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Abstract. This article studies the controllability properties of the heat equation having a memory term with higher
order derivatives. It is know that in the usual setting the diffusion equation with a memory term has poor controllability
properties. We show that these difficulties can be overcome if a moving control is considered.
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1. INTRODUCTION AND MAIN RESULTS

Let M,T >0, T := R/27Z be the one-dimensional torus and let Q := (0,7) x T. The aim of this article is
to analyze the controllability properties of the following heat equation involving a memory term:

g (1,x) — Uy (2, ) —I—M/t U (8,x) ds = 1, A, x) (r,x) €0
0
u(0,x) = u®(x) xeT,

ey

where the support w(z) of the control % at time  moves in space with a constant velocity c, that is,
w(t) = wo—ct, 2)

with wo C T a reference set, open and non empty. The control 4 € L?(Z?) is then an applied force localized, at
each instant 7 > 0, in the set w(t), where &2 := {(t,x)|t € (0,T),x € w(t)}. Our equation being defined on the
torus T, there is no need of specifying the boundary conditions which will automatically be of periodic type.

In many problems arising in mathematical physics such as flow of fluid through fissured rocks, diffusion
process of gas in a transparent tube, heat conduction in materials, and viscoelasticity, one may encounter
memory effects that are relevant from a physical point of view and can be modeled by nonlocal terms. Equation
(1) models the heat transfer in isotropic media in which the heat flux depends both on the present value of the
temperature gradient and its history (see, for instance, [3,4./12]]). The well-posedness of (1) can be investigated
by using a spectral approach and it will be addressed elsewhere.

Controllability results for the heat equation with memory have been obtained at the beginning by asking
that the temperature be identically equal to zero at time T,

u(T,-) =0, 3)

(or to a pre-established state; see, for instance, [[1,/5,/6]). As remarked by [7] (see, also, [9] in the context of
viscoelasticity), (3)) represents a kind of “relative null controllability”, which however need not be controllabil-
ity to rest. Indeed, even if the trajectory hits the zero, the solution may leave it in the future due to the memory
effect. Therefore, the following definition of the null-controllability property for problem (I)) will be used:
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Definition 1. Equation (T]) is said to be memory-type null controllable in time T > 0 if, for each initial data
u® € L?(T), there exists a control function h € L?(.%?) such that the corresponding solution of (T]) verifies

u(T,x) = /OT Uye(s,x)ds =0 (xeT). 4)

Notice that in (4) to the classical notion of null controllability (3)) an extra condition, demanding that the
memory term to be equal to zero, has been added. As mentioned before, this guarantees that, once driven to
zero, the solution stays there for any t > T.

The controllability results for (I) when the support of the control is fixed (c = 0) are known to be very
poor and even the spectral controllability may fail (see Remark [I). To overcome this difficulty, in [2] a new
strategy was proposed, consisting in considering a control with moving support as in () with ¢ > 0. With
this approach, [2] proved the memory-type null controllability in time 7 when the memory term is of the form
M fé u(s,x)ds. The main ingredients used to show this result are Carleman type-inequalities for the typical heat
equation and the compactness of the memory term. Our aim is to study the controllability properties of equation
(1), in which the memory term depends on the second derivative of the temperature. This model is more natural
and closer to the original modified Fourier law proposed in the seventies. As in [2]], we shall consider a moving
control with the support given by (2)) and ¢ > 0. The main result of this article is the following.

THEOREM 1. Suppose that ¢ > 0 and the control support w is given by (2)). Then equation (1)) is memory-
type null controllable in any time T > 27”

It is usual in the context of linear controllability problems, like Theorem [I] to reduce their study to an
observability inequality for the adjoint system. However, the analysis is facilitated if we first fix the support of
the control. To do this, we consider the change of variable x 4 ct =y and we define the new unknown functions

1
Sy =t L(03)i=2(t0) = [ ualsn)s
We obtain that (I)) is equivalent to

E(t,y) +c&y(t,y) — &y (t.y) +ME(t,y) = Lyh(1,y),  (t,y) €0
G, y)+cCy( ) =En(2,y), (t,y)eQ 5)
g( ) é ( )’ C(Ovy):07 y€T7

where h(t,y) := h(t,y — ct). Now the memory-type null controllability Deﬁnitionreads as follows.

Definition 2. System (3)) is said to be memory-type null controllable in time T > 0 if, for each initial data
&0 € L2(T), there exists a control & € L?((0,T) x wp) such that the corresponding solution of (§) verifies

E(T,y)=C(T,y)=0  (yeT). (6)

We remark that the control / in Definition has fixed support in time, wy. Moreover, let us emphasize that
is memory-type null controllable in time 7' > 0 if and only if (§) is so.

As mentioned before, the proof of Theorem|I|uses the well-known duality of the concepts of controllability
and observability. More precisely we have the following result whose proof is omitted.

THEOREM 2. System (3) is memory-type null controllable in a time T > 0 if there exists a constant K > 0
such that the following observability inequality holds

0O <K [ [ lot) avar )

T > € (LZ(T))z, where ( $ ) is the unique solution of the following adjoint system
_(pt(lvy) - c(py(l,y) - (Pyy(t,y) + ll’y)’(l’y) =0, (t7y
L,y

*lllt(tvy)7CW)'(tvy)*M(p(tay):07 (
o(T,y)=0"(y), w(T,y)=v"(y), yE€

)

) €
) € ®)
T.
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The remaining part of the paper is devoted to the proof of the observability inequality (7)) under the assump-
tion that T > 27” In this endeavor, the spectral analysis of the differential operator corresponding to the adjoint
system (8)) will play a fundamental role. Firstly, we notice that system (8) can be equivalently written as

(3) e (3)=(0): (3)m=(30): ©

—02 —cdy, 92
* yy Y y
A= ( —MId —Cay > ’

where

In the following theorem we introduce the spectral properties of the operator .o/ *. Its proof is mostly a straight-
forward, if somehow tedious, computation and we omit it.

THEOREM 3. The eigenvalues of the operator «/* are given by the family (A;F), ., U{A}, where Ag =0
and

1
AE = 5 <n2j:|n|\/n2+4M) —icn:= ,uﬁ;l—icn (neZ"). (10)
Each eigenvalue A;* has an associated eigenvector

1
2

2
1 . M
CI)Z’i:Yni< M )e’”y, where Y = <i> +1 (neZ’). (11)

In|

The eigenvalue Ay = 0 is algebraically double, with one eigenvector, CIZ'S’Jr = ( (1) ) and one generalized

1
7 *— M _M ; : *PHHT M *7+ *7i ; 7 7
eigenvector, &) = AT < | ), verifying o/ *®y = VT D,". Moreover, (an )neZ is a Riesz basis

in the space (LZ(TF))Z.

Remark 1. In the case ¢ = 0 and M # 0, the spectrum of the operator 27 is purely real and the subfamily of
eigenvalues (A, ),~, has an accumulation point at —M. It is known that the presence of an accumulation point
in the spectrum makes a system not even spectrally controllable. This is why the controllability properties
of the heat equation with memory (I]) and fixed support control are very poor. The situation changes when
¢ >0, 1. e. when a moving control is considered. In this case, due to its imaginary part, the subfamily
(A, ),>1, becomes well-separated and we are able to show that the resulting system is controllable, if the time

T is sufficiently large. From the spectral point of view, the problem becomes similar to the one studied in the
context of viscoelasticity [10].

T
According to Theorem given the initial data ( I(ZT > =Y,z a,jfd),*{i, the corresponding solution of the
y

adjoint system (9) is given b

o(t,-) ) £ AE(-T) gkt | +ast < - M *,+>
=Y a, " "TONT fagdy T Hap Py A+ —=(—T)Dy" |, (12)
(w(n-) é 0P\ P e T

and the observability inequality (7)) is equivalent to

_2 2
_ _Tu- 12 ‘a ‘ T + : an
(l+ +€ Tﬂ‘;‘+a— — o TH‘,,‘ + 0 <K/ / ai e)Ln (l‘—T)-‘rmy_iO dvdz. 13
é A " w5 L éyi | W (13)

In the sequel C represents a positive constant which may change from one row to another and we denote

A= (e’lnit> ; U {eM'}. We recall that a sequence (%), ., U{®} C L* (-1, L) is biorthogonal to the
nezZ*
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family A in L? (— %, T) if the following relations hold

r _ T T _ r
e tdr= [ @) =1, [ OfneMidi= [ ©Ln)di=0 (mez),
B T S
O ()M dr= [ On()eM dt= [ @) dt =0 (m,n€L’n#m). (14)
2 2 -2

The concept of biorthogonal sequence will be useful to prove the observability inequality (13).

2. CONSTRUCTION OF A BIORTHOGONAL SEQUENCE

In this section we construct and evaluate a biorthogonal sequence to the family of exponential functions A
in L? (— %, Z). Firstly, let us define the infinite products

272
At i dor +7zi zi AiE i Ml +zi .
PO(Z)::H >+ H "= Pn:i:(z):_:i TE ini - (MGZ), (15)
nez* 2«n nezZ* 2,,, ;Lm nez* A«n _;Lm nezZ* A,,?: _)vm
—~ — n#m %,—/
By (2) Py (2) Bt () ﬁj(z)

where (4,5),.;- are the eigenvalues given by (I0). The convergence of products is a consequence of the

estimates given by the following result.

THEOREM 4. There exist positive constants Cy, Cy and Cs, independent of m, such that the products P,ffand
Py given by (13)) verify the following estimates

Czexp (ng/’z—i/l,?f’+7ct)3(z—ihn)’) (zeC, meZ*), (16)

IB(2)| < Crexp (Cov/RI+ 213(2)]) (zeO. a7

[P < Cife— ik

Proof. Let us consider that m € Z* and Z := % With the notation introduced in (I3]) we have

~ Z z ‘ (HZ M )
‘P,;(@(:H(l—) T 1--2+2 Il _Timl)
neZ* lﬂ,n_ - ll;; neZ* nel* m—n (m - n) (lln_ - la'”z)
n#m n<m—1n>m+1
o e e
o k(iA, , —iln) k(id,, . — im)
z aM 2eM +4AM= 5
< 1—| = — Z|+ ————1Z|" | . 18
k#|m|
From it follows immediately that 15,; verifies the following estimate
7~
—P, (z)| <C (1Z] < 1). (19)
Am
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Now, suppose that |Z| > 1 and let | |Z|| := k,, L%J = k!, FIZ\J = k2. From (T8) we deduce that

ﬁ( (5

+Ck2|Z| 4 Ck3 \z\2>

7% A
- ’ K 2 3172
- 1+7(Ck‘ 1Z| +Ck3|Z] ))
2|7 -
zi ||sin(7Z) 2 k?
<c|X ‘ ; H< <Ck 21z|+ k3 |z )) (20)
A ‘ 22‘ \m — 2| [k2—22|
Py (2)
We remark that ) 5
| ||sin(wZ k
g||sin@2)| S M e (z15(2)). @1
M nZ (kz)z_zz‘ |m —7Z |
and it remains to estimate the product P} from ([20). We remark that
1 k<kl-1
k2 2 3 2 1 1 2
- - <
ln<1+ T (Ck Z| + k37| )) SOx{ Ay K <k<k
a4 Byi<k

From the above estimates we immediately deduce that
P <ciz  (z1z1). (22)
Now, taking into account (20, and we obtain that
7~
k:‘P o (2)

m

<Clzlexp(mI3(2))) (122 1). (23)

From this and (19) we deduce that there exists a positive constant C, independent of m, such that

7l ~
Am &

C‘z—iﬁ‘cexp <§‘3(z—zﬁ)‘) if ‘z—iﬁ >c

_ (zeC, meZ*). (24)
c if ‘z—i/l,; <c

To estimate the product ﬁ; (z) we proceed as follows

E—in
A — Am

)vm +zi
/l* 7Lm

< z—iﬁn

nelZ*
n#m

)

’Z—l/ﬁ"exp Zln <1+

neZ*
n#m

ew(x [ O oo [y [ S

<l|z—1i exp / —_— :)z—i exp / / t

" nEZ* 0 t+’kn+_lm’ " O nEZ* |}’;r7)”;| (t+s)2
— EJrzi‘ o0 K(S) - ‘7& +zz) 1

< -itow (2 [ [ KO o) <o aenn (¢ [ L

‘Zlmexp<o o (a2 ) SETER

241 ~_ __ oM : :
where K(s) :=Y > ;.1 (1 + > Vsand 7= T=/iran From the above estimate we obtain that

neN
exp (c ‘lerziD (25)

P, (2)

S’z—iﬁ
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The estimate of the product P, (z) is similar to the one of the product 13,; (z) and we obtain that
B ()] < exp (C ‘MJrzi‘) . (26)

~+
To estimate the product P, (z) we remark that

zi =T Xm +zz ~ At 7~
)| = | A o) CacA N R - (2).
Ao A ?L — A it M An — Ao lm Am — Ao -

From the last estimate, (24)), (23)) and (26)) we deduce that the product P verify (T6).
Finally, in the case case m = 0, we remark that P+( ) can be estimated with the same arguments as P, (z)
while P (z) is similar to the term —f:iP_ (z). Hence, estimate (17)) follows immediately. The proof of the

m
m

theorem is complete. O
Remark 2. According to (T6) and (T7), P;; and P, are entire exponential functions of type .

We can pass to construct the desired biorthogonal sequence (C5) mez+ U{Bo} to the family A in L? (— %, %) .

THEOREM 5. Let T > 2% and € > 0 such that T > *Z T +2¢. There exist a biorthogonal sequence () pez U

{@¢} to the family A in L? (—Z 7) and a positive constant K such that the following inequality holds

272

2

2

d<K|Y \Bj{zexp(ze‘um)ﬂﬁo\z 27)

mez*

Z B ©,,, (1) + Bo®o (1)

mez*

for any finite sequence (B;),,cz- U {Po} C C.

Proof. Let T’ > 0 such that T > T’ > 27”74— 2¢e. Let anf and Py be the products given by (13)). Taking into
account Theorem H and the fact that ‘x — i)ﬁ‘ < ‘x— idnh ‘ we deduce immediately that there exist positive

constants C; and Cs such that the products P;- and Py verify the following estimates on the real axis
[Po(0)] < Caexp (Csv/Il) |PiE()] < Caexp (cs [x— m:g]) (xeR,meZ).  (8)

Now, given f8 € (0, 1), we consider the entire function 11 from [8, Lemma 2.1] with the properties that
W) =1, |h(a)| <Cexp(—eldf +ehl)  (z=x+iyeC), 29)
and we define the functions
Wo(o) = P(0h(z),  Wh(x) =PE(h(z—ik,) (meZ’). (30)

Since P;" and P, are functions of exponential type % and I is a function of exponential type € we deduce that
W and W are entire functions of exponential type . Furthermore,

lpo(ii,f)zo, ¥ (0) =1, Ti(iﬁ) S WEO)=0  (maneZ). 31)

From estimate of the product P5 on the real axis and property of the multiplier 7, it follows that

1 Y
/‘Ti(x)!zdx§Cexp<2£’u@D/exp <2C5 ’x—ili‘z—%‘x—i%ﬂ;’ )dx
R R
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By choosing > % we obtain that

/|ly0( )P dx <C, /}l}f )\zdx§Cexp(28)u§;l

> (mezZ). (32)
By using Paley-Wiener Theorem, we deduce that there exists (6;5),,., U {60} C L? (—%, %) such that
Wo(z) = Oo(t)e "*dt, Wi( / e dt  (meZ").

From and it follows that (6,5),,.7- U{60} is a biorthogonal sequence to A in L? (—%, %’) verifying

60l ) SC NGl ) <Cow(efuy])  mez), (33)
Since T > T’, a new biorthogonal (©}}),,.7- U{®o} to the family A in L? (—%£,Z) verifying can be

constructed as in [[11, Theorem 3.2]. The proof of the theorem is complete. O

3. PROOF OF THE OBSERVABILITY INEQUALITY (13) AND OF THEOREM

m

us to conclude the proof of the observability inequality (T3). Let (a;),cz+ U{ao} be a finite sequence, B =

Let T > 2Z. The biorthogonal sequence (03),,.,. U{®} to A in L*> (—%, %) given by Theoremlallows

a: exp <—k,§t%) and By = ap. From the biorthogonality properties (I4), we deduce that

T 2
Y BrOx + @, Y afexp (A}2+7Lfr> +ag =Y |aF| +aol?. (34)
mez* nezx* Lz(_%‘%) nel*

Moreover, by using inequality and the fact that —Tuﬁ;' +2¢| ,u@ | <2MT, it follows that
Z ﬁi®i+ﬁo®0, Z a,; exp (ﬁ,iﬂ-li )+a0
meZ* neZ* LZ( % g)

< \/I? <mGZZ* }ﬁnﬂzexp (23 ‘.uﬁ D + ‘ﬁ0’2>

Za exp( " lit)—kao

et p(-11)
1/2 .
g\/I?eMT<Z }a ‘ + |ao| ) Zafexp(lniz—i-lft)—l-ao ; (35)
mez* nez* LZ(—%,%)
where K is the constant in (7). From relations (34)-(33) we obtain that the following inequality holds
1/2 .
( ) ‘a,ﬂz + |a0|2> < VEeMT Y a,exp (lniz —|—l,ft> +ao , (36)
nez* nez* Lz(,%%)
for any finite sequence of scalars (@ ),cz: U {ao}. From (36) it follows that
— 2 T — 2
/T/ Z aiyielni(z_T)-y-iny - a dyd[ :/ /7 Z aj:,yie +my a dydt
0 Jwo |, " VM2 +1 wo J =2 |55 VM2 +1
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where K = kﬁ:;? max {2M2 +2,(1+ \/m)Z} On the other hand, we have
bt THE o T | |a6\2 2T 12 -2
Z a,Y,e "Mta, y e " +M2—|—1§2 Ze Il a,,‘—i—\aol

nez* nezx

From the above inequalities we deduce that the observability inequality holds. Consequently, by taking
into account Theorem 2] the main result given by Theorem [I]is also proved.

Remark 3. Since the asymptotic gap of the spectral subfamily (4,,),.z- is equal to c, the control time T

should be greater than 27” Consequently, Theorem [1| gives the optimal control time.
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