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Abstract. In the present paper, we give some remarks on the magnetic field operators V iA. As its applica-
tions, we study the Schrodinger equation with a magnetic field

—Au+ A Pu+iA(x) - Vi = pu+ |ulPu, x e RN,

where u is a complex-valued function and 4 € R. When N > 2, for2 < p+2 < % orN=2,for2<p+2<
+o0, the existence and nonexistence of minimizers of the corresponding minimization problem are given via
constrained variational methods. As a by-product, the above equation admits a normalized solution. We point
out that the condition divA(x) = 0 plays a crucial role in our study.
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1. INTRODUCTION AND MAIN RESULTS

As pointed out in [9]], in differential geometry it is often necessary to consider acting on complex value
function u by the operators V +iA , which are more complicated derivatives than V. See also [2[]. Recently,
in [4,[8], Guo et al. investigated the rotating Bose-Einstein condensates. For u : RN - C (N > 2), the term

i(uVu—uVu)

> ey

appears in their papers. We can regard it as a part of V £iA (see below for details). So in this present paper, we
are interested in the operators V £ iA, and we will give some remarks for the corresponding energy functional
and provide some applications on the rotating Bose-Einstein condensates.

Let A : RY — RY be a magnetic potential. u : RY — C. At first, by a direct calculus, we get the following
lemma.

LEMMA 1. It holds that
|(V 4 iA)u|? =|Vul> TiA - (@Vu —uVu) + |Aul?

2
=|Vu|® F2Re(iA - Vuit) + |Aul*.
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Proof. By adirect calculus, we get

(V% iA)u|? =(Vu=iAu) - (Vu+ iAu)
=(Vu=tiAu) - (VuFiAu)

. . 2 _ (3)
=Vu-VuFiA -Vuu+tiAu-Vu—i“Au-Au
=|Vul|® FiA - (@Vu —uVa) + |Au)?.
And it holds that
(V4 iA)u|* =|Vu|* FiA - Vui F —iAu - Vu+ |Aul? @
=|Vul> F2Re(iA - Vui) + |Aul*.
We finish the proof. O

Remark 1. For x = (x1,x;) € R?, we denote x* := (—x2,x1), A = %x{ where Q > 0 is a real number. In

rotating Bose-FEinstein condensates, € describes the fixed rotational velocity (cf. [4] or [8]). Applying Lemma
we get the result as (2.4) in 8], i.e.,

i(uVu—uVu ) Q
]Vu]z—QxL-(z) = \(V—lA)u]z—Z]xlzlu\z. 5)

Remark 2. We remark that when expanding the magnetic Laplacian Aju := (V +iA)?u, we get
Aqu = Au— |A]Pu+ idiv(A)u+2iA - Vu. (6)

It is different from the operator |(V = iA)u/?.
Based on the Lemmal[l] we have

-
iA(x) - w — Re(iA - Vu). %

Therefore, we are interested in the following functional

1
J(u) = ERe/RN iA - Vuiidx. (8)

And a natural question will be asked what the corresponding Euler-Lagrange equation of J(u) looks like. The
main goal of this paper is to answer this question. We introduce the space

X(RY,C):= {u:R" 5 C: /N IVul2dx < oo,/N A (x)[2]ufdx < o) ©)
R R
equipped with the norm
1
[Jull = (/RN(IVuIer A0 ul?)dx)> (10)
and inner product
(u,v)x :Re/ VquderRe/ A (x) [2uv dx (11)
RN RN

to make J(u) well-defined. We remark that our space X (RY,C) is different from the space H} in [2] (see also
[9). In [2], the space H consists of all functions f : RV — C such that f € L*>(RY) and (d;+iA;)f € L*(R")
for j=1,2,...,N.

In order to state our main results, we always assume that

(V) A(x) is continuous and limyy_,., |A(x)| = 40, min,cgv |A(x)| = 0.
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And we have the following result.

LEMMA 2. Foru € X(RY,C), if divA(x) = 0, it holds that

(), 9) :Re/RN iA(x) - Vigdy, V ¢ € X(RY,C). (12)
Proof. A direct calculation gives that
(J (), ) = iRe/RN iA(x) - (Vu@ +uVe)dx. (13)
Note that
idiv(#A (x)@) = iVii- A(x) @ + iudiv(A(x)) @ + iuA(x) - V. (14)

In view of divA(x) = 0, using the divergence theorem, we have

/ iA(x) - TV @ d :/ _iA(x) - VEgdx
RN RN

(15)
:/ A(x) - Vu@dx.
RN
We have done the proof. O
It implies that, when divA(x) = 0, the corresponding Euler-Lagrange equation of J(u) is
iA(x) - Vu. (16)

According to the above reasons, we can investigate the following Schrédinger equation with a magnetic
field
—Au+|AX) Pu+iA(x) - Vu= pu+ |uPu, x e RV, (17)

where u is a complex-valued function.
THEOREM 1. For u € X(RY,C), when divA(x) =0, if N=2,2 < p+2 < 4o or N>2,2< p+2 < 7>
the corresponding functional of is given by

1 1
o) = 5 [ (VP + AP P)de+ 0 = 5u [ s Wi as)

_p+2 RN

Proof. Obviously, by Sobolev embeddings, 7,,(u) is well-defined. It is easy to check that

(1! (), @) =Re /R VuVgdctRe /R 1AW)

—/.LRe/ L@dx—Re/ lulPu@dx, ¥V ¢ € X(RY,C).
RV RN

2u¢dx+Re/ iA(x) - Vupdx
RY (19)

Similar to [[1, Definition 3.1], u is a weak solutions of means that

Re/ VuV@d)H—Re/ |A(x) zb@dx—i—Re/ iA(x) -Vb@dx:uRe/ u@dx%—Re/ |ulPu@dx. (20)
RN RN RN RN RN
That is (I},(u), @) = 0. O

According to the Lagrange multiplier theorem, we can focus on the following minimization problem

= inf E , 21
“r(P) (WeX®C):ul3=p} o) D
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where | f
Ey(u) == [ (IVul*+|A®x)|ul® pt2 22
p(u) Z/RN(’ ul” + A |ul ") dx +J (u) — 72 ) Iu\ dx. (22)
We first recall that
A (e 2y = gy, y e H'(RY,R) (23)
pN N gN ’ ’

has a unique positive solution (up to translations) which is radially symmetric, denoted by ¢,. Here if N > 3,
2<p+2< N 2, if N=2,2 < p+2 < +oo. According to Weinstein [13]], ¢, or c¢,, (¢ # 0) is the unique (up
to translations) optimizer of the sharp Gagliardo-Nirenberg inequality

p+2

2 +2-N
111755 < =, ; P2\ Al 115 , feH'(R,R), 24)
where a’, = ||¢,[|5 (|| - ||y denotes the usual L* norm in RY). Since our function is complex-valued, in view
of [|9, Theorem 7.8], we need to pay attention to the inequality
/N|V|u]|2dx§/N|Vu]2dx, for u e H'(RY,C), (25)
R R

and the strict inequality often holds. To be more precisely, according to the proof of [|9, Theorem 7.8], we have
the following proposition.

PROPOSITION 1. Denote u(x) := R(x) + il (x), and it holds that
(i) ForR(x) #0, I(x) =0, i.e., it only has real part, we have

[ ¥lelPax= [ vuPa: 26)
RN RN

(ii) For R(x) =0, I(x) #0, i.e., it only has imaginary part, the above equality also holds;

(iii) If R(x) #0, ( ) £ 0, then the above equality (26) holds if and only if there exists a constant ¢ such
that R(x) = cI(x).

Obviously, combining (24) with (23), we have

2,,
71 < 2% 7 VA IR, fen ®Y,0) @7)

and ¢, or l(bpeie is the unique (up to translations) optimizer, where [ € R\ {0}, 6 € [2km,2(k+ 1)n], k =
0,£1,£2,.

Slmllar to the paper [5]] or [[12], we divide it into three cases (a) L?- subcrltlcal case2 < p+2<2 + 4 v ()
L?-critical case p+2 =2 + ; (¢) L*-supercritical case 2 + < p+2 < 5=5. We have the following results.

THEOREM 2. Suppose that N > 2 and (V') holds, then

(i) For 2+ <p+2< N 2, it holds that e, (p) = —oo for any p > 0;
(i) For2 < p+2 <2+ N’ ep(p) is well-defined and it admits minimizers which only have three froms
Ro(x), ilo(x) and Q;o(x) +ilQy0(x) with || Q103 = le (I #0) for any p > 0, the other form of

. 1
third minimizer is Qpo(x)V 1+ lzel(amwsm). In other words, one minimizer only has real part, the
another one only has imaginary part, the third one both has real part and imaginary part but they are
proportional ( % is reasonable).

(iii)) When p+2 =2+ %, we have

=

D) If0<p <po:=(a,)?, ey(p) is well-defined and it admits minimizers as (ii);
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2) If p > po, it holds that e, (p) = —oo;

3) If p = po, ep(p) = 0 but there is no minimizer.
Proof. Choosing v € C3(RY,R) C X(RY,C) satisfying [|v||3 = p, it yields that J(v) = 0. V' :=t2v(tx),
then ||v'||5 = p. And we have

E,(V') = —coast — +oo. (28)

The conclusion (i) follows.
For the second conclusion (ii), for u € X (RY,C) with ||u||3 = p, using diamagnetic inequality [9, Theorem
7.21], it is easy to check that

1
Ey(u) == [ (|Vul* +|AX)u*)dx+J(u) — —— P2y
p(u) 2/R}V(l ul ™+ A () 7w ") dx +J (u) Py v 4
1 A ? 1
> V—iﬂ ul dx— —— [ |ulPTdx (29)
2 Jry 2 p+2Jry
1 1
>0 [ ViR = [+
2 Jry p+2Jry
Let R(x) := |u(x)|, it follows form that
1 , plrETEN LA
EP(”)ZEHVRHZ_WHVRHQ : (30)

p< % gives that e, (p) > —oo. Let {u, } be minimization sequence. Using Proposition |1} we can divide it into
three cases.

Case (a): {u, } only have real part, and denote them {R,(x)} ;

Case (b): {u,} only have imaginary part, and denote them {if,,(x) };

Case (c): {u,} have real part and imaginary part, and denote this sequence as wy ,,(x) 1= Qy »(x) +ilQy »(x)
(for all [ £ 0).

For the case (a) and (b), we only deal with case (a) since the other case is similar. It yields that J(R,) = 0.

Clearly,
p 1+5—E&N

2 PN
———IVRu[ly . (31)

1 2
EP(RH) > EHVRHHZ_ 2(1;

We have {VR,} is bounded in L?, So {R, } is bounded in LP"2. Moreover, { [pv |A(x)|?|R,|*dx} is bounded. By
Sobolev compact embedding, we get e,,(p) has a minimizer Ry.
For the case (c), using Proposition [I] again, one has

Epy(Win) = SIIVIwialllz = =———IVIwialll; - (32)
2 2ap

It gives that {Vwy,} is bounded in L?. Similar arguments as above give that e,(p) admits a minimizer like
wio = Q1o(x) +ilQs0(x) with | Q0|3 = 1%12 for all [ # 0.

As (29) and (30), for u € X(RY,C) with ||u]|3 = p, when p < (a;“,)%, it holds that
1 p%
p— 2 PR —
E,(u) > 5 /]RN |V]u||*dx(1 a ) > 0. (33)

So e, (p) is well-defined. Repeating the arguments of (ii), it admits minimizers like Ro(x), ilo(x) and Q; o(x) +
ilQy 0(x) with 101013 = ﬁ (I #0). The desired conclusions 1) of (iii) follows.
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X (RM,R) means that all elements in X (R", C) only have real part. For v € X(R" R), it holds that J(v) = 0.
So

e,(p) = inf E,(u)
P uex @y oylulp=py "
1 2 2 1 +2 4
< nf 3 [ VP A PPy —— [ 2ax .
{ueX (RY R):[lull3=p} p+2Jry
When p > (a ) 2, in the spirit of 3], we can draw the conclusion 2) of (iii) safely.
For p = (a;‘,)%, jointly with (34)), like 3], one has
e,(p) = inf E,(u)
P xR O ulg=py
1 1
< inf { / (V> + A () P uf2)dx — 7/ |u|P+2dx} (35)
{ueX (RN R):[|ull3=p} p+2Jry
=0.
Here we use that for a real function v, J(v) = 0. Similar to (33), for u € X(R",C) with ||u5 = (a )% it gives
that
Eu) >~ [ [ViulPdx(1 §)>0 36
o= [ [VilPax(1=22) > 0. (36)

p

Thus, in this case e,(p) = 0 but there is no minimizer. If not, let u is a minimizer. Similar to (29) but with
more elaborate, with Gagliardo-Nirenberg inequality (27) in hand, we can verify that

_1 2 2 1 p+2
Eyuo) = [ (V0 + 4G Plao )+ J(uo) 5 [ ol 2
2
21 v_ iAWY, dx—l/ lu|P+2dx
1 1
V|| 2dx / 2y — —— / P2y
/ R o L
>3 [ AW Pl
which implies that
[, 1460 Plaodx=o. (38)

The results (ii) imply that ug possesses only three forms: a) only has real part; b) only has imaginary part; c)
both has real part and imaginary part but they are proportional. Without loss of generality, we consider the case
¢). up := R(x) +ilR(x) (I # 0) satisfying

(@
IRI3 = 1+lz,ad [ JAG)PIRRdx =0, (39)

On the one hand, in light of u is a minimizer, the following Remark 3] gives that

{ —~AR+|A(x)]?R = uR+ (1+12)5|R|PR, x € RV, (40)

A(x)-VR=0.

It follows that
/ \VR|2dx:u/ yR\de+(1+12)§/ R|P2dx. (41)
RN RN RN
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By elliptic regularity theory (cf. [[11, Appendix B]), one has R € C?>(RY). Thus, the Pohozaev identity in [14]

N-2 N N(1+12)%
v=s |VR|2c1x=—“/ ]R|2dx+(+)2/ IR|P*+2dx 42)
2 Jry 2 Jry +2  Jry
holds. By {@1)) and (@2)), we see that
2 pt2
RIS = 2~ IVRIBIIRIE. (43)
ap

Theorem B in [13]] provides that R(x) > 0 for all x € RV,
On the other hand, since the assumption (V), we derive that that R must have compact support. Indeed,

taking into account that ‘l‘im |A(x)| = oo, for any M > 0, there exists ro > 0 such that |A(x)|> > M, ¥ |x| > ro.
x| o0

If R does not have compact support, then for ry > 0, there exists xo € By . (0) such that R(xp) > 6 > 0. So
there exists 1 > € > 0 small such that

2
/R AR > M<§> meas(Be(x0)). (44)

This contradicts (39). O

Remark 3. When we obtain a minimizer u: R' — C in the Theorem Lagrange multiplier theorem implies
that there is a it € R such that

—Au+|AX) Pu+iA(x) - Vu= pu+ |ulPu, x e RV, (45)

in the weak sense. In other words, the minimizer u satisfies

Re/ VuV@dijRe/ |A(x) 2u¢dx+Re/ iA(x)~Vu¢dx:/.LRe/ L@dx+Re/ lulPu@dx, (46)
RN RN RN RN RN

for all ¢ € X(RM,C). In the future work, we are going to prove i # 0 and find solutions which satisfy
A(x)-Vu #0. 47)

Remark 4. N = 2, % replaced by 4o, the similar results like the Theorem |2| are also valid. Compared
with [5], our results are extremely useful as a supplemental text since Guo and Seiringer do not consider the
function is a complex-valued function. As we know, there is no result on the problem which contains the
term iA(x) - Vu for general potential. In this regard, we generalize the special potential x* := (—x,x;) in [8]
to general potential A. After submitting our paper, we learned that many results about rotating Bose-Einstein

condensates appear in [[6,(7,/10].
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