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1. INTRODUCTION AND MOTIVATION

In [3]], Calkin proved the following curious binomial identity:

3
y ( zk: (")) = n2¥ 1 427 322 (2”> .
k=0 \ j=0 \J n

In 1996, Hirschhorn [5] re-proved Calkin’s identity with a direct method. Furthermore, he also established

recurrence relations on the sum
n k n p
=0 \ j=0 \J

,io <§) C))z = (n+2)2"""" — ;n<2:>

Zhang [9,/10] discussed the recurrence formulae about the alternating case
n ' k n p
=5 (50)
k=0 =0 \J

1, n=0;

ErEO) R

—l (-7 (L)), n= 1

and got the identity below:

and obtained the following identities
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and

u k n 3 n—1 n—l
Z(—l)k<z < )) =21 _3(-1)7 2" < el > withn = 1,
j=0 \J e

where n =, m stands for “n is congruent to m modulo p”.
In 2004, Wang and Zhang [8]] considered the following summations:

E(E0) B 50) = £(50)

which extends Calkin’s formula.
Andrews and Paule [1]] proved Calkin’s identity by using the Omega operator Q> [2,(6]. In 2006, by the
same approach, Zhang [10]] got the calculation formula of the general case

kfafk (Jz: (l;) 8j>27

where f; and g, are two real number sequences.
In this paper, we shall consider the following triple sum involving binomial coefficients:

£ (5o () (50() o

where Ay, By and Cy, are real number sequences. When taking Ay = (—1)¥, By = ¥ and C; = (—r)*, we give a
solution of the monthly problem proposed recently by Ohtsuka and Tauraso [7]]:

Er OG- () e

In the next section, we shall, by using the Omega operator -, establish a formula to calculate the sum (T)).
In section 3, we shall use the theorem established in section 2 to obtain some spacial cases, including (2)). For
convenience, we will use of the following notation: [x"]f(x) denotes the coefficient of x” in the formal power
series f(x).

2. MAIN THEOREM

In this section, we shall establish a theorem by means of the Omega operator Q>, which was introduced by
MacMahon in [|6]. Here we repeat it as follows (also see [1,2}/10]).

Definition 1. The Omega operator Q> is defined by

Q>

S1

s1 S
ASI:"HSV}LI ”‘}er - Z Z AS17-~,SM

—oo S1 =0 Sr:()

ask
s

oo Sy

where the domain of the terms A, ... 5, (e.g., functions of power series) is such that the action is well-defined in
some suitable analytic or algebraic context.

By means of the definition we have the following lemma [[10]] to be used later.

LEMMA 1. For a function f(x) defined on the nonnegative integers, it holds that

f(max{kl,kz}) —f(mil’l{kl,kz}) = Q‘Z { (f(kl) — f(kz))lkl_lq + (f(kg) _ f(k]))lkz_kl }



3 Several binomial summation formulae 13

n—1
For sequences {A;} and {By}, adopting the representation used in [10]: Sa(n) = ): Ay, Tp(n) = Z (%) Brs

n n
Pg(n,k) =Y (’})BjSA(j), and Qp(n,k) = ¥ ( )B,—;Sa(n— j), we have the following main theorem in this
j=k

=k
paper. !

THEOREM 2.
;Ak (iXk;)B,- (’:)) (j{k‘bcj (’;)) — Su(n+ 1)T3(n) Te(n)
- ;{Tg(n)Pc(n,O) + Tc(n)Pg(n,0) +§6 (Z) (A1 (n,k) + Ao (n,k)) }
where

Ai(n,k) = CxPp(n,k) — By_xQc(n,k), Asx(n,k) = BxPc(n,k) — C,_xQp(n,k).

Proof. By exchanging summation order, we have

ki()Ak (Zi)Bi C)) <i)cj <,;>> k};‘ o < ) <’;> k—mg{i,j}Ak

= Y BgC; ( )(';) {Sa(n+1) = Sa(max{i, j})}

k>z] 0
= Sa(n+1)Tp(n)Tc(n) — Mpc(n),

where

Mpc(n)= Y, BC; ( )(”.)SA(max{i,J})-

k>i,j=0 J

Denoting Npc(n) by

vict) = X 6(7) (1) samindi )

k>i,j=0 J
then Mpc(n) plus Npc(n) gives

Mac(n) £ Nac(n) = Y Bc()(’;){&(max{m})+sA<min{i,j}>}

k>i,j=0

- 25 () ()i

k>i,j=0
= TBPc<n,O) + TcPB (I’l,O),

and Mpc(n) minus Npc(n) yields
n .. c (e
Mpc(n) — Npc(n Z BCj < > ( > {SA (max{i, j}) — Sa (mln{l,j})}.
k>1} 0 J
By means of Lemmal[l] we get

Mgc(n) —Npc(n) =Q> Y BiC; <’:) <”>

k>i,j=0 J

X (Sa(D) = Sa(D)A™ + (Sa(d) = Sa ()47}
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= Q1+,

where

a=0. ¥ 56 (") (1) i s,

k>i,j=0

&b=0. Y BC ( ><’;> (Sa(j) = Sa(i)) A/

k>i,j=0

Now we calculate Q and ;. According to the operating rules of the Omega operator Q>, we have

o (el (Erses) - (50(0)4) (o))

By making replacement j — n — j for the first double sum and k — n — k for the second double sum, we have

91:921”{2() - ]Z< )BkSA K)AK ;)() ,Z() wkSa(n— k)/lk+j}

Replacing j by ¢ — k, the above equation becomes

Q=Q-1" Z Z (E k) (Z) {Crts4BiSa (k) — By_iCrSa(n—k) JA*

—0k=0
n
= Z Z <€ k) (k> {Cot14BiSa(k) — Be 1 CoiSa(n— k) }.
—0k=0

Making replacement £ — ¢+ n, we have

n n+l

Z Y (k £>< >{Ck (BiSa(k) = Buyo-4CoiSa(n— k) }.

—0k=t

Replacing k by k+ ¢, Q| becomes

Q= Z Z ( ) <k+€> {CiBrieSa(k+€) — By_kCoi—eSa(n—k—10)}.

=0k=0

Finally, making replacement £ — j — k, we have

o -y (Z) y <’;> {CBISA(]) ~ BusCaeiSaln—J) )

:é<>€ck1’3nk) By 4Qc(n,k)} = Z<)A1nk

Similarly, we can get

%= (Z) (BiPe(n k) —CoyQs(n )} = <Z> Ao(1,).

k=0
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Therefore, we have
Mpgc(n) — Npc(n) = kfb (Z) {A1(n,k) + As(n,k) }.
Combining Mpc(n) — Npc(n) and Mpc(n) + Npc(n), we obtain
Mpc(n) = ;{TB(”)PC(na 0) + Tc(n)Pp(n,0) + g() (Z) (A1 (n,k) + Az (n,k)) },
which completes the proof. O

3. APPLICATION

3.1. Case of A; = x, B = r* and C; = (—r)k

PROPOSITION 3. For x # 1, the following identity holds true:

L (L O) (g () =iy

1 n n n n ) n n " , |
- rk —xr)! Pk il
SEQ L) -EQ) - £.0))
Proof. When Ay = x*, By = r* and C; = (_r)k, it’s casy to get that
1_xn+l
SA(H+1)TB(H)TC(}1) = T (1_r2)n’
—r)"— r)" (1 —xr)"
T (n) Pe(n,0) = L") (11_+x) (1)
Te(n)Pg(n,0) = (1- rZ)n - (llxi’)"(l +xr)" '

By making replacement j — n — j and k — n — k, we have

505 0) g =R (g (e

i=0 k=0
Therefore

j=k i=0
BB RO

Keeping in mind that

1

Lo EQe ) -E 0 5 ()
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we have

i (aen=5E QP ) E () £ ()

Similarly, we can get

£ (Daon =5 (e g (o E (L () o

Thus, we can evaluate

() 0000+ i) = (P

k=0 k

W RO B (e 5 O)er)

Based on the above conclusions, we can get the desired result.

For the case of x = 1, it is not hard to get the following proposition.

PROPOSITION 4.

(1)) (5 () --rrosnsrio-or-
ez L))

;;3( ) Z( >rf+2 ( ) _r)k'g)(fjf)(_r)j: (r+1)2n42r(r_1)zn'

Proof. The left-hand side of the equation can be rewritten as follows:

£ (RO E ()50

It is obvious, for any integer ¢, that the coefficient of r2*! is 0, and

[P|LHS = 2ké <Z> <2 E”_ k) - (';)2

On the other hand, for the right hand side we have

r 2n r— 2n n r 2n r— 2n
[}’26]( +1) _;( 1) :<§£> and [rli-&-l]( +1) ;—( 1)

LEMMA 5.

=0.

In addition, we know the following identity [4} 3.6]

LG -{G) () )



7 Several binomial summation formulae 17

Therefore, by comparing the coefficients of 7 on both sides, we can complete the proof. O

For the particular case x = —1 in Proposition [3| by using the above Lemma [5| we have immediately the
following identity proposed recently by Ohtsuka and Tauraso [7]] as a monthly problem.

PROPOSITION 6.

B (5 O) (B () - (=)

3.2. Case of A} = (—l)k(Z)_l, By =r*and G, = (—r)

LEMMA 7. For integers 0 < A < m < n, the following identity holds true

n(Df (DR (-
kgx () "+2{ CORRGH }

Proof. Noting that the summation term can be rewritten as

(=D*

(e

(—1)F _n+l
() n+2

(Tx — Tey1), Where 7 =

By means of the telescoping, we can evaluate

Mo(—-DF ntd o+l (=DF (—1m
kg () _n+2(T’L_T’"“)_"+2{(”II)+(;Ziﬁ)}' :

PROPOSITION 8. For r # +1, the following identity holds true

n (_1)k
L0

(B () (B () <ot st
P+t + ()2 —n—1}
(n+2)(r*—1)?

Proof. Letting Ay = (—1)"(2)_], Bj=r/andC; = (—r)’ in Theorem we have

_n+1

Sa(n+ 1) Tg(n)Te(n) = {(l—rz)”—l—(rz—l)”}.
n+2
By using the Lemma([7] we can evaluate
n+1
To(n)Re(n,0) = 0 (141)" N,
n+1
Te(n)Ps(n,0) = 1—r)"M,,,
(m)Py(n,0) = " (1= "M,
where
1 — vl r(1—r") 1

Nor = A=) = A G =~ D=1’

e A et o N

Mn,r:(1+r)n_ 147 (n—{-l)(l—}—l‘)z (n—{—l)(l—}—r).
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n
Now we compute the sum Y (Z) (A1 (n,k)+ Az(n,k)). By utilizing the Lemma we get
k=0

fo<>w,i<';> s
i) <) (]) 1‘(";11))}
1

Ekzookz() {1_(("+.1))j}'

J

In the process of dealing with the second triple sum, we have replaced j by n— j and k by n— k. For convenience,
we rewrite the sum as

Y () a0 =" 664,

where

Analogously, we can get that

+1
¥ () =" 61 8- 4.0,

k=0

where

=L (L () w=x ()L (U)

k=0

=Y (}) <—r>"jﬁo () a1 (7) <—r>"jﬁo<—r> oy

k=0

By exchanging the summation order, it’s not difficult to get that
non\ 2
S48 =88 =(1-r) -y (k> (—P).

Noticing that
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n (" noo : rk _ pntl 1 krk — pt] k1 _ nt1
Zr’ (J) :Zr] — = — & +r )
. n+l . n+1 1—r n+1 l—r (1—r)?

we can evaluate 6, + 6; — &, — ) = m, where

§=2(1+r) {r +(n+4)r
—(r+1)" {(n—|—2)r —|—(n+3)r —nr—n—l}
+(1=r){(n+2)P — (n+3)r* —nr+n+1}.

1} (P 4r)"2 — (P —r)"T?

Combining the above consequences and making some simple simplification, we can get the desired result. [J
3.3. Case of Ay = (—DF (D) ()7, By =1 and G = (—1)F
LEMMA 9. For integers 0 < A < m < n, the following identity holds true
§ LB a1 ) e 2 ()
e} () () 2 ()
Proof. The summation term can be rewritten as
2n+1 2n+2
(—1)F (Z&T)l) =T — T, where 1 = (—1)"! 2n _22Hk+1 ((:Zl)) .
By using the telescoping, we can get the content stated in the lemma 0
PROPOSITION 10. Forn € {1,2,...}, it holds
EEGE)0)-

Proof. Letting Ay = (—1)* (5,1} ( k) ,By=1and C; = (—1)*in Theoreml and by means of Lemma@,

we have
Sa(n+1)Tg(n)Tc(n) = Te(n)Pg(n,0) =0,
2 1
Ty(n)Pe(n,0) = — 1 F1o3n—2.
n

and
(e =2 B 5 ) -5 £ ) B ()
EQE G- B0

" n
A (n,k) = .
e M K 6
Noticing that ¥, (57) ); (%’;) we get
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Therefore, we have

Keeping in mind that

we have

LB (2 NS () -5 EE (650

which completes the proof. 0
By setting appropriate sequences Ay, By and Cy in Theorem 2] it is possible to obtain other interesting triple
sums. The interested reader is encouraged to make further attempt.
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