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Abstract. Let R be a commutative Noetherian ring and I be an ideal of R with cd(I,R) = t ≥ 1. In this paper,
we consider the Lynch’s conjecture and we obtain a partial answer for this conjecture. More precisely, we show
that if M is an R-module such that 0 ̸= Ht

I (M) is I-cofinite, then AnnR Ht
I (R)⊆ p for some minimal prime ideal

p of R.
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1. INTRODUCTION

Let R denote a commutative Noetherian ring (with identity) and I an ideal of R. For an R-module M, the ith
local cohomology module of M with support in V (I) is defined as:

H i
I(M) = lim−→

n≥1
ExtiR(R/In,M).

Local cohomology was first defined and studied by Grothendieck. The cohomological dimension of M with
respect to I, denoted by cd(I,M), is the integer t such that Ht

I (M) ̸= 0 while H i
I(M) = 0 for i > t. We refer the

reader to [6] or [9] for the basic properties of local cohomology modules. One of the interesting question in
the study of local cohomology modules is calculating the annihilator of this modules. This problem has been
studied by several authors, see, for example, [2, 3, 10–14, 18], and has led to some interesting results. One of
the interesting result shows that if R is a regular local ring containing a field, then AnnR H i

I(R) = 0 if and only if
H i

I(R) ̸= 0, cf. [12] and [14]. The following conjecture of Laura Lynch [13] has attracted considerable interest
in the literature:

Conjecture. Let R be a Noetherian ring and let I be a proper ideal of R. Let cd(I,R) = t. Then
dimR/AnnR Ht

I (R) = dimR/H0
I (R).

In general this conjecture is false. The first known counterexample was given by Bahmanpour [5]. When R
is a Noetherian equidimensional ring, this conjecture is true if and only if the ideal AnnR Ht

I (R) of R has height
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zero, cf. [2]. As the first main result of the second section of this paper, we provide a proof of this conjecture for
a complete Noetherian Local ring R, in the case that, there exists an R-module M such that Ht

I (M) is I-cofinite,
where cd(I,R) = t. An R-module M is said to be I-cofinite, if Supp(M) ⊆ V (I) and ExtiR(R/I,M) is finitely
generated for each i ≥ 0. Finally we prove this result for arbitrary Noetherian ring. More precisely, we prove
the following:

THEOREM 1.1. Let R be a Noetherian ring, I an ideal of R with cd(I,R) = t ≥ 1. Suppose that there
exists an R-module M such that 0 ̸= Ht

I (M) is I-cofinite. Then there exists a minimal prime ideal of R such that
AnnR Ht

I (R)⊆ p.
We note that if R is a domain, it is easy to see that the Lynch’s conjecture is equivalent to Ht

I (R) being
faithful. As an immediate consequence of Theorem 1.1, we derive the following corollary which shows that the
Lynch’s conjecture is true in this case.

COROLLARY 1.2. Let R be a Noetherian integral domain, I an ideal of R with cd(I,R) = t ≥ 1. Let M be
an R-module such that 0 ̸= Ht

I (M) is I-cofinite. Then AnnR Ht
I (R) = 0.

Throughout this paper, R will always be a commutative Noetherian ring with non-zero identity and I will
be an ideal of R. We shall use Max(R) to denote the set of all maximal ideals of R. Also, for any ideal I of R,
we denote {p ∈ Spec(R) : p ⊇ I} by V (I). Finally, for any ideal I of R, the radical of I, denoted by Rad(I) or√

I, is defined to be the set {x ∈ R : xn ∈ I, f or some n ∈N}. For any unexplained notation and terminology we
refer the reader to [6] and [16].

2. SECOND SECTION

The following Lemma plays a key role in the proof of the main results.
LEMMA 2.1. Let (R,m) be a Noetherian local ring and let I be a proper ideal of R. Let M be an I-cofinite

R-module of dimension n ≥ 1. Then there exists x ∈m such that M/xM is I-cofinite and non-zero of dimension
n−1.

Proof. Since M is I-cofinite, it follows that Ass R M is a finite set. As m ⊈
⋃

p∈Ass R M\{m} p, so there exists
x ∈ m such that x /∈

⋃
p∈Ass R M\{m} p. Therefore V (Rx)∩Ass R M ⊆ {m}. Hence ΓRx(M) ⊆ Γm(M) and so

ΓRx(M) = Γm(M). The exact sequence

0 → 0 :Γm(M) I → 0 :M I

shows that 0 :Γm(M) I is finitely generated with support in {m} and so by Melkersson’s Theorem [17, The-
orem1.6], Γm(M) is I-cofinite and Artinian. Consequently Γm(M)/xΓm(M) is Artinian and I-cofinite. Set
M̄ := M/Γm(M). From the exact sequence

0 → Γm(M)→ M → M̄ → 0

we conclude that M̄ is I-cofinite and dimM̄ = n. Also

Ass R M̄ = Ass R M/ΓRx(M) = AssRM \V (Rx)

so that x /∈
⋃

p∈Ass R M̄ p. Hence the sequence

0 → M̄ x→ M̄ → M̄/xM̄ → 0 (∗)

is exact and by [15, Theorem 2.9], Hn
m(M̄) ̸= 0. The exact sequence (∗) iduces the following exact sequence of

local cohomology modules
· · · → Hn−1

m (M̄/xM̄)→ Hn
m(M̄)

x→ Hn
m(M̄)
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which shows that Hn−1
m (M̄/xM̄) ̸= 0 and by Grothendieck’s vanishing Theorem [6, Theorem 6.1.2], dimM̄/xM̄ ≥

n−1. On the other hand x /∈ ZR(M̄) yields that dimM̄/xM̄ ≤ dimM̄−1 = n−1. Therefore dimM̄/xM̄ = n−1
and M̄/xM̄ ̸= 0. The exact sequence

0 → Γm(M)→ M → M̄ → 0

induces the exact sequence (Snake Lemma) [4, Proposition 2.10], as follows

· · · → 0 :M/Γm(M) x → Γm(M)/xΓm(M)→ M/xM → M̄/xM̄ → 0

Since 0 :M/Γm(M) x = 0, it follows that M/xM is I-cofinite of dimension n−1 and non-zero, because
dimΓm(M)/xΓm(M)≤ 0.

COROLLARY 2.2. Let (R,m) be a Noetherian local ring and I be an ideal of R. Let M be an I-cofinite
R-module of dimension n ≥ 1. Then there exist elements x1, · · · ,xn ∈m such that M/(x1, · · · ,xn)M is I-cofinite
and non-zero of dimension zero and consequently is Artinian.

Proof. The assertion follows from Lemma 2.1.

LEMMA 2.3. Let (R,m) be a Noetherian local ring of dimension d. Set,

T (R) :=
⋃
{J�R | dimJ < dimR}= {0}.

then AnnR HdimR
m (R) = 0 .

Proof. [3, Theorem 2.3].

LEMMA 2.4. Let R be a Noetherian ring, I be an ideal of R and M, N be two R-modules. If cd(I,R) = t ≥ 1
then Ht

I (M)⊗R N ∼= Ht
I (M⊗R N).

Proof. By [6, Exercise 6.1.8], we have

Ht
I (M)⊗R N ∼= (Ht

I (R)⊗R M)⊗R N
∼= Ht

I (R)⊗R (M⊗R N)∼= Ht
I (M⊗R N),

as required.

LEMMA 2.5. Let (R,m) be a Noetherian complete local ring, I an ideal of R and let M ̸= 0 be an Ar-
tinian and I-cofinite R-module. Then

√
I +AnnR M =m.

Proof. See [1, Lemma 2.1].

LEMMA 2.6. Let (R,m) be a Noetherian complete local ring, I an ideal of R with cd(I,R) = t ≥ 1,
and let M be an R-module such that Ht

I (M) ̸= 0 and I-cofinite. Then AnnR Ht
I (R)⊆ q for some minimal prime

ideal q of R.

Proof. Let n = dimHt
I (M). Since Ht

I (M) is I-cofinite, it follows from Lemma 2.1, that there exist elements
x1, · · · ,xn ∈m such that Ht

I (M)⊗R R/(x1, · · · ,xn)∼=Ht
I (M)/(x1, · · · ,xn)Ht

I (M) is I-cofinite and non-zero Artinian.
Therefore by Corollary 2.4, Ht

I (M/(x1, · · · ,xn)M) is Artinian and I-cofinite. Let p ∈ AttR Ht
I (M/(x1, · · · ,xn)M)

and set N := M/(x1, · · · ,xn)M. Then

Ht
I (N)/pHt

I (N)∼= Ht
I (N)⊗R R/p∼= Ht

I (N ⊗R R/p)∼= Ht
I (N/pN).
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Hence AnnR Ht
I (N/pN) = AnnR Ht

I (N)⊗R/p = p and Ht
I (N)⊗R/p is Artinian and I-cofinite. Therefore by

Lemma 2.5,
√

I +p=m. Since Ht
I (R/p)⊗N ∼= Ht

I (N/pN) ̸= 0, it follows that Ht
I (R/p) ̸= 0 and so we have the

following relations for each i ≥ 0:

H i
I(R/p)∼= H i

I+p/p(R/p)∼= H i√
I+p/p(R/p)

∼= H i
m/p(R/p)∼= H i

m(R/p)

Hence Ht
I (R/p) ∼= Ht

m(R/p). It is clear that Supp(R/p) ⊆ Supp(R) and consequently by [8, Theorem 2.2],
cd(I,R/p)≤ cd(I,R)= t. Since Ht

I (R/p) ̸= 0, it follows that cd(I,R/p)= t and therefore cd(I,R/p)= cd(m,R/p)=
dimR/p by Grothendieck’s Vanishing and non-vanishing Theorems [6, Theorems 6.1.2 and 6.1.4]. Therefore
by Lemma 2.3, AnnR Ht

I (R/p
(n)) = AnnR Ht

m(R/p
(n)) = p(n) where p(n) is the nth symbolic power of p. The

exact sequence
0 → p(n) → R → R/p(n) → 0

induces the following exact sequence

→ Ht
I (R)→ Ht

I (R/p
(n))→ 0

This shows that for each n ∈ N, AnnR Ht
I (R)⊆ AnnR Ht

I (R/p
(n)) = p(n) and so AnnR Ht

I (R)⊆ ∩∞
n=1p

(n) := J =
ker(R → Rp). Since J is finitely generated, it follows that there exists s ∈ R \ p such that sJ = 0. Let q be a
minimal prime ideal of R contained in p. Then sJ = 0 ⊆ q. Hence s /∈ q and so J ⊆ q.

LEMMA 2.7. Let (R,m) be a Noetherian local ring, I an ideal of R with cd(I,R) = t ≥ 1. Suppose
that there exists an R-module M such that Ht

I (M) ̸= 0 and I-cofinite. Then AnnR Ht
I (R) ⊆ q for some minimal

prime ideal q of R.

Proof. Since cd(I,R) = t ≥ 1 it follows that cd(IR̂, R̂) = t ≥ 1. By assumption Ht
I (M) ̸= 0 and is I-cofinite.

Hence Ht
I (M)⊗R R̂ ∼= Ht

IR̂
(M ⊗R R̂) also is IR̂-cofinite. By Lemma 2.6, AnnR̂ Ht

IR̂
(R̂) ⊆ Q for some minimal

prime ideal Q of R̂. According Going-down Theorem [4, Theorem 5.11], Q∩R = q is a minimal prime ideal of
R and so

AnnR Ht
I (R)⊆ AnnR Ht

I (R)⊗R R̂ ⊆ AnnR Ht
IR̂(R̂) = R∩AnnR̂ Ht

IR̂(R̂)⊆ R∩Q = q

THEOREM 2.8. Let R be a Noetherian ring, I an ideal of R with cd(I,R) = t ≥ 1. Suppose that there
exists an R-module M such that Ht

I (M) ̸= 0 is I-cofinite. Then there exists a minimal prime ideal of R such that
AnnR Ht

I (R)⊆ p.

Proof. Since Ht
I (M) ̸= 0, it follows that there exists a maximal ideal m ∈ R such that (Ht

I (M))m ̸= 0 Hence
(Ht

I (M))m ̸= 0. Therefore (Ht
IRm

(Mm)) ̸= 0 is IRm-cofinite. Now the assertion follows from Lemma 2.7.

COROLLARY 2.9. Let R be a Noetherian integral domain, I an ideal of R with cd(I,R) = t ≥ 1. Let
M be an R-module such that Ht

I (M) ̸= 0 is I-cofinite. Then AnnR Ht
I (R) = 0.

Proof. The assertion follows from Theorem 2.8.
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