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1. INTRODUCTION

All graphs considered in this paper are finite, simple and undirected. We use V(G), E(G), §(G) and A(G)
to denote the vertex set, edge set, minimum degree and maximum degree of graph G, respectively. The distance
between two vertices « and v, denoted by d(u,v), is the length of the shortest path connecting them. The graph
G is denoted as Cubic if it is a 3-regular graph, and subcubic if A(G) < 3. Let C,, be a cycle whose length is n.

A total-k-coloring of graph G is a mapping ¢: V(G)UE(G) — {1,2,---,k} so that ¢(x) # ¢(y) for any
pair of adjacent or incident elements x,y € V(G) UE(G). The total chromatic index ) (G) of graph G is defined
as the smallest integer k to make sure a proper total- k-coloring exist in G. The total coloring of graph G was
introduced by Behzad [[1]] and independently by Vizing [2], and each raised the following conjecture:

CONIJECTURE 1. Every simple graph G has ¥ (G) < A(G) +2.

So far Conjecture [1| remains open. A well-known upper bound of x”(G) for simple graph G may be
A(G) + 10?°, by Molloy and Reed [3].

For a total-k-coloring ¢ of G, we use Cy(v) = {¢(v)} U{¢(xv)[xv € E(G)} to denote the set of colors
assigned to a vertex v and those edges incident to v. The neighbor-distinguishing total chromatic index x; (G)
of G is defined as the smallest integer k for which G can be totally-k-colored by using k colors so that Cy (1) #
Cy(v) for any pair of adjacent vertices u and v.

Zhang et al. [4]] studied neighbor-distinguishing total coloring of cycles, wheels, trees, complete graphs and
complete bipartite graphs, and proposed the following conjecture:

CONJECTURE 2. Every graph G with |V (G)| > 2 has %, (G) < A(G) +3.

Wang [5] and Chen [6], independently, proved this Conjecture holds for graphs with A(G) < 3. Lu et al. [7]
proved this Conjecture holds for graphs with A(G) = 4, and Papaioannou et al. [8] verified this Conjecture for
4-regular graphs. Applying a probabilistic analysis, Coker et al. [9] verified that , (G) < A(G) +C, where C
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is a constant. Huang et al. [10] proved that ¥, (G) < 2A(G) for any graph G with A(G) > 3. The conjecture
is still open for planar graphs. Furthermore, Chang et al. [|11]] proved that x;l (G) < A(G) + 3 for every planar
graph G with A(G) > 8.

The 2-distance vertex-distinguishing total coloring of graph G is a proper total coloring of G such that
Cy(u) # Cy(v) for any pair of vertices u and v with d(u,v) = 2. The 2-distance vertex-distinguishing total
chromatic index X;Q(G) of graph G is the smallest integer k such that G has a 2-distance vertex-distinguishing
total coloring using & colors.

Hu et al. [[12]] studied 2-distance vertex-distinguishing total coloring of paths, cycles, wheels, trees, unicycle
graphs, P, X P, and C,, X P,. Then they proposed the following conjecture:

CONIJECTURE 3. Every simple graph G has x;z(G) < A(G) +3.

In this paper, we will prove X;z(G) < 7 for any subcubic graphs.

2. MAIN RESULTS

Before showing our main result, we introduce a few of concepts and notation. Ng(v) denotes the set of
neighbors of the vertex v and dg(v) denotes the degree of the vertex v in G. A vertex of degree k is called
k-vertex. Similarly, a vertex of degree at least k(at most k) is called k™ -vertex(k~-vertex). A 3-vertex v is called
a 3;-vertex if v is adjacent to exactly i 2-vertices for 0 < i < 3. Let x(G) denote the chromatic index of G,
which is the least integer k for which G has a vertex coloring using k colors such that any two adjacent vertices
get distinct colors.

In what follows, a 2-distance vertex-distinguishing total k-coloring of G is shortly written as a 2DVDT-
k-coloring. Two vertices u,v € V(G) with d(u,v) = 2 are called a conflict with respect to the coloring ¢ if
Cy(u) = Cy(v). Otherwise, they are c/alled compatible. For a subgraph G of G and a 2DVDT-coloring ¢ of G ,
we say that ¢ is a legal coloring of G for short.

The proof of main result is based on the following facts:

LEMMA 1. ([12]) Let G be a simple graph with A(G) < 2, then %,,,(G) < 5.

LEMMA 2. ([13]) If G is a connected graph and is neither an odd cycle nor a complete graph, then
x(G) <A

LEMMA 3. ([14]) Every connected cubic graph G without cut edges can be edge-partitioned into a perfect
matching and a class of cycles.

THEOREM 1. If G be a subcubic graph, then x;z(G) <7

Proof. The proof is by contradiction. Let G be a minimum counterexample in the Theorem 1 to make
its edges E(G) as small as possible. Obviously, G is a connected graph and XZZ(G) > 7. However, if
|E(H)| < |E(G)| for any graph H, then y,,(H) < 7. Assume that C = {1,2,---,7} is a color set and ¢ is
a 2DVDT-7-coloring. For the sake of simplicity in the following proof, we write Cy(v) as C(v) for a vertex
veV(G).

If A(G) <2, then graph G is a cycle or a path. From Lemma 1 it is follows that X;;z(G) < 5. So, assume
that A(G) = 3. To complete the proof, we need to establish a series of auxiliary claims.

CLAIM 1. §(G) > 2.

Proof. Assume to the contrary that G contains a 1-vertex v. Let u be the neighbor of v. Consider the
subgraph G=G- {v}. Then G hasa 2DVDT-7-coloring ¢ using the color set C by the minimality of G. We
have two possibilities:
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Case 1. dg(u) = 2.

Let u; be the neighbor of u other than v. It suffices to color uv with color a € C\ {@(u), ¢ (uu;)} so that u
is compatible with the neighbors of u, then color v with color in C\ {¢ (u), ¢ (uuy),a}.

Case 2. dg(u) = 3.

Let u1,uy be the neighbors of u other than v. If at least one of u; and u; is a 27 -vertex, then it suffices to
color uv with color b € C\ {9 (u), ¢ (uuy), ¢ (uuz)} so that u is compatible with the neighbors of u; and u», and
color v with color in C\ {¢ (u), ¢ (uu;), ¢ (uuz),b}. Otherwise, dg(u1) = dg(uz) = 3. Let Ng(u1) = {u,wi,wa}
and Ng(uz) = {u,w3,ws}. Furthermore, assume that ¢ (uu;) = 1,¢ (uup) =2 and ¢ (u) = 3. If uv cannot not
be legally colored, suppose without loss of generality that C(w;) = {1,2,3,i+3} fori = 1,2,3,4. It suffices to
recolor u with color a € {4,5,6,7}\ {¢(u1),¢(u2)}, color uv with color in {4,5,6,7} \ {a}, and color v with 1.
Thus, G has a 2DVDT-7-coloring, a contradiction. ]

CLAIM 2. G does not contain a 3-cycle vivov3v) satisfying one of the following:
(1) dg(v2) =dg(v3) =2 and dg(vi) =3.
(2) dg(v2) =dg(v3) =3 and dg(vi) =2.

Proof. (1) Assume to the contrary that G contains a 3-cycle vivpv3v; satisfying dg(v2) = dg(v3) =2 and
dg(v1) = 3. Let u; be the neighbor of v; other than v; and v3. Consider the subgraph G=G- {v2v3}. Then G
has a 2DVDT-7-coloring ¢ using the color set C by the minimality of G. It suffices to color v,v3 with color in
C\ (C(v2),C(v3)) such that v, and v3 are compatible with u;. Thus, G has a2DVDT-7-coloring, a contradiction.

(2) Assume to the contrary that G contains a 3-cycle vivov3v; satisfying dg(v2) = dg(v3) =3 and dg(v;) =
2. Let u; be the neighbor of v; other than v;. Consider the subgraph G =G- {viv3}. Then G has a 2DVDT-
7-coloring ¢ using the color set C by the minimality of G. Assume without loss of generality that ¢ (vju;) =
1, ¢(vava) =2, (vaup) = 3 and ¢ (v2) = 4. It is easy to notice that ¢(v3) ¢ {2,4}. Then we use color 2 firstly
to recolor v;. We have to handle the following two situations:

Case 1. dg(uz) = 2.

Firstly, assume that ¢ (v3) € {1,3}. It suffices to color v;vs with color in {4,5,6,7} \ {¢(vsu3)} such that
G can be legally colored. Next, assume that ¢(v3) € {5,6,7}. Say ¢(v3) =5 by symmetry. If ¢(v3uz) €
{1,3}, it suffices to color v;vs with color in {4,6,7}. Otherwise, ¢ (vsu3) € {4,6,7}. Say ¢(vsu3) =4 by
symmetry. If viv3 cannot be legally colored, assume without loss of generality that C (u;) ={2,4,5,6} and
C(uz) = {2,4,5,7} with Ng(u3) = {vs,u3,u3 }. It suffices to color vv3 with 3 and recolor v; with color 6 or 7.

Case 2. dg(uz) = 3.

Firstly, assume that ¢ (v3) = 1. It suffices to color v;v3 with color in {3,4,5,6,7} \ {¢(vsu3)} such that G
can be legally colored. Next, assume that ¢(v3) € {3,5,6,7}. Say ¢(v3) = 3 by symmetry. If ¢(vzuz) =1, it
suffices to color vyv3 with color in {4,5,6,7}. Otherwise, ¢ (v3u3) € {4,5,6,7}. Say ¢ (v3u3) =4 by symmetry.
If viv3 cannot be legally colored, assume without loss of generality that C(u3) = {2,3,4,5},C(u3) = {2,3,4,6}
and C(up) = {2,3,4,7} with Ng(u3) = {v3,u3,u3 }. It suffices to recolor v3 with color a € {1,5,6,7}\ {9 (u3)}
and color v;v3 with color in {5,6,7} \ {a}. O

CLAIM 3. G does not contain adjacent 2-vertices.

Proof. Assume to the contrary, G contains adjacent 2-vertices u,v. Let Ng(u) = {v,u; } and Ng(v) = {u,v: }.
If dg(v1) = 3, then let Ng(v1) = {v,v},v| }. By Claim 2 and A(G) = 3, v ¢ E(G). Let G = G — {u} + {u1v}.
Then G has a 2DVDT-7-coloring ¢ using the color set C by the minimality of G. We have to handle the
following two situations:

Case 1. dg(uy) = 2.

Let Ng(uy) = {u,u,}. Based on ¢, in G, color uu; with ¢(vu;). It suffices to color uv with color b €
C\{9(v),d(v1),0 (uuy), ¢ (usu;)}, and color u with color in C\ (C(uy) U {b}).

Case 2. dg(uy) = 3.

Let Ng(u) = {u,uy,u; }. Assume without loss of generality that ¢ (u;) = 4, (uyu,) = 1,¢ (uju;) = 2 and
¢ (vuy) = 3. Tt follows that ¢ (v) ¢ {3,4} and ¢(vv;) # 3. Based on ¢, in G, color uu; with 3. We have to
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handle two possibilities:

e Assume that ¢ (v) € {1,2}. Say ¢(v) = 1 by symmetry. It suffices to color uv with color b € {4,5,6,7}\
{¢(vv1)} such that v is compatible with the neighbours of v;, and color u with color in {5,6,7} \ {b}.

e Assume that ¢(v) € {5,6,7}. Say ¢(v) =5 by symmetry. If ¢(vv;) ¢ {4,6,7}, then it is similar to the
former case of ¢(v) € {1,2}. Otherwise, ¢(vv) € {4,6,7}. Say ¢(vvi) = 4 by symmetry. If dg(vi) =2 or
dg(vi) =3 and C(v|) # {4,5,i} for i = 6,7. Then it suffices to color uv with b € {6,7}, and color u with
colorin {6,7}\ {b}. If dg(v{) = 3 and (C(v,),C(v})) = ({4,5,6},{4,5,7}). It suffices to recolor v with color
ae{1,2}\{¢(v1)}, and color uv and u with 6 and 7, respectively. O

CLAIM 4. G does not contain a 4-cycle vivav3vavy such that dg(v2) = dg(va) = 2.

Proof. Assume to the contrary, G contains a 4-cycle vivov3vavy such that dg(v2) = dg(v4) = 2. By Claim
2 and Claim 3, dg(vi) = dg(v3) = 3 and viv3 ¢ E(G). Then let u;,u3 be the neighbors of vy, v3 other than v,
and vy, respectively. If dg(u1) = dg(u3) = 3, then let Ng(uy) = {vi,u;,u; } and Ng(u3) = {v3,us,us}. There
are three situations to be handled:

Case 1. u; = us.

Let G =G — {v2,va}. Then G has a 2DVDT-7-coloring ¢ using the color set C by the minimality of
G. Assume without loss of generality that ¢ (vsus) = 1,0 (viuz) = 2, (usuz) = 4 and ¢ (u3) = 4(dg(uz) =2
is similar). Remove firstly the colors of v; and v3, and use 4 to color v,,v4. Next, use 1, 3, 2, 3 to color
V1,V1V4,V4v3,v3Vy, respectively. Finally, use b € {5,6} to color v3 to make v3 compatible with u/3, and color
vivy with color in {5,6,7}\ {b} such that v, is compatible with u;.

Case 2. ujuz ¢ E(G) and u; # u3.

Let G =G — {vi,v2,v3,va} + {ujusz}. Then G has a 2DVDT-7-coloring ¢ using the color set C by the
minimality of G. Assume without loss of generality that ¢ (uju3) = 1, ¢ (usu3) = 2, ¢ (uzuz) = 3 and ¢ (u3) =
4(dg(u3) = 2 is similar). Based on ¢, in G, use 1 to color u;v,uzvs. It is easy to notice that color sets of u;
and u3 don’t change in G, and @ (u;) # 4. So it suffices to color vy, vav3,v3,v3va,va,viva, vy with 2,4, 5, 6,2, 3,
4, respectively. And color v;v, with color in {5,6,7} such that G can be legally colored.

Case 3. ujuz € E(G) and u; # u3.

LetG =G— {v2,v4}. Then G has a 2DVDT-7-coloring ¢ using the color set C by the minimality of G.
Assume without loss of generality that ¢ (ujus) = 2, ¢ (uzu3) = 3, (uzv3) = 1 and ¢ (u3) = 4(dg(us) = 2 is
similar). It is easy to notice that ¢ (u;) # 2 and ¢ (u;v;) # 2. Remove the colors of v; and vs. It firstly suffices
to color vy, va,v3va,v3, vy with color 2, 4, 2, 3, 4, respectively. Nextly, we use b € {5,6,7} to color v,v3 such
that v3 is compatible with u; and u; Finally, we use a € {1,3,5,6,7} \ {b,¢(u1v1)} to color vov, and color
viv4 with color in {3,5,6,7} \ {a, ¢ (viu;)}. Obviously, v; has at least 4 distinctive color sets. Since v; has at
most three vertices of conflict, G has a 2DVDT-7-coloring. Thus, a contradiction. O

CLAIM 5. G does not contain 33-vertex.

Proof. Assume to the contrary, G contains a 33-vertex v. Let Ng(v) = {vi,v2,v3} and dg(vi) = dg(v2) =
di(v3) =2. And let u; be the neighbor of v; other than v for i = 1,2, 3. By Claim 3, dg(u1) = dg(uz) = dg(u3) =
3. Let Ng (;) = {vi,u;,u; } for i = 1,2,3. By Claim 4, u; # u>. Consider the subgraph G = G — {v;} — {v»2} +
{u1v2}. Then G hasa 2DVDT-7-coloring ¢ using the color set C by the minimality of G. Assume without loss
of generality that ¢ (vou;) = 1,¢ (uu;) = 2,0 (uyu;) = 3 and ¢ (u;) = 4. Based on ¢, in G, we color u;v; with
1. Remove the color of v. There are two possibilities to be handled:

Case 1. ¢(vv3) # 1.

We color vv, with 1. It is easy to notice that the color set of v, doesn’t change in G. We have to handle
three situations:

(1) ¢(vvz) €{2,3}. Say ¢(vv3) =2 by symmetry. Firstly, we use 5 to color v; and b; € {4,6,7} to color
vy such that v; is compatible with v;. It follows that vv; can be colored with at least two colors. Next, we have
two possibilities need to be handled according to the color of vs:

e ¢(v3) €{1,4,5,6,7}. It suffices to color v with color in {3,4,6,7} \ {¢(v2),0(v3),b;}. Obviously, v
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has at least one color set that can be distinguished from u; for i = 1,2,3.

o ¢(v3) =3. We color v with by € {4,6,7} \ {9 (v2),b1}. If C(v2) = {1,5,i},¢(v2) =i, and C(u3) =
{1,2,m,p} for i € {4,6,7} and m,p € {4,6,7}\ {i}. Then G cannot be legally colored. Thus, it suffices to
recolor vy, vvy,v with 6, 4, 7, respectively. Otherwise, we are done.

(2) ¢(vv3) =4. We have three possibilities need to be handled according to the color of vs:

e O(v3) €{5,6,7}. Let ¢(v3) = a. It suffices to color v; with a, vv; with b; € {5,6,7} \ {a} such that v,
is compatible with v,, and color v with by € {2,3,5,6,7} \ {¢(v2),a,b; }.

e ¢(v3) = 1. It suffices to color v; with 5, vv; with b; € {6,7} such that v; is compatible with v,, and
color v with by € {2,3,6,7} \ {¢(v2),b1 }.

o ¢(v3) € {2,3}. Say ¢(v3) =2 by symmetry. It suffices to color v; with 2, vw; with b; € {5,6,7} \ {a}
such that v; is compatible with v, and u,, and color v with b € {3,5,6,7}\ {¢(v2),b1}.

Obviously, v has at least one color set that can be distinguished from u; fori = 1,2, 3.

3) o(vv3) € {5,6,7}. Say ¢(vv3) =5 by symmetry. We have four possibilities need to be handled
according to the color of v3:

o ¢(v3) € {6,7}. Say ¢(v3) = 6 by symmetry. It suffices to color v; with 5, vv; with by € {4,7} such that
v| is compatible with v, and color v with b, € {2,3,4,7} \ {¢(v2),b; }.

e ¢(v3) = 1. It suffices to color v; with 6, vv; with b; € {4,7} such that v; is compatible with v,, and
color v with by € {2,3,4,7}\ {9 (v2),b1 }.

e ¢(v3) €{2,3}. Say ¢(v3) =2 by symmetry. It suffices to color v; with 5, vv; with b; € {4,6,7} such
that v is compatible with v,, and color v with by € {3,4,6,7}\ {¢(v2),b1}.

e ¢(v3) =4. It suffices to color v; with 6, vv; with by € {4,7} such that v; is compatible with v,, and
color v with by € {2,3,7}\ {¢(v2),b1}.

Obviously, v has at least one color set that can be distinguished from u; fori = 1,2, 3.

Case 2. ¢(vv3) = 1.

It is easy to notice that ¢ (v2) ¢ {1,4} and ¢ (vouz) # 1. Remove the color of v,. We have three situations
to handle according to the value of ¢ (v3):

(1) ¢(v3) = 4. There are two possibilities to be handled:

o @ (vaup) # 4. Firstly, assume that ¢ (u) # 4. It firstly suffices to color v»,v; with 4, 5, respectively. Then
use by €{2,3,5,6,7}\ {¢(vauz)} to color vva, by € {6,7}\ {b1} to color vvy, and b3 € {2,3,6,7}\ {b1,b2}
to color v. Next, assume that ¢ (up) = 4. It firstly suffices to color vp,v; with 5, respectively. Then use color
by €{2,3,4,6,7}\ {¢(vau2)} to color vvy such that v, is compatible with u, and u, by € {6,7}\ {b1} to color
vy, and b3 € {2,3,6,7}\ {b1,b2} to color v.

e  @(voup) = 4. Firstly, assume that ¢ (up) # 2. It firstly suffices to color vy, v; with 2, 5, respectively.
Then use color by € {3,5,6,7} to color vv, such that v, is compatible with u, and wy, by € {6,7}\ {b;} to
color vvy, and b3 € {3,6,7} \ {b1,b2} to color v. Next, assume that ¢ (up) = 2. It firstly suffices to color v, v,
with 5, respectively. Then use color by € {2,3,6,7} to color vv, such that v, is compatible with ulz and ug,
by € {6,7}\ {b1} to color vv, and b3 € {2,3,6,7} \ {b1,b2} to color v.

Obviously, v has at least one color set that can be distinguished from u; fori = 1,2, 3.

(2) ¢(v3) €{2,3}. Say ¢(v3) =2 by symmetry. There are two possibilities to be handled:

o ¢(up) # 1. By ¢(voun) # 1, it firstly suffices to color v,,v; with 1, 5, respectively. Then use color
by €{2,3,4,5,6,7} \ {0 (vau2)} to color v, such that v, is compatible with u,,u, and v3, by € {4,6,7}\ {b1}
to color vv; such that v; is compatible with v,, and b3 € {3,4,6,7}\ {b1,b2} to color v.

e ¢(up) = 1. Firstly, assume that @ (voup) # 4. It firstly suffices to color vo,v; with 4, 5, respectively.
Then use color by € {2,3,5,6,7} \ {¢(vauz)} to color vv, such that v, is compatible with u/2 and ug b, €
{4,6,7}\ {b1} to color vvy, and b3 € {3,6,7} \ {b1,b2} to color v. Next, assume that ¢ (vouz) = 4. It firstly
suffices to color vy,v; with 2, 5, respectively. Then use color by € {3,5,6,7} to color vv, such that v; is
compatible with w, and u,, by € {4,6,7} \ {b1} to color vvy, and b3 € {3,4,6,7} \ {b1,b2} to color v.

Obviously, v has at least one color set that can be distinguished from u; for i = 1,2,3.

(3) ¢(vv3) € {5,6,7}. Say ¢(vv3) = 5 by symmetry. There are two possibilities to be handled:
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o ¢(uz) # 1. By ¢(vaua) # 1, it firstly suffices to color v,,v; with 1, 6, respectively. Then use color
by €{2,3,4,5,6,7} \ {¢(vau2)} to color vvy such that v, is compatible with u,,u, and v3, by € {4,7}\ {b1} to
color vv; such that v is compatible with v,, and b3 € {2,3,4,7}\ {b1,b2} to color v. It is easy to notice that
vv; can be colored with at least two colors, then vv; can be colored with at least one color. Obviously, v has at
least one color set that can be distinguished from u; fori =1,2,3.

e ¢ (up) = 1. Firstly, assume that ¢ (vouy) # 4. It firstly suffices to color v,,v; with 4, 6, respectively. Then
use color by € {2,3,5,6,7}\ {¢(vau2)} to color vvy such that v, is compatible with u, and uy, by € {4,7}\ {b1}
to color vvy, and b3 € {2,3,7}\ {b1,b2} to color v. It is easy to notice that vi, v, and v3 do not conflict with
each other. Obviously, v has at least one color set that can be distinguished from u; for i = 1,2,3. Next, assume
that ¢ (vouy) = 4. We firstly color vp,v; with 2, 6, respectively. Then use color by € {3,5,6,7} to color vv,
such that v, is compatible with u, and u,, by € {4,7} \ {b1} to color vy, and b3 € {3,4,7} \ {b1, b2} to color
v. It is easy to notice that vi,v, and v3 do not conflict with each other. If vv, can only be colored by 3 and 7,
and C(u3) = {1,3,4,7}. Then C(uz) # {1,3,4,7} and G can not be legally colored. Thus, it suffices to recolor
vi, vy, v with 7, 6, 4, respectively. Otherwise, we are done. ]

CLAIM 6. G does not contain 3,-vertex.

Proof. Assume to the contrary, G contains a 3,-vertex v. Let Ng(v) = {vi,v2,v3}, dg(vi) = dg(v2) =2 and
let u; be the neighbor of v; other than v for i = 1,2. By Claim 3 and Claim 5, dg(u;) = dg(uz) = dg(v3) = 3.
Let Ng(u;) = {vi,u;,u; } for i = 1,2, and Ng(v3) = {v,u3,us}. Assume without loss of generality that 2 <
dg(uy) < dg(uy) < 3 and d(u;) = d(uy) = 3 by Claim 5. By Claim 4, u; # u. Then consider the subgraph
G =G—{vi}—{vw} +{u;v2}. Then G has a 2DVDT-7-coloring ¢ using the color set C by the minimality
of G. Assume without loss of generality that ¢ (vou;) = 1, (uju;) = 2,¢(uyu;) = 3 and ¢ (u;) = 4. Tt easy to
notice that ¢(v2) ¢ {1,4} and ¢ (vouz) # 1. Based on ¢, in G, we color u;v; with 1. Remove the color of v.
There are two possibilities to be handled:

Case 1. ¢(vv3) # 1.

We color vv, with 1. It is easy to notice that the color set of v, doesn’t change in G. We have to handle
three situations:

1) ¢(vv3) € {2,3}. Say ¢(vv3) =2 by symmetry. It suffice to use 3 to color vy, by € {4,5,6,7} to color
vy such that v; is compatible with v», and b3 € {4,5,6,7}\ {9 (v2),¢(v3),b1} to color v. Obviously, v has at
least one color set that can be distinguished from u; fori =1,2,3,4.

(2) ¢(vv3) = 4. The following four possibilities are discussed:

e Assume that ¢(vo) =2 and (C(u2),C(u3),C(us)) = ({1,4,5,6},{1,4,5,7},{1,4,6,7}). Then it respec-
tively suffices to color vy, vvy with 5, 3, and color v with {5,6,7}\ {¢(v3)}.

e Assume that ¢(v2) € {5,6,7} and @¢(v3) = 2. Say ¢(v2) =5 by symmetry. If ¢(vouz) = 3 and
(C(u2),C(u3),C(uq)) = ({1,4,3,5},{1,4,3,7},{1,4,6,7}). We recolor vv, with 2 or 6 such that v, is compat-
ible with u/z, and color vy, vvy,v with 6, 7, 3, respectively. If ¢ (voup) = 3,C(uz) # {1,3,4,i} fori =5,7, and
{1,4,6,7} € (C(u3),C(us)). We respectively color vi,v with 6, 3, and color vv; with 5 or 7. If ¢ (vouz) =3
and {1,4,6,7} ¢ (C(u3),C(us)). We color vi,vvy,v with 5, 6, 7. If ¢ (vaup) # 3 and (C(uz),C(u3),C(us)) =
({1,4,5,6},{1,4,5,7},{1,4,6,7}). We color vi,vv;,v with 5, 3, 6. Otherwise, it suffices to color v; with 3,
vy with by € {5,6,7} and v with color in {6,7}\ {b }.

e Assume that ¢ (v2),9(v3) € {5,6,7}. Say ¢(v2) =5,¢(v3) = 6 by symmetry. It suffices to color v; with
3, vy with by € {5,6,7} such that v; is compatible with v,, and color v with color in {2,7}\ {b; }.

e Otherwise, we color v; with 3, vvy with b; € {5,6,7} such that v; is compatible with v, and color v with
colorin {2,5,6,7}\ {¢(v2),9(v3),b; }. Obviously, v has at least one color set that can be distinguished from u;
fori=1,2,3,4.

(3) ¢(vv3) € {5,6,7}. Say ¢(vv3) =5 by symmetry. It suffices to color v; with 5, vw; with b; € {3,4,,6,7}
such that v; is compatible with v, and color v with color in {2,3,4,6,7}\ {¢(v2),¢(v3),b; }. Obviously, v has
at least one color set that can be distinguished from u; for i = 1,2,3,4.
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Case 2 ¢(vv3) = 1.

Remove the color of v,. There are three situations to be handled depending on the value of ¢ (v3):

1) ¢(v3) € {2,3,4}. Say ¢(v3) =2 by symmetry. Firstly, we color v; with 3. Next, there are two
possibilities to be discussed:

o @(up) # 1. It suffices to color v, with 1, vvp with by € {2,3,4,5,6,7} \ {¢(vouz)} such that v, is
compatible with uy, vv; with by € {4,5,6,7} \ {b1} such that v| is compatible with v,, and v with color in
{4,5,6,7}\ {b1,b2}.

o @(uz) = 1. Firstly, assume that ¢ (vouz) = 4. It suffices to color v, with 2, vvy with b; € {3,5,6,7} such
that v, is compatible with u,, vv; with by € {4,5,6,7}\ {b;}, and v with color in {4,5,6,7} \ {b1,b2}. Next,
assume that ¢ (voup) # 4. It suffices to color v, with 4, vvy with by € {2,3,5,6,7} \ {¢(vauz)} such that v is
compatible with iy, vy with by € {4,5,6,7} \ {b;}, and v with color in {5,6,7} \ {b1,b,}.

Obviously, v has at least one color set that can be distinguished from u; fori =1,2,3,4.

(2) ¢(v3) € {5,6,7}. Say ¢(v3) =5 by symmetry. Firstly, we color v; with 5. Next, we have two
possibilities to be discussed:

o @(up) # 1. It suffices to color v, with 1, vy with by € {2,3,4,5,6,7} \ {¢(vouz)} such that v, is
compatible with u,, vy with by € {3,4,6,7}\ {b;} such that v; is compatible with v, and v with color in
{2,3,4,6,7}\ {b1,b>}.

e ¢(uy) = 1. Firstly, assume that ¢ (voup) = 4. It suffices to color v, with 5, vv, with by € {2,3,6,7} such
that v, is compatible with u,, vv; with by € {3,4,6,7}\ {b1}, and v with color in {2,3,4,6,7}\ {b;,b,}. Next,
assume that ¢ (vaup) # 4. It suffices to color v, with 4, vv, with by € {2,3,5,6,7} \ {¢ (vouz)} such that v; is
compatible with w,, vy with by € {3,4,6,7}\ {b1}, and v with color in {2,3,6,7}\ {b1,b2}.

Obviously, v has at least one color set that can be distinguished from u; fori =1,2,3,4. ]

CLAIM 7. G does not contain 31-vertex.

Proof. Assume to the contrary, G contains a 3;-vertex v. Let Ng(v) = {v1,v2,v3}, dg(vi) = 2, and let u,
be the neighbor of v; other than v. By Claim 3 and Claim 6, dg(u;) = dg(v2) = dg(v3) = 3. Let Ng(up) =
{v1,u},u;}, and Ng(v;) = {v,v;,v; } for i = 2,3. By Claim 6, d (u,) = dg(u}) = 3. By Claim 2, u; # v,. Then
consider the subgraph G' = G — {v;} + {vu; }. Then G' has a 2DVDT-7-coloring ¢ using the color set C by
the minimality of G. Assume without loss of generality that ¢ (vu;) = 1,9 (vv2) =2,¢(vv3) =3 and ¢ (v) = 4.
Based on ¢, in G, we color u;v; with 1. It is easy notice that the color set of u; doesn’t change in G. If
{2,3,4,i} € (C(vy),C(v),C(v3),C(v3)) for i = 5,6,7. We color v; with color {2,3}\ {6 (u1)}, recolor v with
be{5,6,7}\{¢(v2),v3}, and color vv; with colorin {5,6,7}\ {b}. Otherwise, it suffices to color v; with color
{2,3}\ {¢(u1)} and vv; with color in {5,6,7}. Obviously, v has at least one color set that can be distinguished

ron .
from uy,v;,v; fori=2,3. O

CLAIM 8. G does not contain a cut edge.

Proof. Assume to the contrary that G contains a cut edge uv. It follows that G=G- {uv} consists of two
components G, and G, for u € V(G,) and v € V(G,). Let G| = G[V(G,) U{v}] and G, = G[V(G,) U {u}]. It
follows that G| and G, are proper subgraphs of G. By the minimalization of G, G| and G, have 2DVDT-7-
coloring ¢; such that Cy, () = {1,2,3,4} with ¢; (uv) = 1 and ¢, such that Cy, (v) = {1,5,6,7} with ¢ (uv) =1
use the color set C, respectively.(This can be accomplished by exchanging reasonably the colors of G, under
¢.) Noticed that combining ¢; and ¢ to produce a 2DVDT-7-coloring of G. This is a contradiction. U

So far it follows that G is a 3-regular simple graph without cut edges. Since K4 can be 2DVDT-7-colorable
with color set C by [[12]], we assume that G # K. By Lemma 2, G is 3-colorable. Thus, first we use 1, 2, 3 to
color all vertices of G such that adjacent vertices receive distinct colors.

Next, we color all edges of G with colors in {3,4,5,6,7}. By Lemma 3, G can be edge-partitioned into
a perfect matching M and a class &7 of cycles. Color all edges of M with the same color 7. For each cycle
A =vivvs---vvy in &/, we use colors of {3,4,5,6} to color its edges. For convenience, we define each edge
vivir1 as e; for v = vy. There are two situations to be handled as follows:
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Case 1. Only two colors appear on the vertices of A.

Assume without loss of generality that ¢ (v;) = 1 and ¢ (v2) = 2.

Ifk=0 (mod 3), then {61,64, s ,ek_5,ek_2} — {4}, {62,65, cr  Ch—4,Ck—] } — {5}, {6’3,66, s ,ek_g,ek} —
(6}).

Ifk=1 (mod 3), then {61,64, s ,ek_6,ek_3} — {4}, {62,65, s ,ek_5,ek_2} — {5}, {63,66, ct L, €h—4,€k—1 } —
{6}, {ex} = {5}-

Ifk=2 (I‘IlOd 3), then {61,64, s ,ek_7,ek_4} — {4}, {62,65, s ,ek_6,ek_3} — {5}, {63,66, s ,ek_5,ek_2} —
{6}, {ek,l,ek} — {4,3}.

Case 2. There are three consecutive vertices of A that receive distinct colors.

Assume without loss of generality that ¢ (vi) =1, ¢(v2) =2 and ¢(v3) = 3.

Ifk=0 (mod 3), then {61,64, s ,ek_5,ek_2} — {4}, {62,65, s ,ek_4,ek_1} — {5}, {63,66, s ,ek_3,€k} —
{6}.

Ifk=1 (mod 3), then {61,64, s ,ek_6,ek_3} — {4}, {62,65, s ,ek_5,ek_2} — {5}, {63,66, crt L, Ch—4,€k—1 } —
{6}. {ex} = {5}.

Ifk=2 (mod 3), then {61,64, s ,ek_7,ek_4} — {4}, {62,65, s ,ek_6,ek_3} — {5}, {63,66, s ,ek_5,ek_2} —
{6}, {ex—1} — {4}. If ¢(vx) = 2, then color ¢; with 3. If ¢ (vx) = 3, then color ¢; with 5.

This makes G 2DVDT-7-colorable. Thus, it is a contradiction. The whole proof of Theorem 1 is completed.
O
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