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Abstract. Let .7, (0) = {Qg,(dy); m € (mJ,m$)} be the Cauchy-Stieltjes Kernel (CSK) family induced by
a (non-degenerate ) probability measure o possessing a one sided support boundary from above. For 7 > 0,
denote by U” the 7-deformation of measures introduced in [|6, Section 5]. In this article, a property is presented
for the CSK families based on the stability under 7-deformation of measures. A CSK family satisfying such
stability property is nothing but the CSK family generated by the Semicircle type law, up to affinity.
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1. INTRODUCTION

The Semicircle law plays in non-commutative probability the role played in classical probability by the
Normal law. The Semicircle law also appears as the limiting law of the eigenvalues of many random symmetric
matrices when the dimensions of the random matrix goes to infinity. Some properties related Semicircle law are
presented in the literature by the use of the moment and the resolvent approaches respectively, see [7]]. In this ar-
ticle our study linked to the Semicircle law is different and it is connected to the framework of Cauchy-Stieltjes
Kernel (CSK) families. We give a characterization of the Semicircle law using the notion of 7-transformation
of measures introduced in [6, Section 5]. For the clarity of the result to be presented, let’s first recall some facts
on CSK families and present the notion of 7-transformation of measures which will be used in this article.

The concept of CSK families in free probability is recently introduced. It is defined similarly to natu-
ral exponential families by exploring the Cauchy-Stieltjes kernel (1 — {y)~! replacing the exponential kernel
exp({y). The CSK families have been studied in [3] for probability measures with compact support. Further
results are presented in [4] involving probability measures with one sided support boundary, say from above.
Denote by &, the set of (non-degenerate) probability measures possessing support bounded from above. For
u € Pp,, the function

20 = [ =g 1)

converges ¥ ¢ € [0, 1) with gil‘ = max{0, supsupp(tt)}. The CSK family induced by u is
+

Fi(u) = {P‘g‘(dy) = mﬂ(dy) : e(0,¢h))
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The map § — K, ({) = [ yPEi (dy), (said mean function) is strictly increasing on (0, &%), see [4]. The interval
(ml,m}) =K, ((0,£%)) is said the mean domain of .7 (). A mean parametrization of .7, (1) is then pro-
vided: Let ¢, (-) denote the inverse function for K (-). For s € (m{,m!), consider Q¥ (dy) = ng ) (dy), we
obtain

T (1) = {Q¥ (dy); s € (m),mh)}.

It is demonstrated in [4]] that

IJ _ .
mh! —CILI&K“(C) and  m) —‘B—ﬁlg%+ 7. (0)’ 2
with |
B = B(u) = max{supsupp(u),0} = 2 ©)
+
and
/7/,1 dy), for® € C\ supp(u). “4)

If 1 possess a one sided support boundary from below, the CSK family is denoted by .%_(u). Then " <
¢ <0, where ¢" is either —oo or 1/2A(u) with 2 = () = min{infsupp(1),0}. Furthermore, (m",m!') is
the mean domain with m" = A —1/ %, (2(). When the support of u is compact, the two-sided CSK family is
F(u)=F(W)VF_(n)u{n}.
The map
s Valo) = [ (= 5PQU (), )

is the variance function of %, (1), see [3]. If the first moment of u € &7, does not exists, all the laws in
Z. (1) have infinite variance. A new concept called pseudo-variance function V(.) is defined in [4], as

0= () ©

If —eo < m = [yp(dy) < +oo, then V,(-) exists and we have (see [4])

Vu(s) = ——gVuls)- )

s—ml

Remark 1. (i) Q¥ (dy) can be presented as Q¥ (dy) = 1, (y,s)p(dy) so that

Vu(s) .
Voo S70 ;
Lu(y,s) = 17V, 0 s=0, Vu(0)#0 (8)

oS s=0, Vu(0)=0

(ii) Let p # 0 and B € R and consider f(u) the image of u by f:y+— py+ . V s close enough to
) = f(ml) = pmit + B, we get

Vi (s) = sp_zig Vu <s_[3> : ©)

In case of existence of V(-), we have

Vi) =i (2F). (10)
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We come now to the concept of 7-deformation of measures. Krystek and Yoshida [6] have considered a
transformation of the Cauchy-Stieltjes transform of a measure o (with finite mean) in the following way: Let
t = (a,b), for a € R and b > 0. Introduce the (t = (a,b))-deformation by

1 b
Doy (©)  Fal®)

where m{ denote the first moment of 6. If t = a = b > 0, the (a,b)-deformation is reduced to the ¢-deformation
considered in [1] and [2]. The t-deformation of measures, which we denote by U”, is a particular case of the
(t = (a,b))-deformation by considering b = 1 and a = 7 > 0. In that case, relation (T1]) reduces to

+(1=b)é+ (b—a)mf, (1)

1
Do) &)  Fall)

+(1—=17)m?. (12)

In this article, a property is presented for the CSK families based on the stability under 7-deformation
of measures. A CSK family satisfying such stability property is nothing but the CSK family induced by the
Semicircle law (up to affinity), which is provided by

4—12
2

sc(dr) = 1(_p)(t)dt, (13)

with m3¢ = 0. We have Vc(s) =1 = Vg(s), Vs € (m*,m%) = (-1, 1).

2. MAIN RESULT

This section is devoted to state and prove the article’s main result.

THEOREM 1. (i) Let v € Py, with finite first moment m} < 0. Assume furthermore that the domain of
means of ¥ (V) contains an interval [0,6) for some & > 0. Fix T > 0 such that T # 1 and assume that
U(Q)) € Z. (V) forallm € (0,8). Then v is a Semicircle-type law.

(ii) Suppose v is a Semicircle law with mean m{ and variance o > 0 so that the two-sided domain of
means is (m) —\/a,m) + /o). If @), is a Marchenko-Pastur type law in (V) and T > 0 is such that
tm € (m) — /o, mY +/a), then US(QV) € F (V).

Proof. (i) Fix m € (m},mY) and measure Q,, € .#,(v). Then, the mean and the variance of Q;, are m
and Vy(m). Denote u = U%(Q"). Lemma 1.3 in [6] relates moments of QY. and moments of its image .
A calculation based on the these moment formulas in [6] identifies the mean and variance of this measure
1 =U%(QY) as tm and V, (m). So, if we assume that 4 = U%(Q)) € .Z (V) then u = QV,,. The value of Tm

as well as the value of m must be in the domain of means, and hence u has variance V, (tm). This shows that
Vy(tm) =V, (m). (14)

Note that, relation (T4)) hold only for one fixed value of T # 1 and only for m such that both m and Tm are in
the domain of means. Next we consider two cases: 7 < 1 and T > 1. Suppose 0 < 7 < 1 and m € (0,0). Then
tm € (0,9) is in the domain of means and we can use (14) recursively:

Vy(m) =Vy(tm) = ... = V, (thm).

Passing to the limit as k — +oo and using continuity of V,(.), we see that V,(m) = V,(0). From the fact that
V,(.) is analytic on its mean domain, we conclude that V,(.) is constant on its domain of mean. From [3,
Theorem 3.2] and up to affinity, measure v is of the Semicircle type law. This ends the proof if 0 < 7 < 1.
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Suppose now 7 > 1. For k=0, 1, ... define ¢y = m/7*. Note that if m € (0,8) then a; € (0,8) is in the
domain of means. So again we can apply formula with m = a* and Tm = a;_;. We get

Vv(ak) = Vv(ak,l) =...= Vv(a()) = Vv(m)

Since a; 221 0, passing to the limit as k — +oo, we get again Vy(m) =V, (0).

(ii) This implication is just a calculation using the explicit formula for the Cauchy-Stieltjes transform of
the Marchenko-Pastur law (up to affinity). For the simplification of the calculations, we may fix the variance
of the Semicircle law to be & = 1 and denote the mean mg := m}. The general case of variance & > 0 can be
deduced by a scale transformation. We have

4—(x—mp)?

Q= 2n(1 4 (m—mgp)(m—x)) Lomj<2 d.

The Cauchy-Stieltjes transform of v is provided by

— — — 2_4
(o) = IVl o (15)
Using [5, equation 2.19] and relation (T3]), the Cauchy-Stieltjes transform of Q) is
1 Vy(m z+mp—2m—/(z—mp)>—4 2
Yo 2) = (P o)1) T vl =8 ; -
m+Vy(m)/m 2[1+ (m—mo)(m—z)] (z—mo)2—4—2m+my+z
(16)
From definition (12), we have
1 2
gA’T \ (Z) — — .
Ut(Qn) %’;(Z) +(1=t)m  \/(z—mo)> —4—2tm+my+z

By (1€), we get G- v (2) = “qv, (z) provided that Tm € [mo — 1,m 4 1]. Since Cauchy transforms are equal

and identify probability measures uniquely, we see that U Q) =QY, € Z.(v), ending the proof.
]
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