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Abstract. In this note, we establish a bijection between two kinds of subsets of the set of all partitions of n by
extending Chapman’s conjugation of 2-modular diagrams. Based on this bijection, we provide a combinatorial
proof of the g-binomial theorem.
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1. INTRODUCTION

One of the most important summation formulae in the g-series is the following g-binomial theorem [4,
(1.3.2)]:

ZE;%?*thgf,ld<lwﬂ<h (1)

which was proved by Cauchy in 1843, by Heine in 1847, and by other mathematicians (see [4, page 9]). Here
and throughout the paper, the g-shifted factorial is defined by (a;q)o =1, (a;¢)n = (1—a)(1—aq)--- (1—aq" ")
for a positive integer n and (a;q). = [Tr_o(1 — ag*). We refer the reader to [2, Section 2.2] for a simple proof
of (I), and to [1}/6]] for combinatorial proofs of (I).

Based on the work of Chapman [3]], Guo [5] provided a new combinatorial proof of (1)) through conjugation
of 2-modular diagrams.

Motivated by the works due to Chapman [3]] and Guo [5], we present a bijective proof of the following
equivalent form of the g-binomial theorem (TJ).

THEOREM 1 (Equivalent form of (1))). For positive integers m and r withm >2 and 1 <r <m—1, we
have

oo (—er;qm)k mk k (_xqu+r;qm)oo
e M q - m. 4m (2)
= (@74 (Yg":q")es

Note that letting x — —a/q"/™,y — z/q and g — {/q on both sides of (2) reduces to (T).

The main idea of the bijective proof is to extend Chapman’s conjugation of 2-modular diagrams to con-
jugation of m-modular diagrams. The rest of the note is organized as follows. In Section 2, we translate (2)
into its combinatorial interpretation. We provide a bijective proof of the combinatorial interpretation of (2)) in
Section 3.


https://www.doi.org/10.59277/PRA-SER.A.25.3.01

168 Ji-Cai LIU, Anni ZHANG 2

2. COMBINATORIAL INTERPRETATION OF (2)

A partition A of a positive integer n is a finite non-increasing sequence of positive integers A = (11,42, -+ , A)
such that Zf;l A; = n. For a partition A of n, we define the following three partition statistics:

[(A) = the number of the parts of 4,
Sm,r(A) = the number of the parts of A which are congruent to r modulo m,

tm(A) = one mth of the largest part of A which is a multiple of m.

Let n,m and r be positive integers with m > 2 and 1 <r <m— 1. Let <%, ,, , be the set of all partitions A of
n such that all parts of A are congruent to 0 or » modulo m, the parts congruent to » modulo m are distinct and
the largest part of A is a multiple of m. Let %, ,,, be the set of all partitions A of n such that all parts of A are
congruent to 0 or » modulo m, the parts congruent to » modulo m are distinct and r is not a part of A.

Note that (2)) can be translated into the following combinatorial interpretation:

an Z xsm,,-(l)ytm(l)zzqn Z xomr A lA) 3)

n>1 AGJ%,J,” n>1 AEBym,r

In order to prove (3)), it suffices to show that

Z xs,,,.r(l)yt,,,(l) _ Z xs,,,,,(l)yl()u)7 4)
A.E.an‘m,r 2fegg}z,m.r

where n,m and r are positive integers withm >2and 1 <r <m—1.
In the next section, we shall establish a bijection @y, , : &, — By, such that s, » (@ (1)) = sSmr(A)
and [ (@, r(1)) = t,n(A), which implies @).

3. A BIJECTION BETWEEN 7, ,,, . AND %, ,

THEOREM 2. There exists a bijection @y, : <y m » — B m.r such that sy » (@ r(A)) =Smr(A) and 1 (@ (X)) =
tm(R).

The map @y, from <y r 10 By mr: For A = (A1, Az, -+, M) € % m,r, We split the part A; into some copies
of m for A; =0 (mod m) and into some copies of m and one r for A; = r (mod m), and put them in the ith row
of a matrix in a non-increasing order (i = 1,--- ,k). Summing up the entries in each column of the matrix, we
obtain a partition ¢,, (1) of n. Since no part =r (mod m) of A is repeated, the r’s can only occur at the bottom
of columns, and so the parts = r (mod m) of ¢, ,(A) are distinct. Since the largest part of A is a multiple of m,
the first row of the matrix is made up of m’s, and so r is not a part of @, ,(A). It follows that @, (1) € By .,
S (Pr (1)) = 5 (A) and (@ (A)) = t(R).

For example,

12 3333
10 333 1
9 333
g1z (1210994 1) | o f =[5 3 3 — (16,13,12,4).
4 31
1 1

The map (pnj’lfrom By 10 Gy, For A = (A1, A2, -+, Ak) € By r, We split the part A; into some copies
of m for A; =0 (mod m) and into some copies of m and one r for A; = r (mod m), and put them in the ith
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column of a matrix in a non-increasing order (i = 1,--- , k). Summing up the entries in each row of the matrix,
we obtain a partition @, 1(A) of n. Since no part = r (mod m) of A is repeated, the r’s can only occur at
the rightmost of rows, and so the parts = r (mod m) of @, 1(4) are distinct. Since r is not a part of A, the
first row of the matrix is made up of m’s, and so the largest part of (pnj’lr(/l) is a multiple of m. It follows that
Ol (M) € Ty,

For example,

33 3 3 12

33 3 1 10

1. 333 9
P31 (16,13,12,4) — 3 3 3 — 9 —(12,10,9,9,4,1).

31 4

1 1
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