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Abstract. In order to study the convexity of Kullback-Leibler functional in the presence of discrete variables,
one needs to study the convexity of a linear functional defined on some type of Wasserstein space associated
with these discrete spaces. Inspired by an observation in continuous case and by employing the Wasserstein
spaces associated with Markov chains as introduced by Erbar-Maas [8], we define the Hessian of a real map
defined on a Hypercube as the underlying Markov structure. The convexity of linear functionals in the discrete
case can be computed through the Hessian matrices that can be derived through this relationship.
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1. INTRODUCTION

Optimization in the space of probability measures is of special interest both in mathematics, statistics and
machine learning. Many classical PDEs can be identified as minimization problems of specific functionals
defined over Wasserstein type measure spaces [2, 4, 12]. In machine learning and statistics numerous problems
including variational Bayasian inference, maximum likelihood estimations, generative adversarial networks,
are stated as minimization over the space of probability distributions [5, 6].

The gradient flow of these probability functionals and their convergence rates towards critical points are
governed by the geodesic convexity computed in terms of the geometry induced by Wasserstein metrics. This
has led to novel numerical methods to solve PDEs of Fokker-Planck types, as well as new connections between
the geometry of the finite dimensional underlying space and the associated Wasserstein probability space. A
typical example consists of entropy functional and its role in developing a synthetic notion of Ricci curvature’s
lower bound for continuous and discrete spaces [9, 11].

Our goal in this note is to introduce a notion of convexity for maps defined on finite Markov spaces by
applying similar ideas describing characteristics of an object of finite dimensional nature in terms of the as-
sociated Wasserstein space. In fact in the Kullback-Leibler (KL) functional DKL(p||q) =

∫
p log p−

∫
p logq

we have two terms the entropy functional
∫

p log p and the simpler term
∫

p logq. As mentioned above the
convexity coefficient of the entropy term has been already discussed. We aim at providing some tools which
enable us to investigate the geodesic convexity of the second term in the discrete case. KL functional is widely
used in many statistical problems in particular in Mean Field Variational Inference (MFVI). The study of its
critical points and convexity coefficients is of essential importance for exploring the rate of convergence of
the corresponding mean field equations algorithms towards their fixed point. To this end we first observe in
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section 2 that the convexity of a map f : M → R defined over a Riemannian manifold (M,g) is equivalent to
the geodesic convexity of the functional L f : P2(M )→ R defined on the L2-Wasserstein space P2(M ) by

L f : P2(M )−→ R, L f (ρ) :=
∫

M
f dρ,

In the present note we introduce the Hessian of a real map defined on a hypercube. It turns out that one of
the natural graphical structures for which a rich class of convex maps exists consists of the hypercube. This will
lead to the uniqueness of solutions to mean field equations of the Ising model. By applying this observation
one can compute new partition functions which had remained intractable. The main tool for us is the theory of
Wasserstein spaces developed by Maas-Erbar for finite Markov spaces [9].

2. CONVEXITY OF REAL MAPS ON FINITE MARKOV SPACES THROUGH WASSERSTEIN
SPACE

A subset S ⊂ M of a Remannian manifold (M,g) is geodsically convex if for all x,y ∈ S there exists a
geodsic γ : [0,1]→ M, such that γ(0) = x and γ(1) = y while γ(t) ∈ S for all t ∈ [0,1]. A function f : S → R is
geodesically convex if S is geodesically convex and for all geodesic segments γ : [0,1]→ M such that γ(0) = x,
γ(1) = y and γ(t) ∈ S for all t ∈ [0,1], the map f ◦ γ : [0,1]→ R is convex.

We recall the following lemma whose proof is standard:

LEMMA 1. Let M be a Riemannian manifold, and let f : M →R be a real function. Then f is geodesically
convex iff Hessian of f , Hess f , is semi-positive definite. Also for C2 maps ψ,φ : M →R, and a C1 vector field
ν , we have

⟨∇⟨∇ψ,∇φ⟩ ,ν⟩= Hessφ(∇ψ,ν)+Hessψ(∇φ ,ν). (1)

The following basic observation for convex maps defined on a Riemannian manifold M motivates for our
definition for convexity of maps defined on discrete spaces.

PROPOSITION 1. Let M be a geodesically complete Riemannian manifold, and let

f : M → R,

be a differentiable real function with compact support. The functional L f defined by

L f : P2(M )→ R, L f (µ) =
∫

M
f dµ.

is geodesically convex on P2(M ) iff, Hess( f ) is semi-positive definite every where on M .

Proof. Here we provide an informal proof without treating regularity which makes use of Hessian. We
avoid regularity discussion and we refer to [7] for a rigorous proof using MacCann-Brenier theorem. Assume
that L f is geodesically convex on P2(M ). For a geodesic in P2(M ) given by the continuity equation{

∂

∂t
µt +∇.

(
µt∇ψt

)
= 0,

∂

∂t
ψt +

|∇ψt |2
2 = 0,

we have

d
dt

L f (µt) =
d
dt

∫
f (x)dµt =

∫
⟨∇ f ,∇ψt⟩dµt .



3 Convexity of Kullback-Leibler functional and the definition of Hessian for real maps defined on finite Markov spaces 29

By applying lemma 1, we get

d2

dt2 L f (µt) =
d
dt

[∫
⟨∇ f (x),∇ψt⟩dµt

]
=
∫ 〈

∇ f ,−∇
|∇ψt |2

2

〉
dµt +

∫
⟨∇⟨∇ f ,∇ψt⟩ ,∇ψt⟩dµt

=
−1
2

∫
⟨∇⟨∇ψt ,∇ψt⟩ ,∇ f ⟩dµt +

∫
⟨∇⟨∇ f ,∇ψt⟩ ,∇ψt⟩dµt

(1)
=

−1
2

∫
2Hessψ(∇ψt ,∇ f )dµt +

∫
Hess f (∇ψt ,∇ψt)dµt

+
∫

Hessψ(∇ f ,∇ψt)dµt =
∫

Hess f (∇ψt ,∇ψt)dµt . (2)

Hence, if f is convex, one can deduce that

d2

dt2 L f (µt) =
∫

Hess f (∇ψt ,∇ψt)dµt ≥ 0.

Conversely, assume that L f is geodesically convex. Consider a geodesic in P2(M ) with the initial condition
(µ0, ,∇ψ0), where µ0 = δx0 ,∇ψ0 = v, x0 ∈ M , and v ∈ Tx0M . Then from (2), it can be seen that

0 ≤
∫

Hess f (∇ψ0,∇ψ0)dµ0 =
∫

Hess f (v,v)dδx0(y) = Hess f (x0)(v,v).

This means that Hess f is semi-positive definite.

Inversely, this theorem reduces the study of the convexity of L f on P2(M ) to that of the Hessian of the
map f at all the points of M . In order to carry out the same procedure in discrete case we employ the theory
developed by Maas and Erbar for discrete finite Markov spaces [8].

They consider an irreducible Markov kernel Q : χ ×χ →R+, on a finite set χ . Satisfying the condition that
for every x,y ∈ χ , there exists a sequence {xi}n

i=0 ∈ χ , such that

x0 = x, xn = y, and Q(xi−1,xi)> 0 ∀i ∈ {1,2, . . . ,n}.

The unique stationary probability measure π on χ associated with the Markov kernel Q, is assumed to be
reversible, i.e. the detailed balance equation holds:

Q(x,y)π(x) = Q(y,x)π(y) ∀x,y ∈ χ.

Maas and Erbar define the space of all probability densities on χ with respect to π as follows:

Pπ(χ) =

{
ρ : χ → R+

∣∣∣ ∑
x∈χ

π(x)ρ(x) = 1

}
. (3)

For ρ0,ρ1 ∈ Pπ(χ), Wasserstein-Mass metric W on Pπ(χ) is defined by [9]

W (ρ0,ρ1)
2 = inf

ρ,ψ

{
1
2

∫ 1

0
∑

x,y∈χ

(
ψt(x)−ψt(y)

)2
Λ
(
ρt(x),ρt(y)

)
Q(x,y)π(x)dt

}
, (4)

where the infimum is taken over all piece-wise C1 curves ρ : [0,1] −→ Pπ(χ), and the functions ψ : [0,1]×
χ −→ R satisfies a certain continuity equation. The map Λ is taken to be an arithmetic average for our case.
The space (Pπ(χ),W ) has the structure of a complete Riemannian manifold.
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PROPOSITION 2 [8]. For any ρ̄ ∈ Pπ(χ) and ψ̄ ∈ Rχ , on a sufficiently small interval around 0, there
exists a unique constant speed geodesic such that ρ0 = ρ̄ and initial tangent vector ∇ψ0 = ∇ψ̄ satisfying

∂tρt(x) =− ∑
y∈χ

(
ψt(y)−ψt(x)

)
Λ
(
ρt(x),ρt(y)

)
Q(x,y),

∂tψt(x) =−1
2 ∑

y∈χ

(
ψt(x)−ψt(y)

)2
∂1Λ

(
ρt(x),ρt(y)

)
Q(x,y).

(5)

Definition of convex functions on Markov spaces. Let (χ,Q,π) be a Markov triple on a finite space χ

as described above. Let f : χ → R be a real valued function on χ . Inspired by the observation given in
Proposition 1, we want to introduce a notion of convexity for f . To this end, consider the functional L f

π

L f
π : Pπ(χ)−→ R

L f
π(ρ) = ∑

w∈X

f (w)ρ(w). (6)

In the discrete case, we are interested in geodesic convexity of L f
π on a totally geodesic submanifold of Pπ(χ)

passing through all the vertices of the simplex Pπ(χ) (see Definition 1). In the case where χ has only two
points, Pπ(χ) will become a 1-simplex in R2. We start by identifying geodesically convex functionals L f

π on
this 1-simplex.

Let us denote by P(χ), the space of probability measures on χ , which consists of all maps ρ̂ : χ → [0,1]
satisfying ∑x∈χ ρ̂(x) = 1. Let H be the map defined by

H : Pπ(χ)−→ P(χ), (H (ρ))(x) = π(x)ρ(x).

Since H is a bijection map, we can use it to equipe P(χ) with a Riemannian metric G with respect to which
H is an isometry. The Riemannian metric on Pπ(χ) is defined in [8].

Given a real function f : χ → R, let L f : P(χ)→ R be defined by

L f (ρ̂) = ∑
x∈χ

ρ̂(x) f (x).

Our aim is to study the geodesic convexity of L f with respect to G .
Based on the observation of Proposition 1, we introduce a notion of convexity for real functions f : χ → R

on the discrete Markov space (χ,Q,π). We denote by Gπ the Erbar-Maas metric on Pπ(χ), and we set
G := ((H )−1)∗Gπ , which is a Riemannian metric on P(χ).

Definition 1. For a real λ ∈ R, a map f : χ → R is called λ -convex, if there exists a totally geodesic
submanifold A ⊂ P(χ) containing all the vertices of the simplex P(χ) such that L f : A → R is λ -convex
with respect to G . This is equivalent to say that Lπ f

π : Aπ → R to be λ -convex with respect to Gπ , where
Aπ ⊂ Pπ(χ) is a totally geodesic submanifold containing all the vertices of Pπ(χ) .

2.1. Tensorisation and hypercube structure

Let (χi,Qi,πi) , for 1 ≤ i ≤ n, be irreducible and reversible Markov chains. Let Q(i) denote the lift of Qi to
the product space χ = χ1 ×·· ·×χn, defined for x = (x1, . . . ,xn) and y = (y1, . . . ,yn) by

Q(i)(x,y) =

{
Qi(xi,yi), If x j = y j for all j ̸= i,
0, Otherwise .

For α = (α1, . . . ,αn) satisfying ∑
n
i=1 αi = 1, αi ≥ 0, 1 ≤ i ≤ n, consider a weighted product Markov chain
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(χ,Qα ,π), such that

Qα :=
n

∑
i=1

αiQ(i),

and where the corresponding reversible probability measure is given by π = π1 ⊗·· ·⊗πn.
Let (χ,Q,π) denote the above tensorized Markov space where we are setting Q := Qα for α = (1

n , . . . ,
1
n),

therefore

Q(x,y) =
n

∑
i=1

1
n

Q(i)(x,y). (7)

Let ρ i
t ∈ Pπi(χi) be a geodesic and for any x = (x1, . . . ,xn) ∈ χ , we define

ρt(x) =
(

ρ
1
t
n
×·· ·×ρ

n
t
n

)
(x) :=

n

∏
i=1

ρ
i
t
n
(xi) . (8)

It is not difficult to see that ρt ∈ Pπ(χ).
Also for ψ i

t satisfying the geodesic equation (5), we set

ψt (x) :=
n

∑
i=1

ψ
i
t
n
(xi) . (9)

Our claim is that t → ρt is a geodesic in Pπ(χ):

THEOREM 1. The pair (ρt ,ψt) satisfies the system of equations (5), which means that t → ρt defines a
geodesic in Pπ(χ).

Proof. From (8) and (5) we have

d
dt

ρt(x) =
d
dt

(
ρ

1
t
n
×·· ·×ρ

n
t
n

)
(x1, . . . ,xn) =

d
dt

n

∏
i=1

ρ
i
t
n
(xi) =

n

∑
j=1

d
dt

ρ
j
t
n
(x j)∏

i ̸= j
ρ

i
t
n
(xi)

=−1
n

n

∑
j=1

∏
i ̸= j

ρ
i
t
n
(xi) ∑

y j∈χ j

(
ψ

j
t
n
(y j)−ψ

j
t
n
(x j)

)
Λ
(
ρ

j
t
n
(y j),ρ

j
t
n
(x j)

)
Q j(x j,y j)

=−1
n

n

∑
j=1

∑
y j∈χ j

(
ψ

j
t
n
(y j)−ψ

j
t
n
(x j)

)
Λ
(
ρ

j
t
n
(y j)∏

i ̸= j
ρ

i
t
n
(xi) ,ρ

j
t
n
(x j)∏

i̸= j
ρ

i
t
n
(xi)
)
Q j(x j,y j)

=− ∑
y∈χ,y∼x

(
ψt(y)−ψt(x)

)
Λ
(
ρt(y),ρt(x)

)
Q(x,y). (10)

Here, in the third line, we used property Λ(lt, ls) = lΛ(t,s), for l > 0 and s, t ≥ 0, and, in the last line, we
used the definition of ψt in (9) and Q in (7). Also, y ∼ x means y is a neighborhood of x with respect to the
hypercube structure over χ .

From (9), it can also be seen that

d
dt

ψt =− 1
2n

n

∑
i=1

∑
yi∈χi

(
ψ

i
t
n
(yi)−ψ

i
t
n
(xi)
)2

∂1Λ

(
ρ

i
t
n
(xi),ρ

i
t
n
(yi)
)

Qi (xi,yi)

=− 1
2∑

y∼x
(ψt(y)−ψt(x))

2
∂1Λ

(
n

∏
i=1

ρ
i
t
n
(xi),

n

∏
i=1

ρ
i
t
n
(yi)

)
Q(x,y) . (11)

(10) and (11) are nothing but the geodesic equations for the pair (ρt ,ψt) on Pπ(χ). Note that here again, we
used the derivative of the relation Λ(lt, ls) = lΛ(t,s), for l > 0 and s, t ≥ 0, and the definition of Q.
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Consider the spaces A ⊂ P(χ) and Aπ ⊂ Pπ(χ) respectively defined by

A = {
n

∏
i=1

ρi|ρi ∈ P(χi)}, Aπ = {
n

∏
i=1

ρ̂i|ρ̂i ∈ Pπ(χi)}.

COROLLARY 1. The spaces A and Aπ are totally geodesic subspaces of P(χ) and Pπ(χ), respectively.

3. HESSIAN OF A REAL MAP DEFINED ON HYPERCUBE

Now consider n two-point Markov chains (χk,Qk,πk), where as before χk = {±1}, for k = 1, . . . ,n. Let
(χ,Q,π) denote the tensorized product space. If for k = 1, ...,n we set U :=Qk(+1,−1), and V :=Qk(−1,+1),
then by stationarity condition (3) πk(+1) = V

U+V , and πk(−1) = U
U+V ,. We assume that U > V , also Λ is as-

sumed to be arithmetic mean then from the continuity equation (10) one can deduce that

d
dt

L f (ρt) = ∑
x

Γ( f ,ψt)(x)ρt(x)π(x)

where Γ( f ,g)(x) := 1
2 ∑y Q(x,y)( f (x)− f (y))(g(x)−g(y)). A second derivation along a geodesic ρt leads to

d2

dt2 L f (ρt) = ∑
x

(
Γ

(
Γ( f ,ψt),ψt)−

1
2

Γ( f ,Γ(ψt))

)
(x)ρt(x)π(x)

Hence if we define the Hessian of f as follows

Hess( f )[∇φ ,∇ψ] = Γ(Γ( f ,φ) ,ψ)− 1
2

Γ( f ,Γ(φ ,ψ))

then by taking ρt(x) = δx0 it can be seen that L f is geodesically convex iff Hess( f ) is positive definite at all
x ∈ χ . We have

Γ(Γ( f ,φ),ψ)(x) =
1
2 ∑

y
Q(x,y)(Γ( f ,φ)(x)−Γ( f ,φ)(y))(ψ(x)−ψ(y))

=
1
2 ∑

y
Q(x,y)

(
1
2 ∑

z
Q(x,z)( f (x)− f (z))(φ(x)−φ(z))

− 1
2 ∑

z
Q(y,z)( f (y)− f (z))(φ(y)−φ(z))

)
(ψ(x)−ψ(y))

=
1
4 ∑

y,z
Q(x,y)Q(x,z)( f (x)− f (z))(φ(x)−φ(z))(ψ(x)−ψ(y))

− 1
4 ∑

y,z
Q(x,y)Q(y,z)( f (y)− f (z))(φ(y)−φ(z))(ψ(x)−ψ(y))

and

Γ(Γ(φ ,ψ), f )(x) =
1
4 ∑

y,z
Q(x,y)Q(x,z)(φ(x)−φ(z))(ψ(x)−ψ(y))( f (x)− f (y))

− 1
4 ∑

y,z
Q(x,y)Q(y,z′)

(
φ(y)−φ(z′)

)(
ψ(y)−ψ(z′)

)
( f (x)− f (y))

Now at a fixed x ∈ χ and for k = 1, ...,n we define φk : χ → R by φk(y) =

{
0 if yk = xk

1 Otherwise
. Then if rk
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for k = 1, ...,n denotes the operator rk(θ1, ...,θk, ...,θn) = (θ1, ...,−θk, ...,θn), then since (φ(rk(x))− φ(rl ◦
rk(x)))(ψ(rk(x))−ψ(rl ◦ rk(x)))) = 0 we obtain

[Hess( f )[∇φk,∇φl](x)+Hess( f )[∇φl,∇φk](x)

=

[
1
8

Q(x,rk(x))Q(x,rl(x))(2 f (x)− f ◦ rk(x)− f ◦ rl(x))

− 1
4

Q(x,rk(x))Q(rk(x),rl ◦ rk(x))( f (rk(x))− f (rl ◦ rk(x)))

− 1
4

Q(x,rl(x))Q(rl(x),rk ◦ rl(x))( f (rl(x))− f (rk ◦ rl(x)))
]

=
UV
n2

[
1
4

f (x)− 3
8

f (rk(x))−
3
8

f (rl(x))+
1
2

f (rk ◦ rl(x))
]

and

Hess( f )[∇φk,∇φk](x) =
1
4

Q(x,rk(x))Q(x,rk(x))( f (x)− f (rk(x)))

− 1
4

Q(rk(x),x)Q(rk(x),x)( f (x)− f (rk(x)))

=
1

πk(xk)

UV (U −V )

4n2(U +V )

[
f (x1, ...,xk−1,+1,xk+1, ...,xn)

− f (x1, ...,xk−1,−1,xk+1, ...,xn)
]

We set Hkl =
1
2 [Hess( f )[∇φk,∇φl](x)+Hess( f )[∇φl,∇φk](x) and we define the matrix H := [Hk,l]1≤k,l≤n .

Definition 2. We call H the Hessian of the map f at the point (θ1, ...,θn).

We have proved that

THEOREM 2. The map f : χ → R is strictly convex If H is positive definite at all (θ1, ...,θn).

THEOREM 3. Given a strictly convex function f : χ → R on a Markov chain (χ,Q,π) in the sense of
Definition 1, then f admits a unique minimum on χ .

Proof. L f is linear on the simplex P(χ). Hence the minimum of L f occurs at a unique vertex of the
simplex P(χ). On the other hand, by definition 1 we know that L f |A is geodesically strictly convex. So the
minimum of L f can ony occur on one of the vertices of A , and moreover it is unique. The vertices of P(χ)
are of the form δx for some x ∈ χ , where δx denotes the Dirac probability distribution on χ concentrated at x.
Moreover, by definition of L f we know that L f (δx) = f (x). This proves that the minimum of f can only occur
at a single point in χ .

3.1. Examples of convex maps on hypercube and the Ising model

Consider a linear map f : χ → R given by the following relation

f (θ1, ...,θn) =
n

∑
k=1

akθk

Then the Hessian of f at all the points (θ1, ...,θn) is diagonal and it is positive definite exactly when the
diagonal coefficients are positive. It is not difficult to see that this occurs when ak > 0 for all k.
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The quadratic map f : χ :→ R defined by

f (θ1, ...,θn) = ∑
k<l

Jklθkθl,

is never convex. To see this, we observe that for k ̸= l Hkl = 4Jkl and

Hkk = f (θ1, ...,θk−1,1,θk+1, ...,θn)− f (θ1, ...,θk−1,−1,θk+1, ...,θn) = 2 ∑
j ̸=k

Jk jθ j.

There always exists choices for θ1, ..,θn, for which the above quantity Hkk is negative.
As is explained in [10], mean field equations in statistical physics can be obtained by variational method ap-

plied to the Kullback-Leibler divergence, where A ⊂ P(χ) consists of the space of factorized probability dis-
tributions. More precisely in an Ising model with the energy function H (θ1, ...,θn) = ∑k<l Jklθkθl +∑

n
k=1 akθk,

where Jkls are the coupling constants representing the strength of interaction between the atoms k and l and ak’s
the external field of the system, the so called mean field equation can be derived through a variational problem
of the form minq∈A DKL(q||p). Now due to the fact that hyper cubes’ Ricci curvature is non-negative according
to [9] one can derive the following theorem,

THEOREM 3. If the energy function H (θ1, ...,θn)=∑k<l Jklθkθl+∑
n
k=1 akθk is convex, then the DKL(.||p) :

A →R is convex, and therefore the optimization problem minq∈A DKL(q||p) admits a unique solution. Here p
denote the probability distribution p(θ1, ...,θn) =

eH (θ1 ,...,θn)

∑θ eH (θ1 ,...,θn) .
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