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Abstract. The paper presents the kinematic and workspace analysis of a 6-DOF parallel robot for Single 

Incision Laparoscopic Surgery (SILS), a type of minimally invasive surgery where the surgical 

instruments are inserted into the operating field through a single port (trocar). First, the robotic-assisted 

task is defined (as a medical protocol) and then the kinematic models of the parallel robot are obtained 

using a vector method. While an analytical solution is derived for the parallel robot inverse kinematics, 

its forward kinematics is numerically solved. The workspace generation and the initial numerical 

simulations, performed with respect to the required medical task, validate the robotic system for the 

SILS medical task.  
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1. INTRODUCTION 

Single incision laparoscopic surgery (SILS) is a type of minimal invasive surgery (MIS) which uses a 

single access port for the surgical instruments’ insertion (using a specialized elastic trocar) within the operating 

field (in contrast to classical MIS where the instruments are inserted through distinct access ports). The most 

significant advantages of SILS over classical MIS and open surgery are: (i) less surgical trauma and pain for 

the patients; (ii) faster patient recovery (i.e., less hospital time); (iii) better cosmetics [1]. However, using a 

single access port leads to major challenges for SILS, mainly due to the small volume for the surgical 

instruments’ manipulation (especially outside the operating field where the “crossing” phenomenon usually 

occurs and the surgeon guides the distal tip of the right instrument with its left hand and vice-versa), which in 

turn negatively affects the procedure ergonomics. Both drawbacks may affect patient safety [2]. As history 

showed, robotic assisted surgery revolutionized the field, e.g., in the year 2000 the da Vinci robot entered the 

healthcare domain with great success in MIS, and later in 2018 the same company developed the da Vinci SP 

robotic system, a platform that targets SILS exclusively [3]. Robotic-assisted MIS (including SILS) has distinct 

advantages over the hand performed procedure. The master-slave robotic systems offer increased accuracy, 

scalable motions, better ergonomics, among others [4, 5]. The benefits of the robotic assisted procedure directly 

translate in: less postoperative pain, reduces scarring, less length of hospital stay, short recovery time. Several 

robotic systems designed for SILS are described in the literature. The da Vinci SP system [6] uses a single 

highly dexterous instrument positioned by a single robotic arm at the SILS access port. The SP instrument 

“unfolds” and provides three active instruments and a endoscopic camera (all of them being flexible). Senhance 

[7] is another FDA approved robotic system. In contrast to the da Vinci SP platform, Senhance uses a multi-

arm approach which may cause collision issues (among the robot arms). A different approach was studied in 

[4], where the authors proposed a hybrid robotic system consisting of a serial robot that positions a parallel 

orientation platform near the SILS access port, which in turn guides the active surgical instruments. In [8] the 

authors show a robotic system that is able to position a laparoscopic camera, or an active surgical instrument 

in the operating field (which could be used in SILS). 
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Parallel robots are a good option to be used for a SILS robotic assisted procedure since they have 

excellent accuracy, repeatability and they can work properly in narrow operating field (required in SILS). A 

specialized orientation platform that guides the active instruments can be mounted on the mobile platform to 

achieve the necessary motions for the surgical instruments. This new approach avoids some of the 

shortcomings of multi-arm systems (i.e., robotic arm collisions) and of purely dexterous instruments (which 

in some configurations may lose gripping force, negatively affecting e.g., suturing). The paper introduces an 

innovative parallel robotic system for SILS and presents its kinematic modeling, and numerical results for the 

robot trajectory generation correlated with the SILS task. The motivation is to prove the viability of the robotic 

system for the medical task and establish the theoretical basis for future development. 

The paper is structured as follows: Section 2 introduces the parallel robot and describes the robotic-

assisted medical task; Section 3 presents the parallel robot kinematic models, starting from the geometric ones 

and ending with the velocity and acceleration ones. Section 4 shows numerical results for trajectory planning 

with respect to the SILS task. Section 5 presents the paper conclusions. 

2. A NEW PARALLEL ROBOT FOR SILS 

A simplified CAD model of the new parallel robotic system for SILS is presented in Fig. 1 (patent 

pending [9]). The robotic system consists of three major components: i) a 6-DOF parallel robot (Fig. 1b) which 

is positioned on the side of the operating table (Fig. 1a), which guides a mobile platform; ii) the mobile platform 

contains a laparoscopic camera and two additional orientation platforms with 3-DOF each, positioned on both 

sides of the laparoscope, for the active instrument manipulation (Fig. 1c); iii) two active SILS instruments 

(with 4-DOF [4]) are guided by the orientation platforms using RCM [10]. The robotic system has multiple 

redundant DOF to ensure good accuracy for the tissue manipulation in the operating field. Furthermore, the 

SILS robotic system will contain AI and VR modules [14] to help the surgeons both in the preplanning stage 

(e.g., to visualize the operating field), and during the procedure (e.g., AI with suggestive behaviour that 

highlight bleeding). 

A preliminary robotic-assisted protocol was developed in cooperation with medical specialists for the 

new SISL robot; the protocol uses a sequential approach to ensure patient safety. Table 1 presents this protocol 

for a clear understanding of the robot task and its intended operation. 

 

 

   
a) 

b) 
c) 

Fig 1 – CAD model of the new SILS parallel robotic system: a) parallel robotic system positioned near the operating table;  

b) 6-DOF parallel robot; c) mobile platform containing two 3-DOF orientation platforms for guiding the active instruments. 
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Table 1 

Robotic-assisted SILS protocol 

Procedure’s steps Detail 

Step 1 

Preplanning 

1.1 medical history analysis and diagnosis; 1.2 defining the therapeutic conduit using the SILS robotic 

system AI and VR tools with embedded medical imaging and other medical parameters; 1.3 defining the 

robot-patient relative position and estimating the RCM point (corrections may be done in situ); 1.4 estimate 

the optimum mobile platform position and orientation to ensure adequate workspace in the operating field 

using the VR modules of the SILS robotic system; 1.5 performing a simulated procedure using the SILS 

robotic system AI and VR modules. 

Step 2 

Preparation 

2.1 preparing the patient and the robotic system; 2.2 mounting the (sterile) SILS instruments and the 

laparoscope; 2.3 testing the robotic system to ensure proper functionality (performed by the main surgeon 

from the master console, with the assistant surgeon analysing output motions for the surgical instruments); 

2.4 preparing the operating field (anaesthesia, incision, SILS trocar insertion, CO2 insufflation). 

Step 3 

Go to Ins. point 

3.1 moving the parallel robot mobile platform towards the insertion point (all the instruments should be 

aligned with the SILS trocar and have a vertical pose checked by the AI modules and confirmed by the 

assistant surgeon); 3.2 visual confirmation for the instruments position with respect to the SILS trocar 

(assistant surgeon); 3.3 manually position the SILS instruments in their access ports (assistant surgeon). 

Step 4 

Instr. insertion 

4.1 the parallel robotic system inserts all the SILS instruments in the operating filed by guiding the mobile 

platform on a linear vertical direction; 4.2 continuous visual confirmation for the instrument insertion (minor 

corrections can be done manually by the assistant surgeon). 

Step 5  

Mobile platform 

positioning 

5.1 the parallel robotic system positions and orients the mobile platform (predefined in Step 1 using the VR 

and AI modules) using RCM; 5.2 positioning and orientation corrections can be applied, if necessary, from 

the master console; 5.3 visual confirmation for the instruments, trocar, external tissue (assistant surgeon).  

Step 6  

Surgical task 

6.1 locking the robot platform and operating the SISL active instruments; 6.2 mobile platform repositioning 

may be performed (using RCM), if required, for better view through the laparoscope or instrument handling 

(Important: if this step is required the robot must compensate the active instrument tip position such as the 

relative position between the tissue and the tissue is unchanged); 6.3 performing the SILS task (the VR and 

AI agents help the surgeon in to ensure patient safety and ergonomics). 

Step 7  

Instr. retraction 

7.1 manipulating the active instruments (through the orientation platform and their self DOF) to enable 

adequate retraction on a linear path; 7.2 instrument retraction using a linear path; 7.3 continuous visual 

confirmation, both outside the operating field (assisting surgeon) and inside using the laparoscope (main 

surgeon); 7.3 manual assistance if required. 

Step 8  

Robot homing 

8.1 sending the robot to the safe position; 

Step 9  

Procedure finalizing 

9.1 removal of CO2 from the patient’s body; 9.2 trocar extraction; 9.3 tissue suture and ensuring homeostasis. 

3. KINEMATIC MODELING 

The mathematical modelling from this point onward is focused exclusively on the 6-DOF parallel robot. 

Other studies reported kinematic analysis of the orientation platform [11] or the active SILS instruments [5]. 

The kinematic scheme of the 6-DOF parallel robot is presented in Fig. 2 showing a parallel mechanism of type 

3-R-PRR-PRS, which consists of three identical kinematic chains and a mobile platform with the topology: 

• The three identical kinematic chains LC1, LC2, and LC3 (type R-PRR-PRS) are actuated by the prismatic 

joints q1, q2 (for LC1), q3, q4 (for LC2), and q5, q6 (for LC3), respectively. Each chain has a passive rotation 

motion around the actuation axis of their respective prismatic joints. Furthermore, each chain contains 

other three passive revolute joints namely: R11, R12, R13 for LC1, R21, R22, R23 for LC2, R31, R32, R33 for 

LC3. Lastly, each kinematic chain contains a passive spherical joint (S1, S2, and S3, respectively) that 

connect the chain with the mobile platform. The geometric parameters of the kinematic chains are: l0 is 

the distance between the actuation axes of the joint pairs q1, q2 (l0 in a horizontal plane), q3, q4 (l0 in a 

vertical plane), and q5, q6 (l0 in a horizontal plane), respectively; l1 and l2 represent the mechanical links 

that (together with the passive revolute joints) compose the kinematic chains; LH represents the distance 

between the actuation axis of LC1 and LC3 (on OY direction); LV represents the distance between axis 

OY and the actuation axis of LC2; 
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• The mobile platform (MP) is connected to the three kinematic chains through the three passive spherical 

joints S1, S2 and S3. The geometric parameter lp represents the side of the equilateral triangle defining the 

MP with vertices the centres of the passive joints S1, S2 and S3; 

• Two coordinate systems are defined, the fixed one OXYZ attached to the robot base such that the 

actuation axis of q1 and q2 represents the OZ axis, and the mobile one O’X’Y’Z’ attached to the geometric 

centre of the MP (Fig. 2). 

For the mechanism synthesis the formula presented in [12] is used, which defines: 

( ) ( )
1..5

6 i

i

M F N i F C
=

= −  − −   (1) 

where: M represents the mobility degree of the mechanism; F represents the mechanism family (the number 

of common constraints among the mobile elements); N the mobile elements within the mechanism; Ci the class 

i joints (i – the number of suppressed degrees of freedom of a mechanical joint). Considering that each input 

kinematic chain represents a class 3 joint, and each kinematic chain and the mobile platform are mobile 

elements results in: F = 0 (MP has no constraints), N = 4, and C3 = 6. Substituting these values in Eq. (1) shows 

that the SILS parallel robot has 6-DOF: 

36 3 6.M N C=  −  =  (2) 

 

Fig. 2 – The kinematic of the parallel robotic system (type 3-R-PRR-PRS) for SILS. 

3.1. Geometric modeling 

For the inverse geometric model, the inputs are defined by the vector X = [XE, YE, ZE, ψ, θ, φ]T (the 

coordinates and orientations of the mobile platform) whereas the outputs are the generalized coordinates of the 

active joints defined by Q = [q1, q2, q3, q4, q5, q6]T. The ZYX Euler angle convention is used with the rotation 

matrices: 
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where cos( ),  sin( ),  cos( ),  sin( ),  cos( ),  sin( )c s c s c s     =  =  =  =  =  =  . The Euler transformation 

matrix, denoted M, is obtained by multiplying the rotation matrices: 

( ) ( ) ( ).Z Y XM R R R=       (4) 

The coordinates of the centers of the spherical joints (S1, S2, S3) with respect to the mobile coordinate frame: 
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Using the vector relations: 

T T T:[ , , ] [ , , ] [ ' , ' , ' ] ,   1...3,i Si Si Si E E E Si Si SiS X Y Z X Y Z M X Y Z i= +  =  (6) 

yields the coordinates of the passive spherical joints (S1, S2, S3) with respect to the fixed coordinate frame 

OXYZ: 

1

1 1

1

3 1 1
c c c s s s c

6 2 2

3 1 1
: s c s s s c c

6 2 2

3 1
s s c

6 2

S E p p p

S E p p p

S E p p

X X l l l

S Y Y l l l

Z Z l l

      

      

  


= + − +




= + − −



= − −


,     

2

2 2

2

3
c c

3

3
: s c

3

3
s

3

S E p

S E p

S E p

X X l

S Y Y l

Z Z l

 

 




= −




= −



= +


, 

3

3 3

3

3 1 1

6 2 2

3 1 1
:

6 2 2

3 1

6 2

S E p p p

S E p p p

S E p p

X X l c c l c s s l s c

S Y Y l s c l s s s l c c

Z Z l s l s c

      

      

  


= + + −




= + + +



= − +


 

(7) 

Based on the kinematic scheme (Fig. 2) the distances Ri (i =1…3) between the passive spherical joints and the 

actuation axes of qi (i =1…6) can be computed using trigonometry: 

( ) ( )
22

1,2,3 1 2 1 2,4,6 1,3,5 0

1

1
4

2
R l l l q q l

l
= + − − +  (8) 

2 2 2
1 1 1 0S SX Y R+ − = , ( )

22 2
2 2 2 0S S VX Z L R+ − − = , ( )

22 2
3 3 3 0.S S HX Y L R+ − − =  (9) 

The circle equations (Eq. (9)) are solved for qi (i =1…6) yielding double solutions for the active joints. To 

describe the intended working mode of the parallel robot (the one illustrated in Fig. 2) the following 

constraints are imposed (to establish limits for the actuation axes such that specific singularities are avoided 

when e.g., q1 = q2): q1 < q2 ,  q3 > q4 ,  q5 < q6 and the explicit closed form solutions for the inverse geometric 

model are: 
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For the forward geometric model, the inputs are the active joints coordinates Q = [q1, q2, q3, q4, q5, q6]T, 

whereas the outputs are X = [XE, YE, ZE, ψ, θ, φ]T. The input-output equations for the mathematical model are 

obtained by using Eqs. (7)–(9), defining 6 nonlinear equations with the outputs XE, YE, ZE, ψ, θ, φ as unknowns: 
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(11) 

Equation (11) can be solved numerically using the Newton-Raphson (NR) algorithm. To apply NR the 

geometric parameters of the parallel robot are given, as well as the inputs Q = [q1, q2, q3, q4, q5, q6]T and an 

initial solution (guess) for the outputs Sol0 =[XE_0, YE_0, ZE_0, ψ0, θ0, φ0] (computed via the inverse geometric 
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model from a previous neighboring point on the robot trajectory). The Jacobian matrix A is computed by 

differentiating fi (i =1…6) from Eq. (11) with respect to the outputs X = [XE, YE, ZE, ψ, θ, φ], and the following 

relations are iteratively applied: 

1
1 _ _Sol Sol ,    ,   1... ,i i i i num i num iA F i n−
−= +   = −  =  (12) 

where Soli – the solution (for XE, YE, ZE, ψ, θ, φ) after the ith iteration, Anum_i – the Jacobian matrix A evaluated 

with the geometric parameters and Soli−1, Fnum_i – the input-output equations (Eq. (11)) evaluated with Soli−1. 

3.2. Kinematic modeling 

To compute the velocity kinematics the Jacobian matrix formulation is used [13]: 

0A X B Q +  =  (13) 

were A represents the Jacobian matrix computed by differentiating the implicit functions fi (i=1…6) (Eq. 11), 

with respect to [XE, YE, ZE, ψ, θ, φ], B represents the Jacobian matrix computed by differentiating fi (i =1…6), 

with respect to [q1, q2, q3, q4, q5, q6], X represents velocity vector of the mobile platform, and Q represents the 

velocity vector of the active joints [15]. Using Eq. (13) the explicit solutions for the velocity kinematics are: 

1Q B A X−= −    (14) 

1 ,X A B Q−= −    (15) 

where Eq. (14) represents the solution for the inverse kinematic model (for velocities) and Eq. (15) represents 

the solution for the forward geometric model (for velocities). 

To compute the acceleration kinematics Eq. (13) is differentiated with respect to time yielding: 

0,A X A X B Q B Q +  +  +  =  (16) 

where A and B are the time derivative of the Jacobian matrices, X and Q  are the acceleration vectors for the 

mobile platform (coordinates and orientations) and the active joints respectively. To solve the kinematic 

models Eq. (16) can be rewritten as: 

( )1Q B A X A X B Q−= −   +  +   (17) 

( )1X A A X B Q B Q−= −   +  +   (18) 

where Eq. (17) represents the solution for the inverse kinematics (for accelerations), whereas Eq. (18) 

represents the solution for the forward kinematics (for accelerations). 

4. NUMERICAL RESULTS 

The workspace for the 6-DOF parallel robot was computed using the robot inverse geometric model by 

defining discrete volumes and computing the active joints values qi (i =1…6) for each point form the defined 

volumes. If the solution was real and the active joints did not exceed the axis limits q1 < q2 < LV,  q4 < q3 < LH,  

q5 < q6 < LV the point was saved, otherwise the point was discarded. The following numerical values for the 6-

DOF parallel robot geometric parameters were used {l0 = 75, l1 = 300, l2 = 400, lp = 300, LH = 1500, LV = 1550} 

[mm]. Fig. 3.a shows the workspace of the parallel robot computed for the mobile platform with no orientation 

(ψ = θ = φ = 0°) (constraint used when the mobile platform is aligned with the insertion point and during the 

surgical instrument insertion stage); Fig. 3b shows the workspace of the parallel robot with the following 

intervals ψ = [−60° 60°], θ = [−60° 60°], φ = [−60° 60°] to evaluate the parallel robot capability to orient the 

laparoscope with high angles; Fig. 3c shows the workspace of the parallel robot computed for the commonly 

used (in SILS [4]) orientations intervals ψ = [−30° 30°], θ = [−30° 30°], φ = [−30° 30°]; Fig. 3d shows the 

parallel robot workspace by considering the insertion point (RCM) R [XR = 315.9, YR = 701.6, ZR = 800.6] mm, 
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where the center of mobile platform (point E) is a the distance d = [50 100] mm from point R (to simulate 

reorientation and surgical instruments insertion during the SILS task). A trajectory was defined to simulate the 

SILS task with respect to the insertion point R [XR = 315.9, YR = 701.6, ZR = 800.6]; the numerical data is shown 

in Table 2. 

Table 2 

Numerical data for a SILS trajectory 

Stage 1 (t = [0, 28.4] s,  vmax = 10 mm/s,  amax = 5 mm/s2) Stage 3 ( t = [40.4, 48.5] s,  vmax = 10 mm/s,  amax = 5 mm/s2) 

Pose 1 [mm, deg] 

XE=70.2, YE=750, ZE=860.9, 

ψ=−45°, θ=0, φ=0. 

Pose 2 [mm, deg] 

XE=315.9, YE=710.6, ZE=950.5, 

ψ=0, θ=0, φ=0. 

Pose 3 [mm, deg] 

XE=315.9, YE=701.6, ZE=850.6, 

ψ=0, θ=0, φ=0. 

Pose 4 [mm, deg] 

XE=351.3, YE=726.6, ZE=835.9, 

ψ=0, θ=45°, φ=−30° 

 Stage 2 (t = [28.4, 40.4] s,  vmax = 10 mm/s,  amax = 5 mm/s2)  

 

In Stage 1 of the trajectory the parallel robot moves from an arbitrary position to an intermediary position 

where the robot aligns the laparoscope (and the active instruments) with the insertion position (time interval 

t = [0, 28.4] s).  

In Stage 2 (time interval t = [28.4, 40.4] s) the instruments are inserted in the operating field on a linear 

trajectory.  

In Stage 3 (time interval t = [40.4, 48.5] s) the parallel robot reorients the medical instruments. The 

defined trajectory (Fig. 4) was tested in both Matlab and Siemens NX. The trajectory was used as input data 

for the invers geometric model (computed in Matlab) and the resulted values for the velocities of the active 

joints (Fig. 5) were exported in Siemens NX (as inputs for the active joints) to simulate the mobile platform 

motion. Then, the NX data (for the active joints and the mobile platform motion) was exported and plotted in 

Matlab (Figs. 4 and 5 – black dashed lines) to validate the mathematical model (the Matlab and NX data 

overlapped with a maximum error of 3∙10−2 mm for positioning and 10−2 ° for orientations). 

 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 3 – Workspace computation for the 6-DOF parallel robot for SILS. 

RCM 
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Fig. 4 – Time history diagram for the defined law of motion for the parallel robot mobile platform; green, blue, red lines (Matlab 

computed data); black dashed lines (Siemens NX exported data). 

 
Fig. 5 – Time history diagram for the active joints of the parallel robot; green, blue, red lines (Matlab computed data);  

black dashed lines (Siemens NX exported data). 

5. CONCLUSIONS 

The paper presented a 6-DOF parallel robot for SILS with its mathematical modelling and numerical 

results. The inverse geometric model and the kinematic models were derived using a vector method, achieving 

fully parametric analytical solutions for the inverse geometric model, whereas the forward geometric model 

was numerically solved with the NR algorithm. Furthermore, the SILS parallel robot workspace was computed 

with various constraints, to evaluate the robot capability in different stages of the SILS task. In addition, a 

SILS trajectory was simulated with respect to a predefined insertion point. The initial numerical results validate 

the new 6-DOF parallel robot for the SILS medical procedure. 
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Further work is intended for achieving a complete singularity analysis, corelated with the robot 

workspace, and dimensional optimization to obtain an optimum workspace and reduce the robot size. 
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