*> — 16)x +
16,4 —n), and C = (1+ (n*> —16)/x+16/x*). Then A, B, and C represent the same class of an Azumaya
algebra in Br(E).

Proof. Since A+B = (y*,4—n), we have A = B. Since B—C = (x*,4—n), we have B=C. Hence A = B =
C. Let Uy, Us, and U be the maximal open subsets of E where x,x*> 4 (n*> —8)x -+ 16, and 1 + (n> —8) /x4 16/x*
have no zeros or poles respectively. Then A € Br(U; ), B € Br(Uz), and C € Br(U3). Then E = U; UU, U Us.

We have U; = E — {(0,0),0}, Uy = E — {(11,0), (0,0),0}, where &; and ; are roots of x> + (n* — 8)x +
16 = 0. So U; UU, = E — {o}. However, at oo we have x~!(e0) = 0. Therefore

n—16 16
(1+ . +x—2)(oo)=17éo.

Therefore oo € Us. So E = U, U Us. ]

Let P = (x,y) be a point in E(Q) with x < 0. Let (P,),cq € E(Ag) =1, E(Q,) be the image of P under
the diagonal map E(Q) — E(Aq).

LEMMA 2. Let p be an odd prime. Then
inv,(A(P,)) =0. (0)

Proof. Tt suffices to show that
(x,4—n), =1. @)
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Case 1: vy(x) < 0. Letx = p~"x; with r € Z* and v, (x;) = 0. Then

L2+ p'(n? = 8)x; + 16p*
7= (1p(p3r)1 r”) @)

Thus —3r = v, (y?), so that 2|r. Let z = p*"/?y. Then v, (z) = 0 and (8) becomes
2 =xi(x}+p'(n* = 8)x; +16p™). 9)

Reducing (9) modulo p gives x; = square (mod p). Hence x| € Z?,. It follows that x = p~"x; € QIQ, and
(x,4—n), = 1.

Case 2: v,(x) =0.

Case 2.1: v,(4 —n) = 0. Then x and 4 —n are units in Z,, and (x,4 —n), = 1.
Case 2.2: v,(4 —n) > 0. Then n = 4 (mod p) and

y? =x(x*+8x+16) =x(x+4)> (mod p).

If ptx+4 then x = (y/(x+4))* (mod p). It follows that x € Z? and (x,4 —n), = 1.
If p|x+4 then x = —4 (mod p). Let x+4 = p’a and n —4 = p*b with r,s € Z" and v,(a) = v,(b) = 0.
Then

(2 —8)x+16= (x+4)*+ (n* — 16)x

(10)
= p*d® + p*b(p*b+ 8)x.

If 2r < s then
K+ (n? = 8)x+16 = p*(a® + p" ¥ b(p*b +8)x).

Hence x* 4 (n* — 8)x+ 16 € Z2. It follows that
2

M 2
= S
x>+ (n*—8)x+16 2

and (x,4—n), = 1.
If 2r = s then
P ( *Pzrb)p
= (x7 _b)P
=1 (sincex,b e Z;)

(x,4—n)

If s < 2r then
y? = x(x* + (n* —8)x+ 16)
=xp*(p* *a® +b(p'b+8)x).

Thus s = v5(y?), so that 2|s and

(.4 =n), = (x,=p’b),
=(x- )

=1 (sincex,be ZX)
Case 3: v, (x) > 0. Letx = p"x; with r € Z* and v, (x;) = 0. Then

Y = pxi(pPxi +p' (" —8)x1 +16). (11)



128 Nguyen Duy TAN, Nguyen Xuan THO 6

Thus r = v,(y?), so that 2|r. Since p*"x} + p"(n> — 8)x; + 16 € Z2, it follows from (TT) that

2

M 2
X1 = € 7.
pr(p¥xi+pr(n? =8)x1 +16) ~ 7
Hencex:p’xlEle7 and (x,4—n), =1. O
LEMMA 3. Let p =2. Then
inv,(A((P))) = 0. (12)
Proof. 1Tt suffices to show that
(x,4—n)y=1. (13)

Case 1: vy(x) < 0. Let x =27"x; with r € Z* and v,(x1) = 0. By (9),

2 or 2 8 22r+4
2 = M2 = ) +277) (14)

Thus v,(y?) = —3r, so that 2|r and because r > 0, we have r > 2. Let z = 23/2y. Then v,(z) = 0 and by (T4)),
22 =x; (xF 27 (n* — 8)xy +27). (15)
Reducing (I5)) modulo 4 gives x; = 1 (mod 4). Since 2|r and 8|n — 1, we obtain

(x,4—n), = (2"x1,4 —n);

Case 2: vy(x) =0. Let x = —r/s with r,s € ZT, ged(r,s) = 1, and 21 rs. By (),

5 r((n*—8)rs—r?—16s?)
¥ = . :

Therefore rs((n*> — 8)rs — r? — 16s%)) is a perfect square. Since r,s and (n*> — 8)rs — r> — 165> are pairwise
coprime, we conlude that r,s, and (n> — 8)rs — > — 165 are perfect squares. Since 7, s are positive odd integers,
there exist pairwise coprime positive integers a, b, c with a,b odd such that

r= a2, s = l727 (n2 —8)rs — r* —16s* = c*.

Hence
(nab)? — (a* +4b*)* = (n* — 8)a*b* —a* — 16b* = *.

So (a® +4b%,c,nab) is a Pythagorean triple with a® + 4b* odd. Therefore there exist positive integers u,v,d
with ged(u,v) = 1 such that

nab = d(u* +v?), a* +4b* = d(u* —v*), ¢ = 2duv. (16)

Hence
a* +4b* + nab = 2du?, (17)
nab — a* — 4b* = 2dv?. (18)

Since d|c?, d|nab, and gcd(c,ab) = 1, it follows that d|n and ged(d,ab) = 1. Since d|a® +4b*, 2 { ab, and
gcd(a,b) = 1, every prime factor of d is congruent to 1 modulo 4. Hence d = 1 (mod 4). Since d|n and 2 1 n,
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d _ n+4 4
o \d=Dm3ya TN [ 4)
<n+4>_(]) ( d >_<d>_1' (1

(a—2b)* + (n+4)ab = 2du®, (n+4)ab — (a+2b)* = 2dv*. (20)

gcd(d,n+4) = 1. Then

By (I7) and (I8),

Since n+4 =5 (mod 8), n+4 is not a square, so there exists a prime factor p of n+4 with v,(n+4) odd.
Since n+4 is odd, p is odd. Since d|n, 21 ab, gcd(a,b) = 1, it follows from and (I8) that p  d. We claim

p p

Case p{u. By 20), 2du® = (a—2b)?> (mod p), and 1)) follows.
Case p|u. By 20), p|a — 2b. Let u = p®*uy and a — 2b = pPr with o, B,u1,t € Z, ptuy,t, and o, B > 0. By

0.

(n+4)ab = 2du® — (a — 2b)?
= 2dp*%u? — p?Pi?.
If o # B then v, (n+4) = min{2«,2B }, which is impossible since 2{ v, (n+4).

If ¢ = B then
(n+4)ab = p**(2du? —1?).

Since v,(n+4) is odd, p|2du? — t?, which implies 1)) since p { u;t.

Using (21)), we obtain
2 ) <2>v,,(n+4) <2>vp(n+4)
<” T4 nsapynra) \P plntd, 2y (nt4) \P

H <d> vp(n+4) H <d> vp(n+4)
= — X —
pln+4.2]v, (n+4) \P pln+4 2, (n+4) \P

:<ni4>

— (=)@ <”+4>

d
=1 (sinced|d—1).

Then
n— 4 — H 7' x H 7' x H RICER)
q primes, gln—4, gt u q primes, g|n —4, glu, 2|vy(n—4) q primes, gln —4, glu, 24 vi(n—4)
= IT (£1)("=4) IT 1 x I1 (£1)"%= " (mod 8)
g primes, gln—4, g fu g primes, gln—4, glu, 2|vg(n—4) g primes, gln—4, qlu, 24 vi(n—4)
=+1 (mod 8),

which is impossible since n = 1 (mod 8).
Case 3: vy(x) > 0. Let x = 2'x; with 7 € Z™ and v2(x;) = 0. By (3),

y? =20 (223 + 2/ (n* — 8)x; + 16). (22)

Case 3.1: t = 1. By (22),
y? =22x;(2x7 + (n* — 8)x; +8). (23)
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Thus v2(y) = 1 and
(%)2 = x1 (22 + (02— 8)x +8). (24)

Reducing (24)) modulo 4 gives
1=2x1+1 mod4,

which is impossible since v,(x;) = 0.
Case 3.2: 1 = 2. Let x = —4r/s with r,s € ZT, ged(r,s) = 1, and 21 rs. By 22),

o 16r((n* —8)rs —4r? — 4s?)
= . .
s

y

Thus rs((n> — 8)rs —4r*> — 4s%)) is a square. Since 7,5, and (n> — 8)rs — 4r* — 4s> are pairwise coprime odd
positive integers, there exist pairwise coprime odd positive integers a, b, ¢ such that

r=a*s=0b", (n* —8)rs—4r’ —4s> = .
Thus
(n* — 8)a’b* — 4a* — 4b* = 2.

So
(nab)? = 4(a® 4+ b*)> + .
Therefore (2(a? 4 b?),c,nab) is a Pythagorean triple with ¢ odd. Thus there exist positive integers d,u, v with
ged(u,v) = 1 such that
nab = d(u® +v?), a* + b* = duv, c = d(u* —?). (25)

Since d|nab, d|a® + b?, and gcd(a,b) = 1, we have d|n, ab|u® +v?, and ged(d,ab) = 1. Since d|a® + b,
gcd(a,b) = 1, ab|u® +v?, ged(u,v) = 1, every prime factor of a,b,d is congruent to 1 modulo 4. By [23),

d(u+v)? =2a*> +2b* 4 nab, d(u —v)?* = nab — 2a*> — 2b*.
Hence
d(u+v)> =2(a—b)*+ (n+4)ab, d(u —v)* = (n+4)ab —2(a+b)*. (26)

Let p be a prime factor of n+4. Then p is odd. If p|d then by [26)), p|2(a— b)? and p|2(a+ b)?. It follows that
pla—b and pla+ b, and hence p|a and p|b, which is impossible since ged(a,b) = 1. Therefore p { d. Since
n+4=d=1 (mod4), we obtain

d n+4 4
_ (e R)d-na TN [T
(n+4) =1 ( d ) - (d) - D

Since ged(u,v) = 1, p cannot divide both u —v and u+v. If ptu+v, then by 26), d(u+v)? =2(a— b)? (mod
p). If ptu—v, then by @6), d(u—v)> =2(a+b)? (mod p). In either case,

()=()

This is true for very prime factor of n+ 4. Combining this with gives

(ni4) B <ni4>

=1,

which is impossible since n = 1 (mod 8).
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Case 3.3: t = 3. By (22),
y* =20 (8xF + (n — 8)x1 +2).

Thus v,(y) = 3 and
(2)? =xi(8 4+ ("~ 8)xi +2). @8)

Reducing (28) modulo 4 gives
1=1+4+2x; (mod 4),

which is impossible since v, (x;) = 0.

Case 3.4: t =4. Let x = —16r/s with r,s € Z", ged(r,s) = 1, and 21 r, 5. By (22),

2 _ 256r((n> —8)rs — 161> — s?)

53

y

Thus rs((n> — 8)rs — 16r> — s?) is a perfect square. Since 7,5, (n> — 8)rs — 16r> — s> are pairwise coprime

positive integers with r, s odd, there exist pairwise coprime positive integers a, b, c with a,b odd such that
r=a*,s=0b% (n*—8)rs— 16r* —s*> = c%.
Hence
(n* —8)a’b* — 16a* —b* = 2.

Thus
(nab)* — (4a* +b*)* = %

So (4a® + b*,c,nab) is a Pythagorean triple with 4a®> 4 b? odd. Therefore there exist positive integers u,v,d
with ged(u,v) = 1 such that
nab = d(u* +v?), 4a* + b* = d(u* —v*), ¢ = 2duv.
Hence
nab +4a* + b* = 2du® ,nab — 4a* — b* = 2dv*.

So
(n+4)ab+ (2a — b)* = 2du*, (n+4)ab — (2a +b)* = 2dv*. (29)

Let p be a prime factor of n+4 with v,(n+4) odd. Since n+4 is odd, p is odd. If p|d then by (29), p|2a —b
and p|2a+ b. It follows that p|a and p|b, which is impossible since gcd(a,b) = 1. Hence p td. We claim that

2 d
(5)-(): w
p p
If p { u then 2du® = (2a — b)* (mod p), which implies (B0).
If p|u then p|2a —b. Let u = p®u; and 2a — b = pPt; with o,B,u,t; €Z, ptuit,and o, § > 0. By (29),

(n+4)ab = 2dp**u? — p*Pr?. (31)

If o # B then by (31), v,(n+4) = min{2a, 2}, which is impossible since v, (n+4) is odd.
If o = J3 then since v, (n +4) is odd, it follows from (3)) that p|2du? — 3, which implies (30). Using (30) we
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obtain

o) > < 2 > vI,(n+4) ( 2 > vp(YH-4)
<” T4 nsa2py(nra) \P platd, 2t (n+4) \P

I_I (d) vp(n+4) H <d> vp(n+4)
= — X —
pln+4,2|v,(n+4) p plnt4,24vp(n+4) p

= ( d ) = (—1)(nHAd=1)/4 <’:|i_4> =1 (since4|d—1),

n+4

which is impossible since n = 1 (mod 8).
Case 3.5: 1 > 4. By (22),
v =28 (22 2 (2 - 8) - 1).

Hence v,(y?) =t +4. So that 2|t and because ¢ > 4, we have ¢ > 6. Then
(2727129)2 = x (¥4 4214 (2 —8) + 1), (32)

Reducing (32)) modulo 4 gives x; = 1 (mod 4). Then

(x,4=n)2 = (2"x1,4—n)>
= (x1,4—n), (since 2|r)
_ (_1)()(171)(3711)/4
=1
O
LEMMA 4. We have 1
inVoo(JZ{(Pm)) = E
1
Proof. Because x < 0 and 4 —n < 0, we have (x,n —4)., = —1. It follows that inve. (7 (Pw)) = > O
Combining 2] 3] and [4] gives
. , 1
eVy (P) = inveo(/ (P.)) + Y invy (A(P,)) = X
p<eo
which is impossible since for all rational points M in E(Q) then
evy (M)) =0.
This completes the proof of Proposition [3]and hence the proof of Theorem [2] O
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