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Abstract. In this paper, the main aim is to prove the weak type estimates for (nonlinear) commutators of p-adic
Hardy-Littlewood maximal function and sharp maximal function in the Lebesgue spaces, where the symbols
of the commutators belong to the BMO space. Moreover, we also obtain the weak estimate for commutator of
p-adic fractional maximal function, where the symbols of the commutators belong to the Lipschitz space.
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1. INTRODUCTION AND MAIN RESULTS

For a prime number p. The p-adic field is consist of Q with respect to non-Archimedean p-adic norm. Let
x=p¥'%, where x € Q and y € Z, a and b are integers which are not divisible by p, then the p-adic norm is
defined by |x|, = p~¥ and satisfies |xy|, = |x|,|y|, and [x+y|, < max{|x|,,|y|,}, where |x|, # |y|, = [x+y[, =

max{|x|p, [y[p}
By virtue of the standard p-adic analysis, non-zero p-adic number

x=p'lao+aip+ap’+---)=p'Y ajp’, aj=0,---,p—1, ag #0,
=0

then the above series converges in the p-adic norm.

For any x = (x1,x2,---,X,), where x; € Q,, (i=1,...,n), the p-adic norm is defined by |x|, = max;< j<, |x;],.
Moreover, the p-adic ball is denoted by By(a) = {x € Q) : [x—al, < p”}, where the center of p-adic ball a €
Q}, and radius p? with y € Z. The p-adic sphere is written as Sy(a) = {x € Q) : [x—al, = p"} = By(a) \ By-1(a).
It is easy to see that By(a) = U<, Sk(a).

Since Q7 is a locally compact commutative group under addition, there exists Haar measure on Q, it is
easy to know that unique Haar measure dx on Q) satisfies translation invariant. Normalizing the measure dx
by |, Bo(0) 4% = |Bo(0)|, = 1, where |By(0)|, is denoted by the Haar measure of p-adic unit ball. Besides, the
normalized Haar measure |, By(a) 4% = |By(a)|n, = p"¥ and fsy(a) dx = |Sy(a)|, = p"(1 —p™"). For more details
about the p-adic analysis, see [12,/13]. Moreover, p-adic analysis played role in many aspects, for instant
mathematical physical, biological [2,/6,9].
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The Coifman-Rochberg-Weiss type commutator [b, 7| generated by classical singular integral operator T
and a suitable function b is defined by

[b,T]f =bT (f) =T (bf). (1

(1) is bounded on L*(R") (1 < s < o) if and only if b € BMO(R") in [5,8]. Besides, (1) is bounded from L*(R")

to LY(R") when 1 <s < andé—éz% (0 < B < 1)ifand only if b € Ag(R") in [8}/11].

We focus on proving the weak type BMO estimates for (nonlinear) commutators of p-adic Hardy-Littlewood
maximal function and sharp maximal function in the Lebesgue spaces. Moreover, we also introduce the weak
Lipschitz estimate for commutator of p-adic fractional maximal function. In this paper, the constant C always
takes the place of a constant independent of the primary parameters involved and whose value may differ from
line to line. At first, for the sake of claiming the following theorems, we define the following functions

logt  ift>1 ) 0, ifb(x)>0 .
+., ) . ) ) + _ _
log t‘{ 0 ifo<r<1.? (x)_{\b(x)|, it b(x) <0, ¥ ()= bW)I=b7 ().

THEOREM 1. Let ®(t) = 1(1 +log™ ), then b € BMO(Q?) if and only if for all f € L(1+log* L)(Q})
and A > 0, the following inequality holds.

tre @iy > 1)), <l (L) gy, @

Remark 1. In the Euclidean setting, we refer reader to see [1]].

THEOREM 2. Let ®(t) = 1(1+1log*t). If b € BMO(Q},) and b~ € L™(Q}), then there exists a constant
C > 0, such that

\ve@yWMMﬂn>zm<a@Cﬂ”>m@w

Jorall f € L(1+1og* L)(Q}) and A > 0.
Remark 2. In the Euclidean setting, we also see [[1]].

For f € LIOC(QZ), the p-adic version of sharp maximal function Mg is defined by

ME(F)(x) = sup

— . d7
vez |By(%)|n /By )W) S, |dy

where the supremum is taken over all p-adic balls By(x) C Q} and IB,(x) = \37(+)|/ I B,(x) f(y)dy. And the non-
linear commutator produced by b with M}i, is defined by

[0, M})(f) (x) = b(x)M},(f) (x) = M} (bf) (). 3)

THEOREM 3. Ler ®(t) = t(1 +log* ). If b € BMO(Q},) and b~ € L*(QY), then there exists a constant
C > 0, such that

tre @ 511> 41, <l (L) .

Jorall f € L(1+1og" L)(Q}) and A > 0.
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Let0 < a <n,for f € Llloc((@g), the p-adic fractional maximal function of f is defined by

1
Mo, =Ssup————5 dy,
oD =i AL

where the supremum is taken over all p-adic balls By(x) C Q. For o = 0, we write M,=Mo . If b € Lj,.(Q},),
the fractional maximal commutator produced by b with My, ,, is provided by

b —g 1
M(X7p(f)('x) - yeIZ) ’BV( )|h

[, 1200 =l @)
By(x)
For a = 0, we write Mlli = M(li - And the commutator produced by b with My, , is defined by

[b, Mo p)(f)(x) = b(x)Ma,p(f)(x) — Mo p(bF) (%), 5)
we write [b,M),| = [b, M) p](Theorem 2). (3)-(5) have been studied in [3}[7,/ 14-17].

THEOREM 4. Let O < o <n, 0<B <1, 0<a <a+f <n. Ifb e Ag(Q}) and b > 0, then there exists
a constant C > 0, such that for any A > 0,

f . n/(n—a—p)
{{erZ:Hb,Ma,p](f)(x)\>l}\hgc<"|z((@%)> '

THEOREM 5. Let 0 < o <n, 0 < B <1, 0 < < a+f <n, then b € Ag(Q}) if and only if there exists
a constant C > 0, such that for any A > 0,

n/(n—a—p)
f n
u um@p)) | o

[{x € Q) : Mg, (f)(x) > A}, < C( 1

2. p-ADIC FUNCTION SPACE

Assume that 1 < g < oo, we denote LY (QZ) as the p-adic Lebesgue space, the space of all functions f is in

the L7 space with finite norm
1
q
ey = ( [, Lrorar)
Q@

For g = oo and denote L*(Q7) as the set of all measurable real-valued functions f satisfying

1f =) = esssup [f ()] =inf{A >0: [{x€ Q) : [f(x)[ > A}|s =0} <eo.
x€Qy
Here, if the limit exists, the integral in above equation is defined as follows:

J, rar=pim [ irer=tin [l

1—==.JB,(0) Yoo _
The Zygmund space can be introduced in [3}/17]

L(1+log™ L)(Q,) = {f is measurable function : /Qn |FO)](141og™ |f(y)])dy < oo}.



6 Yunpeng CHANG, Jianglong WU 4

Definition 1. Let 0 < B < 1, the p-adic Lipschitz spaces Ag(Q),) is defined by [4)]

Aﬁ (QZ) = {f € LlIOC(QZ) : sup M < 00} .

e xhy  x—ylh

Remark 3. (1) Assume that 1 < g < oo, the p-adic version of homogeneous Lipschitz spaces Lip% ((@7,) is
defined by

Ly (@) = f € Lo(@3) ¢ g <=}

where

1
1 1 q
FllLipt @y = sup ( / f(y—fquy>-
| HLP/}(QP) ez BY(X)‘? ‘BY(X)’h Bv(X)‘ ) BY()‘

x€Qy

(2) (see Lemma 6 of [7]) By virtue of Definition 1, forall 0 < f < 1 and 1 < g < o0, Ag(Q}) ~ Lipf3 (@)
with equivalent norms.

Definition 2. Let f € L} (Q}) be given. If ||M}i7(f)||L°°(Q;;) < oo, then we say that f is a BMO function on

loc

QZ with the finite norm [[10]

1
* == Mﬁ o) = SU 7/ — x d .
1 11ep = M5 ()| =) P I T Jo 1f(Y) = fB,x)|dy

YeZ
x€Q}

3. PROOF OF THE PRRINCIPAL RESULTS

LEMMA 1. There exists a constant C > 0 such that for all function f and for all A > 0,
X X
[x e @b,y (1)) > 3], <C | 7o) (1 Tlog* (U‘;)!» d.
P

Proof. First we note that the following estimate holds (see Lemma 2.3 of [[17]])

Mp(Mp(f))(x) < CMpiogrpf (%),

where Mpjog1p 1s @ well-known p-adic maximal function of LlogL type. For its definition and properties, we
refer to [3,/17]. Therefore it suffices to show that for all A > 0, we have

v @i Mirpf ) > )], <€ [ 0 (iogs (L291) )

We consider E;, = {x € Q) : Mpiogrpf(x) > A}. Thus, we take any x € E,, then, there exists a p-adic ball

By, (x) such that
! I ( N <|f(Y)|>>
| By, ()] /Byx(x) 2\ 1tlos 2 dy > 1. 7

By the inequality (7), we have sup,p, % < eo. Hence, by using p-adic version of covering Lemma (see Lemma
2.8 of [3]] or Lemma 3.3 of [18]]), we take a sequence {x;};, C E, such that the disjoint subcollection
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{By, (v) }izy from {By, (x)}xe, and

Exln < P" ) By, (x) - (®)
k=1
Combining (7) and (8), we can easily obtain the result of Lemma 1. ]

LEMMA 2 [17]. For any locally integrable function f on Q). If b € BMO(Q)},), then
Mp(f)(x) < C|IbllpMp(Mp(f)) ().

Proof. To Theorem 1. ”only if” part: By applying Lemmas 1 and 2, we have

[re @ Mbf(x) > A}, <

A
{x € Q?y : MP(MPf)(x) > C”b” p}
*, h
Cllp|

wplf(X)] Cl|b]|«p|f (x)]
o — <1+logJr <7L >> dx

< C[[blls (1 +log" [1B]]-,p) /@ 'f(x)' <”1°g+ (W» dx’

the last step is obtained since 1 +1log™ (ab) < (1+log™ a)(1+log™ b), where a,b > 0. Thus we finish the proof
of ”only if” part.

<C

”if” part: Fix any p-adic ball By (y) and assume f = xp (v then for any A >0, using (2)

C’Byiym <1+10g+ i) > HxEQZ : My f(x) >A}‘h

=RRxeQ” :supi/
{ " yez 1By n Jayonsy »))

|b(x) —b(z)|dz > l}

h

1
> {x €EBy(y): W(y)h/B}/(y) |b(x) —b(z)|dz > k}

> {xGBy(y) 2 |b(x) = bp ()] > ’l}’h'

h

Then taking 0 < s < 1, using Lemma 2.4 in [10]], we obtain

Sd, — ~ s—1 . B
0 =Bz =s [ [ By 0) 100 b9 > 2} 2

1 I
- | |
SIBy(y)\h+Cs\B,/(y)|h/l AH?L<1H°g+)L> dl:(lJrCls_s) o

It follows from Corollary 5.17 in [10] that b € BMO(Q). Thus we finish Theorem 1. O

Before proving Theorem 2, we need the following fact and Lemma

[, M) £ (x)| < [[]6],Mp]f () + 257 (x)Mp f (x) < Mpf(x) +2b (x)M, f (x). ©)
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LEMMA 3 [10]. If f be a integrable function on Q),, then for all & > 0 such that
HX €Q,: [Mpf(x)| > A}‘h ”fHLl(Q;;)-

Proof. To Theorem 2. Since b € BMO(QY) and b~ € L™(Q},), using Theorem 1, Lemma 3 and (9), we
have

[{x € Qb M) f ()] > A }],

<|{xe@:Mpr()| > 2/2}| +[{xe @ (257 |My 1) > 2/2}),
<|{xe@: Mpr) > a/2}| +|{xe@:2[b7mgy Mot @ > 272},
gc(1+1og+2)/n |f;)| <1+1og+ <|f( )>>dx

+C1167 (|- 7 L1l oy < Cllb £ >\)

21 @p);

thus we finish Theorem 2.

Proof. To Theorem 3. Using (3.2) of [[15] and M,ﬁ, (f)(x) <2M,(f)(x), we obtain
|16, MEF ()] < 4b™ ()M £ (x) +4M, (b £) (x) +2M [ (x). (10)

Since b € BMO(Q)), it deduce that || € BMO(QY), then using Theorem 1, Lemma 3 and (10), we have

{xe@:|bmilrw]| > 2}

< |[{x € Q) : [4b™ ()M, f(x) +4M,(b f)(x)| > A/2} ], + Hx e QoMY f(x) > A/z}‘h
< er Q" oMl f(x) > x/z}( + er @ 8[167 o ggy Mo (5) > )L/ZH
SC(1+1og+4)/ iG] <1+10g+ (M» dx
@z A
FC5 g 3 1 e < 1D gy

which implies that Theorem 3.

LEMMA 4 [7]. Let0 < a < n, for any A > 0 and all f € L (Q}), we have

]{erZ:Maypf(x)>l}h§C<W”Ll(Q;)> o (11)

A

LEMMA S [16]. Let 0 < a <n,0< B <1, 0< o+ B < nand f be a locally integral function on Q- If
b€ Ag(Q)) and b > 0, then for any x € Q' such that Mg, ,(f)(x) < o0, we have

|[b: Mo ] (f) ()| < 11bl|ag (@) Matp.p(F) (x)- (12)
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Proof. To Theorem 4. Since b € Ag(Q)) and b > 0, it follows from (11) and (12) that

A £l gn \ F
{erg:Ma+ﬁ7pf(x)>} gc()fﬂ) ,
h

{re @ b.Ma,)(£) ) > A}, < ;
161 ag ()
which implies that the proof of Theorem 4. O

LEMMA 6 [16]. Let0 <o <n, 0<f <1, 0<a+ B <nand f be alocally integral function on Q' If
b € Ag(Q)), then for any x € Q) such that Mg, ,(f)(x) < oo, we have

M, , < Cbllay(as Mot p.p(f) (%) (13)

Proof. To Theorem 5. On the one hand, for "only if” part, similarly to Theorem 4, since b € Ag (QZ), it
follows from (11) and (13) that

{re @) : M, (f)(x) > A}, <

A
neM bl
{xE Q) - Moippf(x) > CHbHAﬁ@m} n

n

M 1Ay \ P
<ch|y ﬁ (V .

On the other hand, we only need to prove "if” part, for any p-adic ball By(x) C Q),, we obtain

1 1
60) b0 < i [ 1b0) = b@de= e [ b0) = b(a) 2
)=o) = ol Sy P PO B Sy P P
Thus for all y € By(x),
1 a
My, (X)) () = ﬁ/ b(y) — b(2)| X8, (x)dz > [By(x)[ " [b(y) — b, x|,
|By(x)], " /B

which implies that

() = b, )| < 1By ()|~ " MG, (23,00) (0)-

From (6) we obtain
1€ Byx) : b09) — by > A1 < {3 € @ s Mh (5, )0) > MBI |
<c (;L—l |By(x)|}ﬁ) eh

Take & > 0, similar to the “if” part of Theorem 1, since ﬁ > 1, we have

1
Py Jy o PO) = Baldy = ——— / [ € By(0) £ 160) = b | > AHudA
Y h

1

- ( [+ / ) € By(): () —bByml > A}y

|By(x)],
B A (1-9)—(1+8)
< g‘BY(x)’h " +C[By(x)], ! 51 na-p,

|By(x)
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B
Let & = |By(x)|; , we get

wed
—5 b(y) = bp,(y|dy < C.
B ’ By(x)
1B, (x) :lJrn By(x)
Thus we finish the proof of Theorem 5. 0
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