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1. INTRODUCTION

Getting the solution of boundary value problems for partial differential equations (PDEs) is a general topic
in applied mathematics. Analytical methods (e.g., separation of variables and transform techniques) are valued
for their exactness and the insight they provide; however, the range of problems they solve is limited. Numerical
schemes (e.g., finite element, finite difference, and spectral methods) solve a much wider range of problems.
Some methods (e.g., boundary integral methods) combine specific analytical information about the solution
with numerical approximations.

In this paper we solve numerically a class of linear elliptic equations with Neumann boundary conditions in
a Lipschitz domain, by using a probabilistic numerical scheme introduced by Milstein and Tretyakov [12, 13]
to solve the linear elliptic PDEs, together with some results obtained in [3]. It is to be noted that as in [13] these
methods are probabilistic ones. Probabilistic representations of the solutions with new numerical layer methods
for semilinear parabolic equations with Neumann conditions are constructed in [12] and the convergence of the
algorithm is proved. This technique was used in [10] in order to give a probabilistic numerical approach for the
nonlinear Dirichlet problem associated with a branching process.

Monte Carlo methods to compute the solution of elliptic equations with Neumann boundary conditions
are introduced in [11]. The algorithm is based on the Euler scheme coupled with a local time approximation
method and numerical examples are given on the Laplace operator on a square domain. Moreover, the authors
have introduced a walk-on spheres approximation in the inhomogeneous Neumann boundary conditions. The
article [15] points out some advances in probabilistic approximation methods to Neumann problem, including
some numerical examples.

A gradient Newton Galerkin numerical method to obtain a positive solution to an elliptic equation with Neu-
mann boundary condition is introduced in [2] while discrete boundary element methods with error estimates
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for Neumann problems for the heat equation are presented in [16]. The authors in [1] develop a numerical
method to solve Neumann problem with discontinuous coefficients, which is illustrated through numerical ex-
amples with given exact solutions. In [9] it is developed a wavelet method with explicit C1 wavelet bases on
Powell-Sabin triangulations to approximate the solution of the Neumann boundary problem for partial differen-
tial equations. In [8] a modified implicit prediction domain decomposition algorithm is used to solve parabolic
partial differential equations with Neumann boundary conditions.

The structure of the paper is the following. Section 2 presents several preliminary results from [3], on
the Neumann boundary value problem in a bounded Lipschitz domain. In particular, Theorem 1 gives the
probabilistic representation of the solution to the Neumann problem by Brosamler’s formula. This provides
the existence of a unique generalized solution to the Neumann problem. Next, we construct a Markov chain
approximation for the solution using a boundary layer method inspired by [13] and we write down the corre-
sponding algorithm. We give a convergence result in the dimensional space d ≥ 5 for a function f ∈C4(Ō), see
Theorem 2. Finally, we presented same final remarks on our results.

2. THE NEUMANN PROBLEM IN A LIPSCHITZ DOMAIN

Setting of the problem and existence result. Consider the following Neumann boundary value problem
on a bounded Lipschitz domain O from Rd , d ≥ 1,

∆w = 0 in O,

∂w
∂ν

= f on ∂O,
(1)

where ∂

∂ν
is the outward normal derivative to the boundary ∂O of O, f is a bounded measurable functions on

∂O, and we assume that
∫

∂O f dσ = 0; we denoted by σ the surface measure on the boundary ∂O. Recall that
this is a necessary condition for the existence of a solution to the problem (1), according to the Green’s first
identity.

A generalized solution to the Neumann boundary value problem (1) is a function w ∈C(O) such that∫
O

w(x)∆ϕ(x)dx+
∫

∂O
f (x)ϕ(x)σ(dx) =

∫
∂O

w(x)
∂ϕ

∂ν
(x)σ(dx) for any ϕ ∈C2(O)

(cf. e.g. Definition 5.1 from [3]).
We recall now the existence result of the generalized solution to the Neumann boundary value problem, its

probabilistic representation using the reflecting Brownian motion X on O, and some estimates for the transition
density p(t,x,y) of the reflecting Brownian motion; cf. [3], Theorem 5.3 and Theorem 3.1.

THEOREM 1. Let O be a bounded Lipschitz domain. Then the following assertions hold.
(i) If f ∈B(∂O) with

∫
∂O f dσ = 0 then there exists a unique generalized solution to the Neumann boundary

problem (1) satisfying the condition
∫

Ow(x)dx = 0, where B(∂O) is a Borel σ -algebra on ∂O. In addition we
have

w(x) = lim
t→∞

1
2
Ex∫ t

0 f (Xs)dLs for each x ∈ O, (2)

where Lt is the boundary local time for the reflecting Brownian motion X.
(ii) There exist two positive constants C1,C2 > 0 such that for all t > 0 and x,y ∈ O we have

p(t,x,y)≤C1 · t
−

d
2 · e

−|x− y|2

C2t .
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Relation (2) is the Brosamler formula, the probabilistic representation of the solution of the Neumann prob-
lem, in terms of the reflecting Brownian motion; see [7] for an approach to the Brosamler formula on balls,
using the connection between the Dirichlet and the Neumann boundary problems from [5], and the explicit de-
scription of the reflecting Brownian motion and its boundary local time in terms of the free Brownian motion.
See also [6] for the case of discontinuous boundary data.

Numerical approximation of the solution in a Lipschitz domain. Now let

Yt,y,h ≈ Y = y+h
1
2 ξ , (3)

where h > 0 is a step of integration and ξ = (ξ 1, ...,ξ n)T , ξ i, i = 1, ...,n are mutually independent random
variables taking values ±1

2 with probability 1
2 .

We define a boundary zone Sh ⊂ O : y ∈ Sh if at least one of the 2n values of the vector Y is outside O .
Let λ > 0 be a constant such that if the distance from y ∈ O to the boundary ∂O is equal to or greater than

λ
√

h then y is outside the boundary zone and therefore, for such y all the realizations of the random variable Y
belong to O .

Let y ∈ Sh and we construct the random vector Y π
y,h taking two values yπ and yπ +λη(yπ)h

1
2 with probabil-

ities p = pY,h and q = qY,h = 1− pY,h respectively, where

pY,h :=
h

1
2 λ

|y+h
1
2 λη(yπ)− yπ |

,

yπ ∈ ∂O is the projection of the point y on the boundary ∂O and η(yπ) is the unit vector of the internal normal
to ∂O at the point yπ .

Let h := 1
N , N > 0, integer.

Further, we approximate the solution to the Neumann boundary value problem (1), by constructing a
Markov chain Yk which stops when it reaches the boundary ∂O at a random step κ.

We set Y ′
0 = x. If Y ′

0 /∈ Sh we take
Y0 = Y ′

0.

If Y ′
0 ∈ Sh then the random variable Y0 takes two values: either Y ′π

0 ∈ ∂O with probability pY ′π
0

or Y ′π
0 +

h
1
2 λη(Y ′π

0 ) /∈ Sh with probability qY ′π
0
. If Y0 = Y ′π

0 we put κ = 0, Yκ = Y ′π
0 and the random walk is finished.

Let Yk, k < N from above and either Yk ∈∂O or Yk /∈ Sh. We assume the chain does not stopped until step k
i.e. κ > k.

We introduce Y ′
k+1 due to (3) with t = tk,y = Yk,ξ = ξk, as:

Y ′
k+1 = Yk +h

1
2 ξk. (4)

Now we obtain Yk+1 using Y ′k+1 as we got Y0 using Y ′
0. More precisely, we use the following rule.

If Y ′
k+1 /∈ Sh then we take

Yk+1 = Y ′
k+1.

If Y ′
k+1 ∈ Sh then the random variable Yk+1 takes two values: either Y ′π

k+1 ∈ ∂O with probability pY ′π
k+1,h

or

Y ′
k+1 +h

1
2 λη(Y ′π

k+1) /∈ Sh with probability qY ′π
k+1,h

.

If Yk+1 = Y ′π
k+1 we put κ = k+1, Yκ = Y ′π

k+1 and the random walk is finished.
So, the random walk Yk has been constructed and clearly, Yk remains in the domain Ō with probability 1.
Finally, we introduce an extended Markov chain defined as Yk = Yκ for k > κ.

The constructed algorithm from above can be written as follows.
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Algorithm 1

STEP 0: Y ′
0 = x0

STEP 1: If Y ′
k /∈ Sh then Yk = Y ′

k and go to STEP 3.
If Y ′

k ∈ Sh then either Yk=Y ′π
k with probability pY ′

k ,h

or Yk = Y ′
k +h1/2λη(Y ′π

k ) with probability qY ′
k ,h
.

STEP 2: If Yk = Y ′π
k then STOP and κ = k, Xκ=Y ′π

k ;

STEP 3: Sampling ξk and compute Y ′
k+1 by using (4), for y = Yk, ξ = ξk.

STEP 4: Set k := k+1 and go to STEP 1.

Convergence results. The following results ensures the convergence of the above algorithm.

We assume that f ∈C4(O).

LEMMA 1. We have ∣∣∣∣1
2

lim
s→∞

[
Ex

∫ s

0
f (Yκ)dLt −Ex

∫ s

0
f (Xt)dLt

]∣∣∣∣≤Ch, (5)

where the constant C does not depend on x and h.

Proof. The result follows reasoning as in the proof of Theorem 7.3.4 from [13].

The convergence result is given by the following theorem.

THEOREM 2. Let
Zκ(x) :=

1
2

lim
s→∞

Ex
∫ s

0
f (Yκ)dLt . (6)

Assume that d ≥ 5. Then there exists a constant C > 0 which does not depend on x and h, such that

|Zκ(x)−w(x)| ≤Ch.

Proof. By assertion (i) of Theorem 1 we have

|Zκ(x)−w(x)| ≤ 1
2

∣∣∣∣ lims→∞
Ex

∫ s

0
[ f (Yκ)− f (x)]dLt

∣∣∣∣+ 1
2

∣∣∣∣ lims→∞
Ex

∫ s

0
[ f (Xt)− f (x)]dLt

∣∣∣∣ .
Consequently, from Lemma 1 we obtain now

|Zκ(x)−w(x)| ≤Ch+
1
2

∣∣∣∣ lims→∞

∫ s

0
dt

∫
∂O

p(t,x,y) · [ f (y)− f (x)]σ(dy)
∣∣∣∣ . (7)

Further, using Lagrange’s inequality we get

|Zκ(x)−w(x)| ≤Ch+
1
2

sup
y∈Ō

|∇ f (y)| · lim
s→∞

∫ s

0
αt

∫
∂O

p(t,x,y) · |y− x|σ(dy).

By assertion (ii) of Theorem 1, we obtain

∫
∂O

p(t,x,y) · |y− x|σ(dy)≤C1 · t
−

d
2
∫

∂O
e

−|y− x|2

C2t |y− x|dσ(y)≤ α · t
−

d
2 · e

−
β

t ,
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where α and β are positive constants.
From (7) there exist α,β > 0 such that

|Zκ(x)−w(x)| ≤Ch+K1 lim
s→∞

∫ s

0
t
−

d
2 αe

−
β

t dt. (8)

Because we supposed that d ≥ 5, it follows that

0 ≤ lim
s→∞

∫ s

0
t
−

d
2 · e

−
β

t dt ≤ K2h, (9)

where K2 is a positive constant which does not depend on x and h.
From (8) and (9) we deduce the claimed inequality,

|Zκ(x)−w(x)| ≤ (C+K1 +K2)h.

3. FINAL REMARKS

We complete the paper with several concluding remarks. Recall that our aim was to present a numerical
treatment of some classes of Neumann problems for linear elliptic PDEs in a Lipschitz domain. The problem
was considered in the paper as follows.

Revision of existence in the generalized sense for the solution to the Neumann problem for linear elliptic
PDEs together with a result from Bass and Hsu (see [3]). Also, the construction of new approximations of
solutions to the Neumann problem for linear elliptic PDEs was obtained by combining the result from Bass and
Hsu from [3] with the random walk technique from [13].

In a forthcoming work, we intend to investigate numerical methods for the linear elliptic Neumann problem
for PDEs in a unit ball, by exploiting the mentioned equivalence result together with the ideas of the simplest
random walks from [13]. We shall use an equivalence result between the solution to the linear elliptic Neu-
mann problem for PDEs and the solution to the linear elliptic Dirichlet problem; cf. [5]. It is a challenge to
give approximations for the solutions for some classes of parabolic SPDEs with nonlinear Neumann boundary
conditions, considered for example in [4].
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