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Abstract. This paper proposes an approach to analyze the performance of radio frequency/underwater 

wireless optical communication (RF/UWOC) systems using Mellin inverse transform. This analysis 

combines heterodyne detection (HD) and direct detection /intensity modulation (IM/DD). The RF link 

from land ground stations to relay stations follows the Nakagami-m distributed channel. The UWOC 

link from the relay station to the underwater vehicle is modeled using the double generalized gamma 

(GG) distribution with pointing errors. By employing the Fixed Gain Amplification and Forwarding 

(AF) protocol, the probability density function (PDF) of the RF/UWOC link is derived using the Mellin 

inverse transform, expressed in the form of the Meijer-G function. In addition, expressions for the 

outage probability and bit error rate of the mixed system were derived. Monte Carlo simulations 

validated the analysis results, which demonstrated the superior performance of HD technology. 

Keywords: Mellin inverse transform, RF/UWOC, amplify-and-forward relaying, pointing errors. 

1. INTRODUCTION 

Relay transmission has become a well-known technology for its long communication distance and high 

reliability. In recent years, relay transmission has been gradually applied to UWOC system [1−3]. Especially 

the RF/UWOC system has received more and more attention due to its ability to meet the needs of underwater 

IoT and ocean exploration. The overall design of RF/UWOC communication systems is significantly 

influenced by channel characteristics, which are key factors in determining wireless communication 

performance. Atmospheric turbulence encountered by the signal during propagation, along with pointing errors 

between the transmitter and receiver, can cause signal flickering and distort the amplitude and phase. 

Additionally, data errors are inevitable during underwater transmission, which considerably degrades the 

communication performance of RF/UWOC systems. By considering the effects of atmospheric turbulence, 

pointing errors, and underwater turbulence on signal transmission, the channel model for the constructed 

system achieves broader applicability, thereby meeting the needs for a comprehensive evaluation of 

RF/UWOC system communication performance across diverse channel environments. 

Many researchers begin to conduct in-depth research on system performance. Security and secrecy of 

mixed RF/UWOC communication systems have been investigated [4−5]. RF/UWOC system outage 

probability and channel capacity are analyzed by using fixed-gain AF [6] or decode-and-forward (DF) relays 

[7]. The performance of the system and the derivation of the asymptotic expressions has been extensively 

studied in RF/UWOC links [8−11]. However, these papers use the traditional MGF-based approach [12−13] 

and PDF-based approach [14−15] to get the joint distribution function of the dual-hop RF/UWOC system, 

which is relatively complicated. Few researchers have solved the joint PDF of multi-hop systems by a simple 

approach. Therefore, this paper aims to solve the PDF of the RF/UWOC system through Mellin transformation.  
This paper analyzes the performance of RF/UWOC mixed systems based on the AF protocol using Mellin 

transform and Mellin inverse transform [16−17]. The performance of RF/UWOC systems using HD and IM/DD 

technologies is evaluated considering turbulent channels and pointing errors. 
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The rest of this paper is organized as follows. The model of the system and channel is given in Section 2. 

The expressions of Cumulative Distribution Function (CDF) and PDF for mixed RF/UWOC systems are 

derived in Section 3. Then these results are applied to Section 4 to get expressions for the outage probability and 

average bit error rate of the system; that is to evaluate the performance of wireless communication system. 

Section 5 uses Monte Carlo to simulate and verify the impact of system parameters on system performance. 

2. SYSTEM AND CHANNEL MODEL 

Considered a mixed dual-hop RF/UWOC system, the RF link between the terrestrial ground station (S) 

to relay (R) is modeled as the Nakagami-m distributed channel. The UWOC link between the relay to the 

underwater vehicle (D) is modeled by the Gamma-Gamma distribution with pointing error. 

 

 

Fig. 1 – The model of RF/UWOC system. 

2.1. RF channel model 

The signal received by R can be expressed as 

𝑦𝑆𝑅 = 𝐼𝑆𝑅𝑥 + 𝑛𝑆𝑅 (1) 

where 𝐼𝑆𝑅 is the Nakagami-m distributed channel gain from S to R, 𝑥 represents the signal transmitted by S, 

𝑛𝑆𝑅 denotes the additive white Gaussian noise (AWGN), with zero mean and 𝜎𝑆𝑅
2 , and the instantaneous SNR 

of the RF link 𝑟𝑆𝑅 = |𝐼𝑆𝑅|2𝑟𝑆𝑅, in which 𝐸𝑆𝑅/𝜎𝑆𝑅
2  is the average SNR of the S-R link and 𝐸𝑆𝑅 is the signal 

power of 𝑥. The RF link suffers from the Nakagami-m distribution, whose PDF can be given by [18] 

𝑓𝑆𝑅(𝑟𝑆𝑅) =
𝑚𝑚𝑟𝑆𝑅

𝑚

𝛤(𝑚)𝑟𝑆𝑅
𝑚 exp (

−𝑚𝑟𝑆𝑅

𝑟𝑆𝑅
) (2) 

where m represents the fading degree of the distribution function, 𝛤(. )represents the Gamma function [17]. 

2.2. UWOC channel model 

The signal received by D can be expressed as 

𝑦𝑆𝐷 = 𝐺𝐼𝑅𝐷𝑦𝑆𝑅 + 𝑛𝑅𝐷 (3) 

where 𝐼𝑅𝐷 is the Nakagami-m distributed channel gain from R to D. Suppose 𝜎𝑆𝑅
2 = 𝜎𝑅𝐷

2 = 𝑁0. 

Assume that the underwater link follows the G-G fading distribution with pointing error, and the PDF of 

SNR is given by [19] 
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𝑓𝑟𝑅𝐷
=

𝜀2

tr𝑅𝐷 𝛤(𝛼)𝛤(𝛽)
𝐺1,3

3,0 [ℎ𝛼𝛽 (
𝑟𝑅,𝐷

𝑢𝑡
)
1/𝑡

∣
𝜀2 + 1

𝜀2，𝛼, 𝛽
] (4) 

where 𝑡 is the parameter that determines the type of detection technique, we have ℎ =
𝜀2

𝜀2+1
, 𝜀2 represents the 

ratio between the equivalent beam radius at the receiver and the standard deviation of the pointing error 

displacement. When 𝜀2 → ∞ negligible pointing error. 𝛼 and 𝛽 are fading parameters related to atmospheric 

turbulence conditions. 𝑡 = 1  for HD and 𝑡 = 2  for IM/DD. When 𝑡 = 1 , 𝑢1 = 𝑟𝑅𝐷  and when 𝑡 = 2 ,             

𝑢2 =
𝑟𝑅𝐷𝛼𝛽(𝜀2+2)

(𝜀2+1)(𝛼+1)(𝛽+1)
. 

3. PDF OF RF/UWOC SYSTEM 

In this section, novel analytical expressions are derived for the PDF and the CDF. Figure 2 is a schematic 

diagram of the system analysis. Specifically, asymmetric fading environments were considered, assuming that 

the RF link follows Nakagami-m fading while the UWOC link experiences G-G fading, which accurately 

describes the fading model of light intensity under weak to strong turbulence conditions. The detector receives 

the signal ysd, thereby obtaining the system signal-to-noise ratio req, the closed form expressions of CDF and 

PDF for hybrid RF/UWOC systems were derived based on Mellin transform and inverse Mellin transform. A 

new closed form expression for outage probability and average bit error rate was given using the exported CDF 

and PDF expressions.  
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Fig. 2 – System Block Diagram. 

Consider the RF/UWOC communication system, where the RF link is modeled by Nakagami-m fading 

and the UWOC link is modeled by Gamma-Gamma distributed with pointing error. For fixed-gain AF relay 

systems, the instantaneous SNR [20] at D can be expressed as 

𝑟𝑒𝑞 =
𝑟𝑆𝑅𝑟𝑅𝐷

𝐶 + 𝑟𝑅𝐷
 (5) 

𝑟𝑆𝑅 and 𝑟𝑅𝐷 are the instantaneous signal-to-noise ratios of the RF link and the UWOC link, respectively. r1 and 

r2 are the instantaneous signal-to-noise ratios of the RF link and UWOC link, respectively, and it is assumed 

that 𝑟𝑆𝑅 = 𝑟𝑅𝐷. 𝐶 is a fixed constant related to the relay gain. We have 𝐶 =
1

𝐺2𝑁0
. 

The definition of Mellin transform is as follows [21]: 

𝑀𝑓(𝑠) = ∫ 𝑥𝑠−1𝑓(𝑥)

∞

0

d𝑥 (6) 

Definition of the corresponding inverse Mellin transform [21]: 
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𝑓(𝑥) =
1

2𝜋𝑖
∫ 𝑥−𝑠𝑀𝑓(𝑥)

𝑐+𝑖∞

𝑐−𝑖∞

d𝑥 (7) 

The Mellin transform of the instantaneous SNR of RF/UWOC systems can be derived 

𝑀𝑆𝑅(𝑠) = ∫(𝑟𝑆𝑅)𝑠−1𝑓𝑆𝑅(𝑟𝑆𝑅)

∞

0

d𝑟𝑆𝑅 (8) 

𝑀𝑅𝐷(𝑠) = ∫ (
𝑟𝑅𝐷

𝑟𝑅𝐷 + 𝐶
)

𝑠−1

𝑓𝑅𝐷(𝑟𝑅𝐷)

∞

0

d𝑟𝑅𝐷 (9) 

where (
𝑟𝑅𝐷

𝑟𝑅𝐷+𝐶
)

𝑠−1
 can be expressed in the form of Meijer-G [22, eq.(9.121.1)] 

(
𝑟𝑅,𝐷

𝑟𝑅,𝐷 + 𝐶
)

𝑠−1

= 𝐺1,1
1,1 [

 𝑟𝑅,𝐷

𝐶
∣

1
𝑠 − 1 

] (10) 

The Meijer-G function in equation (10) is expanded into the form containing Hypergeometry function 

[22,eq.(9.14.1)], which can be simplified to 

𝐺1,1
1,1 [

 𝑟𝑅,𝐷

𝐶
∣

1
𝑠 − 1 

] = ∑
𝛤(𝑠 + 𝑘 − 1)𝐶−𝑠

𝛤(𝑠 − 1)(𝑘 + 1)𝐶𝑘

∞

𝑘=0

(𝑟𝑅𝐷)𝑠+𝑘−1 (11) 

It can be calculated from the integral of the product of the Meijer-G function and the definition of the 

gamma function 𝑀𝑆𝑅(𝑠) 

𝑀𝑆𝑅(𝑠) = 1/𝛤(𝑚) (
𝑚

𝑟𝑆𝑅
)
1−𝑠

𝛤(𝑠 + 𝑚 − 1) (12) 

Similarly, 𝑀𝑅𝐷(𝑠) can be derived as follows 

𝑀𝑅𝐷(𝑠) = ∑
𝛤(𝑠 + 𝑘 − 1)(−1)𝑘(𝐵𝑡𝐶)−𝑠𝐴

𝛤(𝑠 − 1) 𝛤(𝑘 + 1) 𝐶𝑘𝐵𝑡
𝑡(𝑘−1)

∞

𝑘=0

 

                          ×
𝛤(𝑡(𝑠 + 𝑘 − 1) + 𝜀2) 𝛤(𝑡(𝑠 + 𝑘 − 1) + 𝛽) 𝛤(𝑡(𝑠 + 𝑘 − 1) + 𝛼)

𝛤(𝑡(𝑠 + 𝑘 − 1) + 𝜀2 + 1)
 

(13) 

Using [21], Eq.(13) can be simplified 

𝑀𝑅𝐷(𝑠) = ∑
𝛤(𝑠 + 𝑘 − 1)(−1)𝑘(𝐵𝑡𝐶)−𝑠𝐴𝐻𝑡2𝑡𝑘𝑡2𝑡𝑠

𝛤(𝑠 − 1)𝛤(𝑘 + 1)𝐶𝑘𝐵𝑡
𝑡(𝑘−1)

∞

𝑘=0

 

                   ×
∏ 𝛤(𝑠 + 𝑘 − 1 +

𝜀2 + 𝑖
𝑡 )𝑡−1

𝑖=0 ∏ 𝛤(𝑠 + 𝑘 − 1 +
𝛼 + 𝑖

𝑡 )𝑡−1
𝑖=0 ∏ 𝛤(𝑠 + 𝑘 − 1 +

𝛽 + 𝑖
𝑡 )𝑡−1

𝑖=0

∏ 𝛤(𝑠 + 𝑘 − 1 +
𝜀2 + 1 + 𝑖

𝑡 )𝑡−1
𝑖=0

 (14) 

After calculation, the expression of the Mellin transform of the instantaneous signal-to-noise ratio of the 

RF/UWOC system is obtained 

𝑀𝑟𝑒𝑞
(𝑠) = 𝑀𝑆𝑅(𝑠)𝑀𝑅𝐷(𝑠) (15) 

The inverse Mellin transform [17] of 𝑀𝑟𝑒𝑞
(𝑠) is 
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𝑓𝑟𝑒𝑞
(𝑟) = ∑

𝑚(−1)𝑘𝐴𝐻𝑡2𝑡𝑘

𝑟𝑆𝑅 𝛤(𝑚) 𝛤(𝑘 + 1) 𝐶𝑘𝐵𝑡
𝑡(𝑘−1)

∞

𝑘=0

𝐺𝑡+1,3𝑡+2
3𝑡+2,0

[
 
 
 
𝐶𝐵𝑡𝑚𝑟

𝑟𝑆𝐷𝑡2𝑡 ||
−1,Δ

1 + 𝜀2

𝑡

 k − 1,𝑚 − 1,Δ
𝜀2

𝑡
,Δ

𝛼

𝑡
,Δ

𝛽

𝑡 ]
 
 
 

 (16) 

where 𝐴 =
𝜀2

𝛤(𝛼)𝛤(𝛽)
, 𝐵 =

ℎ𝛼𝛽

(𝑢𝑟)
1/𝑡, 𝐻 = 𝑡𝛼+𝛽−2−2𝑡(2𝜋)1−𝑡, 𝑖 is taken one by one from 0 to t , 

Δ
𝜀2

𝑡
=

𝑖+𝜀2

𝑡
+ 𝑘 − 1,  Δ

𝛼

𝑡
=

𝑖+𝛼

𝑡
+ 𝑘 − 1,  Δ

1+𝜀2

𝑡
=

𝑖+1+𝜀2

𝑡
+ 𝑘 − 1,  Δ

𝛽

𝑡
=

𝑖+𝛽

𝑡
+ 𝑘 − 1. 

From (16), the CDF [23] of 𝑟𝑒𝑞 is formulated as 

𝐹𝑟𝑒𝑞
(𝑟) = ∑

𝑚(−1)𝑘𝐴𝐻𝑡2𝑡𝑘𝑟

𝑟𝑆𝑅 𝛤(𝑚) 𝛤(𝑘 + 1) 𝐶𝑘𝐵𝑡
𝑡(𝑘−1)

∞

𝑘=0

𝐺𝑡+2,3𝑡+3
3𝑡+2,1

[
 
 
 
𝐶𝐵𝑡𝑚𝑟

𝑟𝑆𝐷𝑡2𝑡 ||
0,−1,Δ

1 + 𝜀2

𝑡

k − 1,𝑚 − 1,Δ
𝜀2

𝑡
,Δ

𝛼

𝑡
,Δ

𝛽

𝑡
,−1]

 
 
 

 (17) 

4. STATISTICAL CHARACTERISTICS OF THE SYSTEM 

4.1. Outage probability 

The outage probability [24] is considered as an important index to judge the system performance. 

Mathematically, outage probability can be expressed as 

𝑝𝑜𝑢𝑡 = Pr( 𝑟𝑒𝑞 < 𝑟𝑡ℎ) = ∫ 𝑓𝑟𝑒𝑞
(𝑟)

𝑟𝑡ℎ

0

d𝑟𝑒𝑞 (18) 

Take (18) into (19), the expression of outage probability can be obtained 

𝑝𝑜𝑢𝑡 = 𝐹𝑟𝑒𝑞
(𝑟

th
) = 

           = ∑
𝑚(−1)𝑘𝐴𝐻𝑡2𝑡𝑘 ∗ 𝑟𝑡ℎ

𝑟𝑆𝑅 𝛤(𝑚) 𝛤(𝑘 + 1) 𝐶𝑘𝐵𝑡
𝑡(𝑘−1)

∞

𝑘=0

𝐺𝑡+2,3𝑡+3
3𝑡+2,1

[
 
 
 
𝐶𝐵𝑡𝑚𝑟𝑡ℎ
𝑟𝑆𝐷𝑡2𝑡

∣
0, −1,Δ

1 + 𝜀2

𝑡

𝑘 − 1,𝑚 − 1,Δ
𝜀2

𝑡
,Δ

𝛼

𝑡
,Δ

𝛽

𝑡
,−1]

 
 
 
 (19) 

4.2. Bit error rate 

The bit error rate of the instantaneous SNR modulated by MPSK [25] is defined as follows 

𝑝𝑒 = 𝜀𝑀 ∑𝑄(𝑎𝑖√𝑟)

𝜏𝑀

𝑖=1

=
2𝜀𝑀

√𝜋
∑𝐺1,2

2,0

𝜏𝑀

𝑖=1

[
𝑎𝑖

2𝑟

2
∣

1
0,1/2

] (20) 

where 𝑄(. )  is the Q-function and 𝑄(𝑥) = 1/2 erfc(
𝑥

√2
) , 𝜀𝑀 =

2

max( log2
𝑀,2)

, 𝑎𝑖 = √2 sin
(2𝑖−1)𝜋

𝑀
,                     

𝜏𝑀 = max(
𝑀

4
, 1). 

By introducing formula (20) to (21), the expression of bit error rate can be obtained as 

�̅�𝑒 = ∫ 𝑝𝑒𝑓𝑟𝑒𝑞
(𝑟)

∞

0

d𝑟𝑒𝑞 = 

         = ∑ ∑
4𝜀𝑀𝑚(−1)𝑘𝐴𝐻𝑡2𝑡𝑘

𝑟𝑆𝑅 𝛤(𝑚) 𝛤(𝑘 + 1) 𝐶𝑘𝑎𝑖
2√𝜋

𝜏𝑀

𝑖=1

∞

𝑘=0

𝐺1,2
2,0

[
 
 
 

2𝐶𝐵𝑡𝑚

𝑟𝑆𝐷𝑡2𝑡𝑎𝑖
2

∣
−1,Δ

1 + 𝜀2

𝑡
, 0,

−1

2

𝑘 − 1,𝑚 − 1,Δ
𝜀2

𝑡
,Δ

𝛼

𝑡
,Δ

𝛽

𝑡
,−1]

 
 
 

 (21) 
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5. SIMULATION AND ANALYSIS 

In this section, we provide some numerical results on the outage probability and average bit error rate of 

dual hop RF/UWOC systems under IM/DD and HD detection technologies. The expressions for outage 

probability and bit error rate are expressed in the form of Meijer-G [15] and numerically simulated. We apply 

Monte Carlo analysis to validate the system performance expression. Monte Carlo method is a statistical 

simulation method for generating random signals. There are Monte Carlo analysis settings in Zemax, which 

set the frequency, threshold, and distribution type separately. Compare the simulation results of the obtained 

data with the numerical simulation results of the performance expression. When the simulation point falls on 

the numerical simulation curve, it indicates the correctness of the expression. We analyze the changes of outage 

probability under strong, medium and weak turbulence conditions and the bit error rate with MPSK modulation 

of the RF/UWOC system. The exact expressions of the PDF, outage probability and bit error rate of RF/UWOC 

system are obtained by means of Meijer-G function expansion and Mellin inverse transformation. When the 

parameter is, the difference between the PDF when k =70 (the addition of the 70 terms of the series expansion) 

and k =60 (the addition of the 60 terms of the series expansion) is 2.775557×e−17. This difference is too small 

and can be ignored, so the formula (16) can be accurate to k =70. We assume that C in the instantaneous signal-

to-noise ratio of the system is a constant, and rth =0.1dB. We can obtain Figs. 3, 4 through numerical simulation 

based on Equation (19), and Figs. 5, 6 through numerical simulation based on Equation (21). 

To verify the influence of parameter m on the outage probability, Fig. 3 shows the numerical simulation 

and simulation results of outage probability changes with RF link parameter m under HD technology and 

IM/DD technology. From this figure, it can be observed that the simulation and analysis results are basically 

consistent. The error rate performance under HD technology is superior to IM/DD technology. The channel 

parameter m of the RF link is m = 2, m = 4, and m =10. With the increase of channel parameter m, the outage 

probability decreases. Therefore, it is necessary to study the influence of the parameter m on the outage 

probability. After careful observation, it can be found that with the increase of m, the decrease in outage 

probability becomes less pronounced. This indicates that with the increase of parameter m, the impact on 

outage probability becomes smaller and smaller. 

 

 

Fig. 3 – The relationship between  m and outage probability. 

 

Fig. 4 – The relationship between α, β and outage probability 

 

In order to verify the influence of turbulence intensity on bit error rate, Fig. 5 simulates the magnitude 

of the influence of turbulence parameters on bit error rate. Figure 5 simulates the change of the bit error rate 

of UWOC link under strong turbulence, medium turbulence and weak turbulence. Let m = 5, the strong pointing 

error. It can be observed from the figure that the analysis results are consistent with the simulation results. The 

system performance achieved using HD (t =1) technology is superior to that achieved using IM/DD technology 

(t =2). Furthermore, under the same modulation technology, with the increasing of and the turbulence intensity 

decreases and the bit error rate decreases. To verify the influence of MPSK modulation parameters and channel 

parameter m on bit error rate in Fig. 6, we illustrate the bit error rate with MPSK modulation under IM/DD 

technology and HD technology. We take M = 2, M = 4 and the RF link parameter m = 8, m = 20. From the graph, 

it can be seen that the outage probability becomes serious as M increases (i.e., the higher the value, the greater 
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the OP). Moreover, for the RF link parameter m, the larger the m, the better the system performance. In 

addition, it is obvious that the performance of the bit error rate obtained by HD technology is better than that 

obtained by IM/DD technology. 

 

 

Fig. 5 – The relationship between parameters of turbulent 

channels and error rate of turbulent channels. 

 

Fig. 6 – The relationship between modulation order and  

bit error rate. 

6.  CONCLUSIONS 

This paper examines the performance of a mixed RF/UWOC system employing an amplifying and 

forwarding relay under both HD and IM/DD technologies. The analysis involves expanding the 

hypergeometric function into a series form and deriving exact expressions for the PDF and CDF of the mixed 

system using inverse Mellin transform. The expressions of outage probability and bit error rate under MPSK 

modulation are also obtained. Through numerical calculation and simulation, it is concluded that although HD 

technology is more complex, compared with IM/DD technology, the performance of the system using HD 

technology is superior, and the system performance becomes worse with the increase of turbulence intensity. 

The expressions for outage probability and bit error rate under MPSK modulation are derived. Numerical 

calculations and simulations indicate that despite its increased complexity compared to IM/DD technology, 

HD technology offers superior system performance. However, this performance degrades as turbulence 

intensity increases. 
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