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Abstract. In this research work, bi-harmonic slant sub-manifolds in space forms have been studied. Bi-
harmonic maps are critical points of the bi-energy functional and are of great importance due to both analytical
and geometrical characteristics. After the study of Riemannian Manifolds with complex and contact structure
and s-space form structure along with slant sub-manifolds theory, some significant developments related to bi-
harmonic slant submanifolds in space forms have been established. Manifolds with constant sectional curvature
is known as space form. As s-space form is the generalization of complex and contact structure, we get gener-
alized results. Different aspects of results have discussed.
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1. INTRODUCTION

Theory of bi-harmonic maps has great importance in various fields of differential geometry. The theory
of bi-harmonic maps is an ancient and rich subject. They have been studied since 1862 by Maxwell and Airy
to describe a mathematical model of elasticity. It has its roots in 3-D Euclidean space, analysis of curves
and surfaces. Due to their analytic and geometric effects, bi-harmonic maps have become an attractive and
important field of research. In the form of their Riemannian curvature, invariants, anti-invariant and slant sub-
manifolds [4,21]].

Sub-manifolds play a fundamental role in differential geometry, providing a frame work for studying curved
spaces and enabling the development of powerful mathematical tools. They are essential in understanding
the geometry of higher-dimensional spaces and are a key ingredient in various branches of mathematics and
physics. Calabi, initiated the study of real and complex sub-manifolds of complex structure manifolds [5].
After this many authors started research on sub-manifolds of almost contact metric manifolds known as odd
dimensional structure manifolds analogue to complex structure manifolds that are of even dimension.

A slant sub-manifold is a sub-manifold whose tangent spaces make a constant angle with a given vector
field. Slant sub-manifolds are relevant in complex analysis and complex differential geometry. They provide a
way to study the interplay between complex structure and sub-manifolds, leading to a rich geometric theory.

Slant immersion into almost contact metric manifold was first presented by A. Lotta in 1988. Later on, fur-
ther expansion of the results for contact slant sub-manifolds in Sasakian and in Kenmotsue space forms were
established in [[1,/19].

The study of bi-harmonic slant sub-manifolds in space forms involves investigating their geometric prop-
erties, such as their curvature, shape and deformation behaviour. Researchers are interested in understanding
the interplay between the bi-harmonic and slant properties and how they influence the overall geometry of the
sub-manifold.
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Blair introduced manifolds with f-structure named as s-manifolds that are the generalization of complex
and contact structures. For further detail of s-space form see [21]. A space form is a completely Rieman-
nian manifold with constant sectional curvature. In present research work we will study slant sub-manifolds
regarding space forms within the context of bi-harmonic maps and will establish significant generalized results.

2. PRELIMINARIES

In this section, we explore some well-known conditions concerning bi-harmonic slant sub-manifold for
complex manifold, almost contact metric manifold and S-Manifold.

2.1. Complex manifold

Let N be a 2n-dimensional Riemannian manifold and M be an slant sub-manifold with almost complex
structure f and almost metric 4 which satisfy the following conditions

fP=—Id, h(fZi,fZ)=h(Z,Z,) and Vf=0

for any Z,,Z, € TM. Where V denote the covariant derivative with respect to Levi-Civita connection. An
isometric immersion f : M — N is called holomorphic if, for any point x in M, we have f(T.M) = T,M where
T.M denotes the tangent space of M at x. If we have f(T.M) C T;*M for each x € M, where T;-M denote the
normal space of M in N at x.

For any vector Z; tangent to M, we put

fZ, =971+ N7

where 7 Z; and .4Z; denote the tangential and normal components of fZ; respectively. Then .7 is an en-
domorphism of the tangent bundle 7M and .4 is normal bundle valued 1-form on TM. For each non-zero
vector Z; tangent to M at x the angle 6(Z;) between fZ; and T, M is called the Wirtinger angle of Z;. In the
following, we call an immersion f : M — N a general slant immersion if the Wirtinger angle 6(Z;) is constant.
Holomorphic and totally real immersion are general slant immersions with Wirtinger angle 6 equal to 0 and 7.
A general slant immersion which is not holomorphic is simply called slant immersion. A slant immersion is
said to be proper if it is not totally real.

A complex manifold N is called a complex space form and is denoted by N(c) if it has constant f-sectional
curvature ¢. The curvature tensor R of a complex space form N(c) is stated as

c
R(Z1,2,)Z3 = Z{h(ZZaZ3)Zl —WZ1,Z3) 20+ W(Z1, fZ23) fZa — h(Z2, fZ3) 21 + 20(Z1, f22) f 23 }
for any vector fields Zy,Z,,Z3 on M [25].

2.2. Sasakian manifold

Let N be a (2n+ 1)-dimensional Riemannian manifold and M be an slant sub-manifold with almost contact
structure f, almost metric & and a global vector field & (structure vector field) such that, if 1) is the dual 1-form
of & which satisfy the following conditions

PPZy=-Zi+0(Z)E, h(Z1,8)=n1(Z)
h(fZ1,fZ2) = h(Z1,Z2) —M(Z1)N(Z2)

For any Z,,Z, € TM. In this case,

]’l(le,ZQ) +h(zlvf22) = Oa
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for any Z;,Z, € TM. Let f denote the 2-form in M given by f(Z1,Z,) = h(Z1,fZ,) for all Z;,Z, € TM. The
2-form f is called the fundamental 2-form in M.
For any Z; € TM, we write

fZ, =971+ N7

where 7Z; and .4 'Z; denote the tangential and normal components of fZ; respectively. Similarly, for any
V € T+M, we have

fV =tV+nV

where ¢V and nV denote the tangential and normal components of fV respectively.

The submanifold M is said to be invariant if normal component is identically zero, that is fZ; is tangent
to M, for any Z; € T.M. On the other hand, M is said to be an anti-invariant submanifold if T is identically
zero, that is fZ; is normal to M, for any Z; € T.M. Next, for each nonzero vector Z; € T,M, such that Z; is not
proportional to &, we denote by 6(Z;) the angle between fZ; and T,M. Then, M is said to be slant if the angle
0(Z,) is a constant. Invariant and anti-invariant immersions are slant immersions with slant angle 6(Z;) = 0
and 6(Z;) = 7 respectively. A slant immersion which is not invariant nor anti-invariant is called a proper slant
immerssion.

Further the slant submanifold M of an almost contact metric manifold (N, /) staisfies

WTZ,,TZy) = cos’ 6(h(Z,Z2) —n(Z1)N(Z))
h(NZ\,NZ,) = sin® 0(h(Z1,22) —n(Z1)N(Z2)),

forZ,,Z, € TM.

A Sasakian manifold N(&,n,h) is said to be a Sasakian space form is denoted by N(c) if it has a constant
f-sectional curvature ¢(Z; A fZ;), where ¢(Z, A fZ;) denotes the sectional curvature of the section spanned by
the unit vector field Z;, orthogonal to & and fZ;. The curvature tensor R of a Sasakian space form N(c) is stated
as

c—|-3

R(Z\,2,)Z3 = {h(22,Z3)Zl h(Z\,23)22} + Czil{h(zl SZ23)fZ, — h(Zo, fZ3) fZ) +2h(Z:, f22) fZ3 }

(Z1)n(23)22 —(Z2)N(Z3)Z1 + h(Z1,23)0(Z2)E — h(Z2,Z3)n(Z1)E }

For any vector fields Z;,7,,7Z3 on M [25]].

2.3. Generalized S-manifold

Let f: (M,h) — (N,g) be a smooth map between two Riemannian manifolds and (N, g) be a Riemannian
(2n + 5)-dimensional manifold and express the vector fields with Lie algebra in N by TN and is defined as
a metric f-manifold if there is a (1,1) tensor field f, &, ...,&; as a structure vector fields and 1y, ...,n; are s
1-forms on T'N so that:

P2= 204 Y a(Z)ear h(Z1.Ea) = Nal(Z1),
o=1

féot = 7 naof = 0
h(fZy,fZ2) = MZ1,22) = Y, Na(Z1)Na(Z2),
a=1

forZ,,ZeTNandax =1,....s
Let F be the fundamental 2-form in TN given by F(Z,,Z,) = h(Zi, fZ,) for any Z;,Z, € TN.
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Let a (2n+ s)-dimensional slant submanifold M is isometrically immersed in N. We denote the Lie algebra
of tangent vector fields by TN and TN shows the set of all those vector fields that are normal to N , such that

fZ,=9Z1+ N2
where .7 Z; (‘and resp. .4'Z;) denotes tangential (and resp. normal) component of fZ;.

If the normal component .4~ vanishes identically then the sub-manifold M is said to be invariant, i.e., if
fZ, € TN, for any Z; € TN and if the tangential component .7 vanishes identically then M is said to be anti-
invariant, i.e., fZ; € TN, for any Z1 € TN.

Consider the vector fields &, where & = 1, ..., s are tangent to M . Then, the orthogonal distribution to &,
in TM is denoted by 2. Hence, TM = 9 & &, is considered to be orthogonal direct decomposition .

We define the Wirtinger angle 6(Z;) for any non-zero vector field Z; which is in between fZ; and TN,
where Z; is not proportional to & .

If the Wirtinger angle 6(Z)) is a constant then the sub-manifold M is said to be 6-slant sub-manifold. The
Wirtinger angle 0 of a slant immersion is known as slant angle. The sub-manifold M is said to be invariant
(resp. anti invariant) if the slant angle & = 0 (resp. 6 = 7). A slant immersion is known as proper slant
immersion if 6 # 0, 7.

The curvature tensor R of a s-space form N(c) is stated as

R(Z1,22)Z3 = Y {—f*Zina(Z2)Np(Z3) — h(fZ1, £ Z3)Na(Z2)Ep

a7ﬁ
+1(f2s, fZ3)Na(21)Ep + 2 ZoNa(Z1)Np (Z3) }
2n-+s
+ i(c+3s> Y % h(f22.f23) + 22 h(fZ1.f23)}
i=1
1 2n+s

+ Z(C—S) Y {—FZ1 (22, fZ3) + fZ> h(Z1, fZ3) +2fZ3 h(Z1, fZ2}
i=1

for any vector fields Zy,Z,,Z3 on N [23].

3. MAIN RESULTS

THEOREM 1. Let (N>"*5(c), f,h) be a s-space form. Then M*"** is biharmonic slant sub-manifold of
N2n+s (C) lf

2m+s c—s 2m+s
(2m+s) [ Z {—Vek (Ager) —I—AveLkH(ek) —|—AH(Vekek)} + e Z {3(te; +ne,~)h(H,ne,-)}} =0
k=1 i=1
Zmis Lol 1 c+3s c—s
(2m+s) [ y {—B(ek,AHek) +FVEVIH - vv%ekH} + Hs+ <= {2mH} — <= cos 6 fH] =0
k=1
Proof. Consider orthonormal basis {e;} on submanifold M?"+s structure vector fields E1,6,.. . & are

tangent to M>"*5. For M>"*+$ to be biharmonic submanifold we have

(2m + s)AH — (2m + s) trace(R" (e;, H )e;) = 0 (1)
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trace(RN (e;,H)e;) can be computed for slant submanifold as:

2m+-s 3 _ o 2m4s
cros {2mH} + %cos 0fH — S Z {3(te; +ne;)h(H,ne;)} .
i=1

Z R(ej,H)e; = —Hs—
i=1 4

4

For isometric immersion
2m-+s

A=Y {VoVoH Vv, H}
k=1

Since

Ve H = —Ape+V H,
we can write
VekVekH = _Vek (Ayek) — B(ek,AHek) —l—AVeLkH(ek) + Vel,cVeLkH

and

VvekekH = —AH(Vekek) + VJV_EkekH

From (), we can write

2m+s

(21’1’! + S) Z {_Vek (AHek) — B(ek,AHek) +AV#H(ek) + Veivel;{H +AH(Vekek) — VéekekH}
k=1
c+3s c—s c—s s
+(2m+-s){Hs + 1 {2mH} — — ¢os 0fH + 4 Z {3(te;+ne;)h(H,ne;)}} = 0.
i=1
Taking tangential and normal components, we get (i) and (ii)
2m+s c— 2m+s
(2m—|—s) |: Z {_Vek (AHek) +AV§H(ek) +AH(Vekek)} + T Z {3(t€i —|—I’l€i)h(H,l’l€j)}:| =0

k=1 i=1

Zmis Lol 1 c+3s c—s

(2m+s) { y {—B(ek,AHek) FVEVIH - VvekekH} + Hs+ <= {2mH} — = cos 6 fH} —0 O

k=1

COROLLARY 1. Let M*™*5 be bi-harmonic slant sub-manifold of N(c) of dimension (2n+s) with s-
structure f. Then the invariant immersions are slant immersion if

2m+-s c— 2m+s
(2m+s)[ Z {—Vek(AHek)—i-AvelkH(ek)+AH(Vekek)} + e Z {S(Iei—l—nei)h(H,nei)}] =0
k=1 i=1
s Lol n c+3s c—s
2m+s)| Y, {—B(ek,AHek) +V, Vo H — VVekEkH} +Hs+ 4 {2mH} — TfH =0
k=1

Proof. Put 8 =0 in Theorem 3.1, we obtain the required outcome. O
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COROLLARY 2. Let M*™* be bi-harmonic slant sub-manifold of N(c) of dimension (2n+s) with s-
structure f. Then the anti-invariant immersions are slant immersion if

2m+-s c— 2m+s
(2m+3s) [ Z {—Vek (Aper) —|—AvelkH(ek) +AH(Vekek)} + e Z {3(te; —I—nei)h(H,nei)}] =0
k=1 i=1
2m+s Lol . c+3s
(2m+s) |: Z {_B(elwAHek) + V@kVEkH - VVekekH} +Hs+ T {ZmH}:| =0
k=1
Proof. Put @ = 7 in Theorem 3.1, we obtain the required outcome. 0

COROLLARY 3. Let M*™ be bi-harmonic slant sub-manifold of even dimensional structure manifold N(c)
of dimension (2n) with complex structure f. Then the slant immersion is bi-harmonic if

2m ¢ 2m
(2m) [ ) {—Vek (Aner) +Av, p(ex) +AH(V€kek)} +7 ; {3(te; +n€i)h(H7n€i)}] =0

k=1
el Lyl i ¢ ¢
(2m) L; {—B(ek,AHek) +VAVEH - VvekekH} + 5 {2mH} — S {coso fH}] ~0
Proof. Put s =0 in Theorem 3.1, we obtain the required outcome. O

Remark 1. Let M*" be bi-harmonic slant sub-manifold of even dimensional structure manifold N(c) of
dimension (2n) with complex structure f. Then invariant immersions are slant immersion if

2m 2m
c
(2m) [ Y {Valdned +Avy yle) +An(Veer) |+ Y {3 +nei)h(H,ne,-)}] ~0
k=1 i=1
2m Lyl 1 ¢ ¢
(2m) |:kzl {—B(ek,AHek) + VekVekH — VVEkekH} + Z {ZmH} — 4fH:| =0
Proof. Put 8 =0 in Corollary 3.3, we obtain the required outcome. O

Remark 2. Let M*" be bi-harmonic slant sub-manifold of even dimensional structure manifold N(c) of
dimension (2n) with complex structure f. Then anti-invariant immersions are slant immersion if

2m 2m
c
(2m) [ Z {—Vek (Amex) —I—AvelkH(ek) +AH(Vekek)} + 2 Z {3(te; +ne,~)h(H,ne,-)}] =0
k=1 i=1
2m
(2m) [ Y {—B(ek,AHek) +V,V, H- VikekH} + 2 {ZmH}} =0
k=1
Proof. Put 6 = % in Corollary 3.3, we obtain the required outcome. O

COROLLARY 4. Let M*"*! be bi-harmonic slant sub-manifold of odd dimensional structure manifold
N(c) of dimension (2n+ 1) with contact structure f. Then slant immersion is bi-harmonic if

2m—+1 c— 2m+1

(2m—|—1){ Z {_Vek(AHek)+AVELkH(ek)+AH(Vekek)}+ ) Z {3(te,-+nel~)h(H,ne,-)}] =0
k=1 i=1
2m+1 Lol L C+3 c—1

em+1)| ¥ {—B(e;“AHek)+V€kVekH—VV6kekH}+H+T{2mH}— o leosofH}| =0
k=1

Proof. Put s =1 in Theorem 3.1, we obtain the required outcome. 0
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Remark 3. Let M*"*! be bi-harmonic slant sub-manifold of odd dimensional structure manifold N(c) of
dimension (2n+ 1) with contact structure f. Then invariant immersions are slant immersion if

2m+1 c— 1 2mtl
(2m+1) [ ) {—Vek(AHek) +AVBLkH(6k) +An(Veer) } Z {3(te; +ne;)h (H,ne,-)}] =0
k=1
2m+1 Lol c+3 c—
(2m+1) [ kz:l {—B(ek,AHek)—i—VekVekH V }—i—H 1 1 } =0
Proof. Put 8 =0 in Corollary 3.4, we obtain the required outcome. O

Remark 4. Let M*"*+! be bi-harmonic slant sub-manifold of odd dimensional structure manifold N(c) of
dimension (2n+ 1) with contact structure f. Then anti-invariant immersions are slant immersion if

2m+1 c—1 2m+1
(2m+1) [ Z {—Vek(AHek) +AV(,¢](H(€/<) +AH(Vekek)} + e Z {3(te; +ne,~)h(H,ne,-)}] =0
k=1 i=1
2m+1 C+3
(2m+1)[ ) {—B(ek,AHek)—i—VeijkH vy, e }+H+4{2mH}] =0
k=1
Proof. Put 6 = % in Corollary 3.4, we obtain the required outcome. O

In next theorem, we derive the second fundamental form expression for slant immersion but it changes only
for anti-invariant case and as we get the result for 6 = 7.

THEOREM 2. Let (N****(c), f,h) be a s-Space form. Then M>"*S is biharmonic slant sub-manifold of
N?"+3(c) with non-zero constant mean curvature H. Then M is proper biharmonic if and only if

3
HBHZZ{S‘FC—Z S(Zm)} and cos9:0:>6:§

or equivalently, if the scalar curvature of M satisfies,

+3s

Scaly = 4ms + {4m* 2m}+%{00526}—s+9H2

Proof. As M is slant sub-manifold, by Theorem|I] M is biharmonic if and only if

2m+s _ o 2m+s
9)| & {Velner) + A nen) +Au(Ve)}+ <5 3, (3er- nehiH.ne} | =0
k=1 i=1
2m+s L N c+3s
(2m+s) |: Z {—B(ek,AHek)+VekvekH—VvekekH}—l—HS—l— {ZmH}— TCOS 9fH:|
k=1

The first equation is satisfied when h(H,ne;) = 0 and also M has constant mean curvature. Then the second
equation becomes,

c+3s

tr(B(-,Ap-)) = {s {2m}}H— —{cos 0fH}

Moreover, for sub-manifold, Ay = HA, which suggests,

tu(B(-,An)) = Hu(B(-,A-)) = H||B||?
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Since H is non-zero constant, we get the desired identity

HIBP = {s+ <2 - eoso 1)

By comparing

]B||2:{ C+3S{2m}} and 0059:0:>ng

The Gauss equation gives us the second equivalency:
2m+s
Scaly = Y h(R(Z:,Z;)Z;.Z;) — ||B|> + 9H*
i,j=1

Now based on the curvature tensor expression

2m+s 2m+s
Y WRN(2,2))2;,Z)) = Y {h(fZi, fZi)na(Z))Mp(Z)) — h(fZis S Zj)Na(Z))0p(Z:)
i,j=1 i,j=1
+h(fZ;, fZj)Na(Zi)Np(Zi) — h(fZ}, fZi)Na(Zi)Np(Z;) }
c+3s Zmts

Y A(h(fZi, fZi)h(fZ;, fZ)) — h(fZi, fZ;)R(fZ;, fZi) }
i,j=1
_ o 2m+s
+ 0 Y AW SZON(Z5,£2) = W2 S22, 120) = 202 12))0(Z;, 2:))

i,j=1

2m+s 3
)y W(RY(2;,2,)2;,2;) = 4ms + - + °

i,j=1

{4m*} + —{cos 0}

c+3s

3
Scaly = 4ms + %{4 2}—i— {00529}—s— {2m} +9H*

Taking component along fH, put 6 = 7

+3s

Scaly = 4ms + {4m* —2m} — s+ 9H?

Consequently, we conclude that M is appropriate bi-harmonic iff,

3
= {5+ 2 0m) ana coso=0=0=7

that is iff,

c—|—3s

Scaly = 4ms + {4m* — 2m} — s+ 9H?

O

COROLLARY 5. Let M*™ be bi-harmonic slant sub-manifold of even dimensional structure manifold N(c)
of dimension (2n) with complex structure f and having mean curvature H which is non-zero constant. Then M
is proper bi-harmonic iff
B2 = {%(m)} and cos@=0= 6= g

or equivalently, if the scalar curvature of M fulfills,

Scaly = %{4m2 —2m} +9H>
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Proof. Put s =0 in Theorem 3.2. we obtain the required outcome. O

COROLLARY 6. Let M*"*! be bi-harmonic slant sub-manifold of odd dimensional structure manifold

N(c) of dimension (2n+ 1) with contact structure f and having mean curvature H which is non-zero constant.
Consequently, M is proper bi-harmonic iff

3
HB||2={1+CZ {Zm}}, cosO:O:>9:g

or equivalently, if the scalar curvature of M fulfills
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