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Abstract. The paper deals with the asymptotic behavior of the heat transfer in a bounded domain formed
by two g-periodically interwoven components, of highly different conductivities. Both components might be
connected. At the interface, the heat flux is continuous and the temperature subjects to a first-order jump
condition. The homogeneous Dirichlet condition is imposed on the exterior boundary. We determine the
macroscopic law when the order of magnitude of the jump transmission coefficient is €, —1 < r < 1, using
the two-scale convergence technique of the homogenization theory.
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1. INTRODUCTION

In this paper we study the asymptotic behavior of the heat transfer problem in a bounded domain formed
by two &-periodically interwoven components, when € goes to 0. Both components might be connected. The
ambient component has conductivity of unity order and it is the only one which is reaching the boundary
of the domain. The second component contains the core conductor and its conductivity is of €2-order. The
homogeneous Dirichlet condition is imposed on the exterior boundary. The heat flux is continuous at the
interface, where the temperature subjects to a first-order jump condition. We study the case when the jump
transmission coefficient of the interface is of €"-order, with —1 < r <.

Similar macroscopic systems were studied in the context of miscible displacements, heat transfer, oil reser-
voir simulation, chromatography, adsorption and reaction of chemicals in heterogeneous porous media. The
first were those of the regularized model of diffusion (see [3}/7]) which describes the fluid flow through a frac-
tured porous media with a predominant storage of fluid in the porous matrix. They were followed by works
which derived such microstructure models by homogenization of structures with isolated grains as core com-
ponent (see [6-10}/13,|14}|18]]). The system of parabolic equations in an &-periodically bi-connected medium,
subject to the homogeneous Neumann exterior condition, is treated in [15]].

In the present paper, we use the properties of the realistic framework introduced by [12] which considered &-
periodic structures composed of two connected components. It corresponds to the geometry of many mixtures,
porous media, filtering processes, radiators and so on. Various approaches to this framework can be found
in [[1L5L11L[16L[19].
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In order to derive the macroscopic behavior we apply the two-scale convergence technique of the periodic
homogenization theory (see [2,/4]). In each case we uncouple the local-periodic problems and determine the
specific solutions which allow the identification of the macroscopic problems. Dealing with the Dirichlet con-
ditions on the external boundary, we prove in detail the convergence results and present the effective behavior
in the last two essentially different cases of the problem: r =1 and r € (—1,1) (see [[17]). The macroscopic
problems turn out to be well-posed and hence, uniquely defining the asymptotic behavior of the temperature.

2. THE HEAT CONDUCTION PROBLEM

We use the e-periodic structure already presented in [16]. Here it is.

Let Q be an open connected bounded set in RY (N > 3), locally located on one side of the boundary dQ, a
Lipschitz manifold composed of a finite number of connected components.

Let Y, be a Lipschitz open connected subset of the unit cube ¥ = (0,1)N. We assume that ¥, =Y \ Y, has a
locally Lipschitz boundary and that the intersections of dY;, with dY are reproduced identically on the opposite
faces of the cube, denoted for every i € {1,2,...,N} by

TH={yedy: y=1}siZ'={yedy: y;=0}, (1)
with the property that . ‘
YN ccr® Vie{l,2,..,N}. )

We assume that repeating ¥ by periodicity, the union of all the Y, parts is a connected domain in R" with
a locally Lipschitz boundary; we denote it by RY and further RY = RV \ RY is also connected. Obviously, the
origin of the coordinate system can be set such that there exists R > 0 with the property B(0,R) C RY.
For any € € (0, 1) we denote
Ze={kcZV: ek+ey CQ}, 3)

Ie={kecZ¢: ektee;+€¥Y CQ,Vie{l,..,N}}, “)

where ¢; are the unit vectors of the canonical basis in RV.
The core component of our structure is defined by

Qg = int < J (ek+ eYb)) )
kel

and the ambient conductor and the interface between the two components by
Qsa:Q\ﬁsh, Fs :agsaﬂageh- (6)

Let us remark here that all the boundaries are at least locally Lipschitz and that both Q., and Qg are
connected.
We introduce the Hilbert space

H, = {v eL’(Q):v o € H' (Qeq), v o, € H'(Q¢), v="00n aQ} (7
£a €b
endowed with the scalar product
(u, V), = VuVy + ¢? Vqu+8/ [u][v], (8)
Qea st €

where [u] = Yeptt — YVeqtt and Yeqlt, Yepu are the traces of u on I'e defined in H' (Q¢,) and H' (Qg;), respectively.
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Let us denote I" := dY, N dY},. Obviously, if v is the normal on I'(exterior to ¥,) and x € (€k+ €I") for some
k € Z¢ then v&(x) = v ({x/€}), where {x/€} is the vector formed by the fractional parts of the components of
-1
€ "X
Our domain has the following properties (see [[11]] and [[16]):
For any v € H; there exists C > 0, independent of €, such that

|V|L2(Q£u) < C|VV‘L2(QSG) ) )
81/2 |YEGV‘L2(FS) S C (|V|L2(Qg{,) + € |VV|L2(Qsa)) y (10)
‘V|L2(ng) <C (gl/z |Y8bV’L2(Fg) + &€ |VV|L2(Q%)) . (11

Now, we can present our problem:
For any € € (0,1), f € L*(Q) and r € (—1,1], we search for the temperature ¢ which verifies the heat
conduction equations at the microscopic level:

o (ot .
“om <aij8xj> = fin Qg,, (12)
d duf
—e2 [ ) = Fi
€ axi <bl] ax]> fln 'Q'Sb, (13)

where, for any € € (0, 1), we introduce the transmission factor 4°(x) = h(x/€) and the conductivities af;(x) =
a;j(x/€), bf;(x) = b;j(x/€) which have the property that there exists 6 > 0 such that

h,a;j=aj; and bjj=bj € Ly, (Y) V1,j € {1,2,...,N}, (14)
h(y) > 9, (15)
aij(y)&&; > 8 E& and b;j(y)EE; > 8 E&, Wy eY, VE eRY. (16)

Reminding that the core component is entirely surrounded by the ambient conductor, we impose to u® the
following transmission and boundary conditions:

9 (Yeatt®) 2,¢ 9 (Yeptt®) r
EJTWS =¢ bf/TVf = &"he (Yeput® — Yequ®) on T, (17)
ug =0 on dQ. (18)

The variational formulation of the problem (12)—(18)) is the following:
Find uf € H, such that

8u‘°’ 8v al/ts av

£ € 2 F3 r £r,,€

= 7 —+ b;: —+ h =
ag(ut,v) /mau Ix; 9% £ L0 0% ax; £ - [u®][v]

:/va, Vv e He. (19)

The variational problem (19) is well-posed:
THEOREM 1. For any € € (0,1) there exists a unique u® € Hg, solution of the problem )

Proof. Using (9)—(TI) the theorem is proved by applying the Lax-Milgram Theorem. O
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3. A PRIORI ESTIMATES AND COMPACTNESS RESULTS

We begin by giving the a priori estimates of u*, solution of (19).
Setting v = u® in (2.19) and using the coerciveness of ag(-,-), we find that {u®}, is bounded in H, from:

¢ Juf dut Juf du®

2
& [y, < au®,ut) :/ i Qx; de—i— Q bij J dx; dx;
ca 1 J €b i ]

—dx+

+e’/ RE[uf]? = / fuf <Clufl, (20)
T Q ¢
In order to find a priori estimates of u® we notice that implies
2 2 2
Vi 20, + & [V 20y, + €[] 12(r) < Clufly, <C

It follows
V| 2,y SCo €IVUE| g, <C €72 [u]| 2, < C. (21)

Using (O)—(T1)) we immediately get
’MS‘LZ(QW) < C, ‘VMSILZ(QM) < C, S‘VMSILZ(QM < C, (22)

where C > 0 is independent of €. Let us introduce the following Hilbert spaces:

H;er {(p € Hlm ( ) QisY- perlodlc} (23)

H;e,( u) = {(peHloc (RY) : / ¢=0 and @isY- perlodlc} (24)

For any o € {a,b}, we denote y the indicator function of Y, in Y. Also, we define:

£ 3 € 3
e ) uy InQeq ¢ | Vug inQgq
u, = { 0 inQ- O Vu, = { 0 Q- Oy (25)
Now, with a proof similar to that of the Theorem 3.1 [16], we have the main compactness result:

THEOREM 2. For every —1 < r < 1 there exist 1, € L? (Q Hll,er( )) and u, € H} (Q) such that (on some

subsequence) we have the convergences

A=A (26)
—~€ o
Vu, 2A%a(y) (Vitta +Vyna(-,y)) . (27)

Besides (26)—(27), here are the two-scale convergences corresponding to the second component:

THEOREM 3. There exists a function uy(x,y) € L*(Q; H pler( »)) such that

i 2 0, (y)up(x,y) (28)
—€ )
Vi, 2 2, () Vyup(x, ). (29)

Proof. The estimations imply that u}, and S@Z are bounded sequences in L?(Q) and consequently we
find that they have two-scale limits on some subsequences (see the main compactness theorem of [4]] or [2]]).
Using standard methods (see Proposition 1.14 of [4]]) the form of these limits is identified as being that specified

by 8)-(29). N
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4. THE HOMOGENIZATION PROCESS FOR r =1

In this section, defining

V= HY(Q) x L2(Q: Hlfy (%)) x LA H L (1)),

per per

which is a Hilbert space endowed with the scalar product

<(”a,uba77a)a(q), (Pba(Pa)>V :/ Vuavq)+/ VyMbe(P},+
Q QXY;,

+ (ub - ”a) ((pb - CD) + / VynaVy(Pay (30)
QxI” QxY,

we can present the two-scale system verified by the limits:

THEOREM 4. If uf is the solution of the problem then, the convergences (26)~(27) and (28)—([29) hold
on the whole sequence and the limit (ug,up,M,) € V is the unique solution of the following problem:

(OHa, 9Ma) (9P, 9P 9w 9Py
/szxYa i <<9xz' " 9yi> <8x,- - 9yj> +/£2be Pii gy, ay; "

+ h(ub—ua><<pb—<b)=/ o+ [ fo, 31
QxT" JQXY, QxY,

for any (®,¢,,0,) €V

Proof. In order to prove , for ® € 2(Q) and ¢y € 7 (Q:C;,,(Yo)) , with & € {a, b}, we set v € He in
(19) as follows:

v(x) = (cb(x) teq, <x§) e (x, g)) . xeQ. 32)

Then, passing to the limit(s — 0) and taking into account the two-scale convergences (26), (27), (28), (29)
and the a priori estimates , we find like in the Theorem 4.2[16] that is valid for any (®, @y, @,) €

2(Q) x 2 (Q:Cqr,y(Yp)) ¥ .@ (Q Crr.(Ya)) . The proof is completed by density arguments. O

Remark 1. It is easy to verify that is a well-posed problem in V. Hence, the convergences (26)-(27)
and (28)—(29) hold on the whole sequence.

Here are the local-periodic problems and their solutions which allow the identification of (u, up, Ny).
For any k € {1,2,...,N} there exists Ny € pe,( Y,) which is the unique solution of the problem

9 dMa+y)\ _ o .
5 (a,j S ) =0 i, (33)
aiiji —0 onT. (34)

The effective conductivity A, symmetric and positively defined, is given by

)
Aij:/Y(a,-j—l—alk a" )y, Vi,je{1,2,..N}. (35)

Due to the existence of the first-order jump interface I's, we have to introduce the function g; which is the
only solutions in H},,(Y) of the following problem:

per

d Iqp\ .. 9gs
—aiyl <bljayj> —llan, Ua Vl+th—00nF (36)
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Remark 2. The above local-periodic problems were obtained by the heuristic method of two-scale expan-
sion (ansatz). They will prove to be correct.

Now we can summarize the homogenization results of this case:

THEOREM 5. If u® is the solution of (19) then

i 2 2 () g (37)

—€ 25 aua
it 2,0 (Voo + 529,14 38)
i 2 o(0) (ua+ fap(y)) 4 (39)
eV, 2 2,0 Vs (y), (40)

where u, € H(} (Q) is the unique solution of the Dirichlet problem
—div(AVu,)=finQ 41)
u=0o0ndQ. 42)

Proof. 1If u, € H(} (Q) is the solution of — then it is easy to verify that the only solution of the
problem (31)) is

up(x,y) = ua(x) +qp(y)f(x), x€Q,ye, (43)
du
Mal®,) = M0, 0) 5 (0), ¥€Q y €Y (44)
The proof is completed by Theorem 2] and Theorem 3] O

5. THE HOMOGENIZATION PROCESS FOR r € (—1,1)

In this case the preliminary results are given by:

LEMMA 1. The limit u satisfies:
Uy =up on Q xT. (45)

Moreover, for any ® € 2(Q) and ¢q € 7(Q;C;,,(Ye)), @ € {a,b} such that

per

op(x,y) = @(x), V(x,y) € QxT, (46)
we have.
(a9 (9P, 99 / 0wy 09y _
/Q><Yaal] <8xj + 8yj> <8x,~ + dyi > * Qxybb” dy; dyi
=/ f<I>+/ fon. (47)
QxY, QXY

Proof. We begin by proving (@5). We use the same ideas as in the proof of the Theorem[d We multiply the
variational problem with €177 and then we take the test function 1i with® € 2(Q), ¢, € 2(Q;C,,.(Ya))
and @, € 2(Q;C,,,.(Yp)). Passing to the limit with € — 0, we get

per

B0 .3) = ) (s (5.9) = BL)) =0,
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VO € 2(Q), gp € D(Q:C (), 48)

which obviously imply (453]). In order to obtain the homogenized equation we take in the same test
function (32)) with the supplementary condition (46).

The proof is completed again in a straightforward manner, the term corresponding to the integral on I'e
being of order £(117)/2, O

In the light of the previous result, we introduce the spaces

Hy por(Yp) :={@ € H,,,(Y,), =00nT}. (49)
W = Hy (Q) x L*(Q; Hy e, (Yp)) x L*(Q H,, (Ya)). (50)

Remark 3. With density arguments in Lemma|I] and setting there
vp = up —u, and Y, = (p—(l)

we find that (u,,vp,1,) € W is solution of the following problem:

To find (ug,vp,N,) € W satisfying

du, 9N\ (9P 8(pa> / vy Y,
il 53— +t=5— + bijj=——=—=
/QxYan (9xj 3)’j> <3xi " dyi QxY, Jayj ;i

:/ f<1>+/ P Y (D, Y, 04) € W. 51)
QxY QxY,

It is easy to verify that (51)) is a well-posed problem in the Hilbert space W, endowed with the scalar product:
((uaa Vb, na) ) (q)a Yp, (Pa)>W = /Vuavq) + / VbeVyl//b +/ Vy(PaVyna-
Q Qxy, QxY,

Let us denote wy, € H& ver(Yb), the only solution of the problem:

0 owp
—— | bij=— | =1inY, wp=0onT. 52
Now we can summarize the results of the homogenization process in the present case:

THEOREM 6. If u® is the solution of (19) then

i@ 2 () ita, (53)

€ 2 aua
it 20 (Vata+ 5254, ). (54)
2 2 20,(y) (ta+ fws(y)), (55)
eV, 2 2,(0) FV,wi(y), (56)

where u, € H(} (Q) is the unique solution of the Dirichlet problem —.

Proof. As u, € H}(Q) is the solution of —, it remains to verify that the only solution of the problem

(51) is given by:
ub(X,y):Md(X)—i-f(X)Wb(y), x€Q,yel), (57)
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du,
Ma(%3) = Na () (), Xx€Q, y € X (58)
The proof is completed by Theorem 2] and Theorem 3] O
ACKNOWLEDGEMENTS

(1]
[2]

(3]
(4]
(3]
(6]
(71
[8]
(91
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]

[19]

This work was supported by the International Network GDRI ECO-Math.

REFERENCES

Allaire G. Homogenization of the stokes flow in a connected porous medium. Asymptotic Analysis 1989;2(3):203-222.

Nguetseng G. A general convergence result for a functional related to the theory of homogenization. S.I.A.M. J. Math. Anal. 1989;
20(3):608-623.

Barenblatt GI, Entov VM, Ryzhik VM. Theory of fluid flows through natural rocks. Kluwer Acad. Pub.; 1990.

Allaire G. Homogenization and two-scale convergence. S.I.A.M. J. Math. Anal. 1992;23(6):1482-151.

Allaire G, Murat F. Homogenization of the Neumann problem with non-isolated holes. Asymptotic Analysis 1993;7(2):81-95.

Auriault JL, Ene H. Macroscopic modelling of heat transfer in composites with interfacial thermal barrier. Internat. J. Heat Mass
Transfer 1994;37(18):2885-2892.

Hornung U. Miscible displacement. In: Hornung U, editor. Homogenization and porous media, Springer; 1997, pp. 129-146.
Lipton R. Heat conduction in fine scale mixtures with interfacial contact resistance. SIAM J. Appl. Math. 1998;58(1):55-72.
Canon E, Pernin JN. Homogenization of diffusion in composite media with interfacial barrier, Rev. Roum. Math. Pures Appl.
1999:;44(1):23-26.
Hummel H-K. Homogenization for heat transfer in polycrystals with interfacial resistances, Appl. Anal. 2000;75(3—4):403-424.

Ene HI, Polisevski D. Model of diffusion in partially fissured media. Z.A.M.P. 2002;53(6):1052-1059.

Polisevski D. Basic homogenization results for a biconnected &-periodic structure. Appl. Anal. 2003;82(4):301-309.

Monsurrd S. Homogenization of a two-component composite with interfacial thermal barrier. Adv. Math. Sci. Appl. 2003;13(1):
43-63.

Donato P, Monsurrd S. Homogenization of two heat conductors with interfacial contact resistance. Anal. Appl. 2004;2(3):247—
273.

Peter MA, Bohm M. Different choices of scaling in homogenization of diffusion and interfacial exchange in a porous medium.
Mathematical Methods in the Applied Sciences 2008;31(11):1257-1282.

Gruais I, PoliSevski D. Heat transfer models for two-component media with interfacial jump, Applicable Analysis 2015;96(2):
247-260.

Polisevski D, Schiltz-Bunoiu R, Stefan A. Homogenization cases of heat transfer in structure with interfacial barriers. Bulletin
Mathématique de la Société des Sciences Mathématiques de Roumanie 2015;58(4):463—473.

Bunoiu R, Timofte C. Homogenization of a thermal problem with flux jump. Networks and Heterogeneous Media 2016;11(4):
545-562.

Gruais I, PoliSevski D. Model of two-temperature convective transfer in porous media. Z. Angew. Math. Phys. (J. Appl. Math.
Phys.) 2017;68(6):143-152.

Received November 6, 2023



