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Abstract. The main crux of this paper is to introduce L” local uncertainty inequalities for the Weinstein transform, and
we study L? version of the Heisenberg-Pauli-Weyl uncertainty inequalities for this transform. Then, by using the L? local
uncertainty inequalities for the Weinstein transform and the tools of Donoho-Stark, we obtain uncertainty principles of con-
centration in the L? theory, forall 1 < p <2.
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1. INTRODUCTION

The uncertainty principle appears in signal theory and harmonic analysis in various forms that include not only the
signals ¢ and their Fourier transformations .% (), but essentially all representations of signals in the time frequency
space. These mathematical results limit the simultaneous concentration of signals and their Fourier transformations, and
have a significant impact on quantum physics and signal analysis.

In the quantum physics, it is said that the speed and the position of particles cannot be measured with an infinite
precision. On other hand, in the theory of signal analysis, it is said that if we observe signals only for a limited period
of time, we lose the information about the frequency of the signals. Time-limited and band-limited functions are the
basic tools for signal processing and image processing. For example, a simple form of uncertainty inequality tells us that
signals cannot be limited simultaneously to time and bandwidth. This led to research into a set of functions that are almost
time-limited and nearly band-limited, initially conducted by the works of Landau and Pollak [4}/5] and then by the work
of Donoho-Stark [2].

In recent years, the behavior of Weinstein transform was investigated by many researchers, in relation to different
problems already studied in classical Fourier transform. For instance, Wigner and Weyl transform [10,|15]], wavelet
transform [13}/14], reproducing kernels [1,/12], pseudo differential operators [17], inequalities and uncertainty principles
[8L9,/11]]. Motivated by the works of f Faris [3|], Price [6l/7] and Soltani [[16] we prove an L? local uncertainty inequalities
in the Weinstein setting.

The layout of this manuscript is as follows. Section 2 is devoted to give a brief overview of the Weinstein operator
that will play a significant role in the proofs of our main results. In section 3, we prove a local uncertainty principle for
the Weinstein operator, and we establish for it an L? version of the Heisenberg-Pauli-Weyl uncertainty inequality. In the
last section, we show some uncertainty inequalities of concentration.

2. PRELIMINAIRES

The Weinstein operator or Laplace Bessel operator Aﬁc o defined on R‘fl =R x (0,0), by

Ay =Ag+Lg, 0> —1/2,
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where A, is the Laplacian operator on R? and Ly, is the Bessel operator for the last variable given on (0,0) by

2%u Jr206+1 u
X3, Xap1 OXgy1

Lau =

Forall A = (A1,...,Ags1) € C¥H!, the following system of equations

2
%(x) — —Au(x), ifl<j<d
x4

J
Lou(x) = —le u(x),

u u

u(0) =1, 0)=0, a—xj(O):—mj, if1<j<d

9x4+1
has a unique solution indicated by A% (24, .), and denoted by

A‘é (A,x) = eii<x,’l,>]'a (Xa+1Aay1) (D
where A = (', 4441), x = (¥,x441) and j is represent the normalized Bessel function defined by
) oo (7 1)kx2k
=T(a+1 _
Ja(x) =T(a+ ),g)zkk!r(a+k+ 1)

(A,x) = A%(A,x) is named the Weinstein kernel and satisfies for all (1,x) € R+! x RI+!

‘A‘é(l,x)‘ <1 2)

In the following, we note by L}, (Rflﬁl ), 1 < p <o, the space of measurable functions f on Riﬂ satisfying

1/p
||f||a,p=(/Rd+l|f<x>|"dua<x>) <o pelle), and [flg.=ess sup [f(2)] <

xeRY

where djig (x) denote measure on R4 =R? x (0,00) defined by

x2a+1
ditg (x) = _—dtl dx.
(2m) 22072 (a + 1)

If ¢ € L}(RY™) is radial function then ¢ defined on R, by @(x) = ¢(|x|), for all x € RI*!, is integrable function
with respect to ?*T¢*1dr, and we have the equality

au [ PP dr= [ p()duatv). 3)
+

where a, is a constant given by
1

2 (o4 44 1)

dg
The Weinstein (Laplace Bessel) Fourier transform is a hybrid integral transform defined for ¢ € L}, (R‘fl) by

VAERY, Fwal@)A) (x) A (x, )it (x).

- Ri+l
From [11]], we list the next properties which are useful in the rest of this paper:
o If @ € L}(RY™), then Fy o (@) is continuous on RE™ such that

1 Fw.a®ll g0 < @l - @)
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* Forall ¢ € L2(RY*!), we have
[ Fw.a®llgr=1@llas- Q)

s Forall ¢ € L{(RETY), 1 < p <2, Fy.o(@) belongs to LE (RIF!), where g = p/(p — 1), and we have
1Fw,a®llgy <10l (6)
Through this paper, we need to give the precise assumptions on the data of the results:
* (A1) Q be a measurable subset of R4 satisfying ¢ (Q) < co.
* (A2) X be a measurable subset of Riﬂ such that {1y (X) < oo.

* (A3) @ € LR with 1 < p<2andg=p/(p—1).

3. LP-LOCAL UNCERTAINTY PRINCIPLE

In practice, the uncertainty principle is often discussed in the context of specific measurements made on individual
particles or within localized regions of a quantum system and both the supports of time and frequency are often limited.
In such case, the infinite support fails to hold true. Therefore, there has a great need to discuss the uncertainty principles
in finite support domains. Local uncertainty principles for the classical Fourier transform were firstly attained by Faris
[3]] and they were subsequently refined and generalized by Price [6,/7]. Motivated by the above works, we extend the
uncertainty inequality studied in [[11].

THEOREM 1. Let s > 0 and g (X) > 0. Under assumptions (Al) and (A3), we have

Ci(s) (e (2))P [[1x1*9ll,, 5q < B;

S S
227w a(@llag <3 Cols) (a2 Nl Nl sa> B

1 1 R ¢
2C1(3)(Ha (X)) [[@llapIX olla,. sq=B,

where B =20 +d+2, Cy and C, are constants depend on s given by

b G N s e B (Br()r(8)
Cl(s)_ﬁ“’9<2’3-lr<g><s >q> - ew-3% (5 ) Eperr(s) )

Proof. (a) The first inequality is trivial if the norm ||[x[*@||, , is infinite. Now, suppose that |||x[*¢][, , < e and we
take By = {x € R4 : [x| < p} and B, = RE\B,, where p > 0. Denote by xs, X8, and ypg the indicator functions. Let
¢ € LL (R, 1 < p <2 withg = p/(p—1). According to inequality of Minkowski, we obtain for all p > 0

22 Fw,0(9)l 4y < wavva(xB,,fp aﬁHhﬁw(th @)Haq

Y
o.q

< (Ha(Z Ht/Wa XBp(P) aerHJWa X85 ®)
hence, according to the inequalities @) and @, it comes that
122 P () g < ()7 |25, 0] o + 2550 - ™
Furthermore, using Holder’s inequality, we obtain

128, 0] oy < 1121728, [l 116" @l -
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Since sq < B, then according to relation (3) we get

: : - s
=%, |, = Cap ™ P/, with CaZ((ﬁ—sq)ZZ lr(g)) ,

Q=

thus,
%8, < Cap Ik pll, - (8)

Moreover, we have

lss o], < xes |, Nt ola, <07 0l ©)

Next, combining the inequalities (7), (§) and (9), we conclude that

L —S N
12 w0l < [P+ Ca (a()7 0~ /1] |10 -

Then, the first inequality holds by choosing

(b) The second inequality is true if the norm [|@|[, , or [||[x[°@]|, , is infinite. Now, assume that the sum |||l , +

[Ix*@llq, is finite. From the assumption sq > f we conclude that x — (1 + x|*P) 1P is in LL(RYTY), then using
Holder’s inequality, we get

P
lollZ, = ( L+ 1) Plo o]+ |x|w>—1/l’dua<x>)

; dpa(x) \"
< (Il sol,) ([ i)

Therefore, ¢ € L, (Ri+1 ), and by replacing ¢(x) by ¢(px) in the above inequality, we obtain

T dua(x)  \"*
ol < (07~ ol 407 oll,) ([ ooy )

(1+[x|*P)
1 s !
p:<sq_l>w [xI° @l ,
B ol

L S S L B s L1
RAH (14 |x|sp)a/p 7711—~(§) (14 pspyalp 2§*1sp1"(%)1"(%)

By taking

and the fact that

)

we conclude that 5 5
1_7 v
[@ll1 < Cals) l@llap” IxF @llap-
Afterwards

||XZﬁW,a((P)||a7q§(I»loc():))é‘|yw,a((l))||a7m§(lioc(2))$||§W.,oc((l))|| <C(s) (Ha(D)7 o] ,‘q [xf* <P||ap,

which gives the second inequality.

‘lx
=

(c) Putting p > 0. Taking into account the inequality (le) <1+ (M) ? it follows that

B B
x| %7 ¢ lx[4 ¢

B _B
<pi|olg,+tp =
a,p

a.p
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Optimizing in p, we obtain

5|2
x4 ¢
a.p

1
<2|ellapy
o.p

B
|x[ %7 ¢

Therefore,we deduce that

1
B 1 8 B Lol B |2
Iz Fw.a(@)llg g = (o) (Ha(D)X | IxZ o) <2C1(5 ) < (Ha(E) l@llap|x 7o)
’ q ap q ap
which gives the result for s = /4. O
THEOREM 2. Let s,t > 0, under assumption (A3), we have
Ci(s,1) & I Fwa (057 sq < B;
T ()], < %ﬁ) e 5
WalPlllag =\ Cals.t)llolla™ Nk ella, ™ I Pwa(@)lag” . sa> B
Cs(s,) o2 Il & Il Pl @) IET sq =B,
where
s—t ! ([f;qqft)q
(L) (s+1)q (%) qt
Ci (Svt) = s St (Cl (s))wt ’ Cz(S,l) = ] (CZ(S )ﬁ+qt
(25r(§+1))™" (25r(§+1))""
and )
2t (Y:Ztt)q 2t
Crts) = — T (o (2)) 7
<2§F (% i 1)) B2
Proof. (a)Lets,t >0,1 <p<2,withg=p/(p—1)and ¢ € Lﬁ(Riﬂ). Then, we have
q
1w @y = 125, Pl )], + 255 Pwalo) [, - (10)
On the other hand, we have .
s Zwato)|) <o b1 Fwaolly, an
According to the relation (3) and Theorem 1, we get
B 7
25, Zwa(@)],, < PP X @[[E 40 with 1= (Ca(s))? (2"F(2 - 1)) . (12)

By Combining the above relations (I0), (TI) and (12)), we get
17w.a ()l < Clp™ IllxI @Il g + P~ ) Pw.a(9)]]5,,-

Hence, the first inequality holds by choosing

1
oo (L) (1 a0,
sC [l g, '

(b) We assume that sq > 3,7 > 0 and p > 0. Then, according to the relation (3) and Theorem 1, we get

1
Jitn, Fuat9)L, < CopP ol ol witn = (@ao)f (P15 +n) (13)

o,q —
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Next, by combining the relations (I0), and (13), we get

B
18, Zw.a (@)% < CapPllolle,y x|

o,q —

B —qt t g q
&,1J+p ? |||y‘ JW,OC((P)H(X’,]'

We obtain the second inequality, by choosing

1
1 ]
B ( gt ) gra [l |)’|tyW,oc((P)||Z¢,q o
-\ BG -L el .
g 191 ol
(c) We assume that sqg = 3,7 > 0 and p > 0. Then, according to Theorem 1, we get

\x\%(p% . with c3=(cl(£]))q(2ﬁr(ﬁ+1))%.

o.p

B g
| 1Fwal@)0ldnaly) < Csp® ol
P

Thus, we get
q
7

—I—Piqt H ‘y|tfw,a((»0)“z:,q'
ap

By 14 B
28, Fw.o ()|, < C3p2 1@l || Ix] 7 @

We obtain the second inequality, by choosing
2q
B+2qt

2
_<2qt poa | I Pwal()lly,

BGs

1
2

% B
oG,y ||1xI7¢

a,p

4. LP-DONOHO-STRAK UNCERTAINTY PRINCIPLES

This section is devoted to establish two continuous-time uncertainty inequalities of concentration type.
Definition 1 [11]. Let Q and X be a measurable subsets of Ri“. The timelimiting operator P, is defined by

Pag = @xa
and the Weinstein integral operator Qy is given by
Fw,a(020) = Fwa(P) Xz
Under assumptions (A2) and (A3) then we have the integral representation [/11, Proposition 4.2] of Oy
0r9(x) = Py o(Fwa(9)2s) = /ZA‘é (%, 2) Fw.a(@)(A)d e (R). (14)

Using the LP-local uncertainty inequality introduced in Theorem 1, we get the below inequalities for Qs ¢.

LEMMA 1. Lets > 0. under assumptions (Al) and (A3), we have

5,2
C1(5)(a ()P 7 13150l sq < B;

B
sq

1= B
||QZ(P||06,q < Co(5) (Ha (X)) |@llap” [IX[ @l p s sq > B

3 1

2G1(5) (ua (X)) 2 [ @]

where C|(s) and Cy(s) are determined in Theorem 1.

1 1
aplllx*ella,y. sq=p,
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Proof. According to (6) and Holder’s inequality, we get

2_
10500y < 122 Fw.a(@)ll,, < (Ha(2) 7 X2 Fwa(9) g -

Then, the results follows from Theorem 1. O

Definition 2 [[11]]. Under the assumptions (A;) — (A3) we give the following definitions.

(i) A function @ is eq-concentrated to Q in Ly (R%™)-norm, if
SQH(pHOc,pZ”(p_PQ(pH(Lp' (15)
(i) Fw.a(@) is es-concentrated to ¥ in L (RY™)-norm, with ¢ = p/(p — 1), if

el Fw.a(@)l g = [ Fw.a(@) = Fwa(Qep)ly .- (16)

(iii) A function y is bandlimited to X if Oy ¥ = ¥ and we note by %5 (X) the set of all functions y € LP(R%) that
are bandlimited to X.

LEMMA 2. Lets >0, uy(X) > 0and ¢ € BY5(X). Then, under the assumptions (A1) — (A3), the space of bandlimited
functions satisfies the following property

1 1.5
C1 () (ar(Q))7 (Ha ()7 B [[1x[* 0]l » sq < B;
; .-
1PaPllap <\ Cos) (1 ()7 (a(D)) @]l NPl sq > B;

<=

RIS !
2C1(3) (Ha ()7 (1a(2) 72 19 llap Il @llap,  sq= B,

where C(s) and Cy(s) are constants determined in Theorem 1.

Proof. The inequality is trivial if {y(Q) = 0. Now, assume that g (Q) is finite. Then, under the hypothesis of the
lemma, relation (14)), inequality (2) and Holder’s inequality, we get

1
[o(x)| < (1 (X)) 7 Xz Fw.a(@)llg -
Therefore,

1 1
1Py, < (Ma(R))? (Ha (X)) (|22 Fw.a (@)l g q -
Finally, we get the results by Theorem 1. O

THEOREM 3. Lets >0, puy(X) > 0 and ¢ € B5(X) that is eq-concentrated to Q in Ly(RE™)-norm. Then, under
the assumptions (Ay) — (A3), we have

==

1. s
O (1 ()7 (10 (2) 7P (3l sq < B;

sq

5 39 39 s
10llap < § (F22)7 (el @) (aEN 1P Qllas 50> B

201(3)) 2 2 1 ‘
(F2) (@) (a7 6@l 57 =B
where Ci(s) and Cy(s) are constants determined in Theorem 1.

Proof. Let ¢ € BH(X), 1 < p <2. Since ¢ is eq-concentrated to Q in L5 (R4!)-norm, then according to the
inequality (T5), we get

19l < all@lla, + [1Pa@lly,-
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Therefore,

lollq, < 1Paelly,, -

1—¢€q
Finally, we obtain the results by Lemma 2. O

THEOREM 4. Let s > 0, g (X) > 0 and ¢ € LE,(RETY) such that Py o (@) is ex-concentrated to ¥ in L (RT™)-norm.
Then, under the assumptions (A1) — (A3), we have

A (11 (2) (|| @l sq < B

s 1 17@ YE
| Fwa(@lag < 2 Ha®)7 I0lla,” [K0ld,.  sq>B:

2C(3 1 1 s 1
U (1 (2)% 19112, I @l13p. 50=B.

where C\(s) and C1(s) are constants determined in Theorem 1.

Proof. Let ¢ € L5(RETY), 1 < p < 2. Since Fiy (@) is es-concentrated to ¥ in L (R4™)-norm, then according to
the inequality (T6), we get
[ Fw.a(@)lg g < &l Fwa(@) o, + 122 FW.a(@)]l gy

Therefore,

|Fw.a(@)ll ||X>:35w,a(‘P)Ha,q-

<
®q4 = 1—gq

Finally, we obtain the results by Theorem 1. O
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