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Abstract: We consider the local fractional Klein—Gordon equation and Helmholtz equation in (1+1)
fractal dimensional space. The local fractional Laplace series expansion method is used to solve the
local fractional partial differential equations in fractal dimensional space. We present the non-
differentiable analytical solutions and the corresponding graphs. The obtained results illustrate the
accuracy and efficiency of this approach to local fractional partial differential equations.
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1. INTRODUCTION

The partial differential equations (PDES) in mathematical physics are generalized to describe the
anomalous phenomena via fractional calculus [1-7]. Several equations describing the real world phenomena
were addressed, e.g. the fractional Burgers equation [1], fractional Schrodinger equation [2], fractional
Ginzburg-Landau equation [3], fractional Fokker-Planck equation [4], fractional Poisson equation [5],
fractional Helmholtz equation [6] and others[7].

Recently, the local fractional calculus [8] was successfully applied for a better characterization of
some mathematical models in science and engineering. We mention, for example, the Klein-Gordon equation
(KGE) [8], the Helmholtz equation (HE) [8], the diffusion equation (DE) [9], the heat-conduction equation
[10] as well asthe Burgers flow [11], the oscillator equation [12] and other types of equations [13-22].

Very recently, the series expansion method was presented for finding the non-differentiable solution
for KGE on Cantor sets [13]. We implemented for the first time the local fractional DE with the help of the
local fractional Laplace series expansion method (LFLSEM) [14]. Motivated by the results presented in the
above mentioned paper, in this work, the main am is to solve the KGEs and HEs in (1+1) fractal
dimensional space (FDS) by the LFLSEM. The manuscript has the following structure. In Section 2, we
recall some basics of the theory of the local fractional derivative (LFD) and local fractional integral (LFI).
The LFLSEM is analyzed in Section 3. The non-differentiable series solutions for the KGE and HE within
LFD are presented in Section 4. The manuscript ends with a conclusion part.

2. PRELIMINARIES

In this Section we begin with the theory of LFD and LFI and the properties of the local fractional
Laplace transform (LFLT).

The LFD (or LFD operator) of l//(g’ ) is defined by the expression (see, for example, [8-16]):
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W(go) :
The operations of the LFDs of some functions (SFs) [8] are displayed in Table 1.
Table 1
The LFDs of SFs
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TheLFLT of (&) isdefined asfollows([8, 14]:
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Theinverse LFLT of y, (s) isdefined as (see[8, 14]):
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where s” = 7 +i”0” and Rem(S”):ﬁ”.
The operations of the LFLTs of SFs[8] arelisted in Table 2.

Table 2
The LFLTsof SFs
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3. THE APPLIED METHOD

In this section, the LFLSEM for the PDE within the LFD operator is presented (see[14])
Let us consider the local fractional PDEsin the form of the LFO

¢izw) =A_ o,
where ") = 3> (1, 7)1 07" and A, isalinear LFD operator with respect to 4.
We consider afunction with respect to 7 and 1, namely,

=2Mi(r)Ni (1),

where M; (z) and N, () aretwo functions of non-differentiable type, and i = 0,1,

Teking M, (r) =7'” /T (1+i@), Eq. (6) can be written in the form

N (u).

T =
'u 1+|w

o0
i=0

With the help of Eq. (7) and taking the LFLT of Eq. (5), we have

where

©)

(6)

(7

(®)

©)

(10)

(11)

(12)

(13)



234 Xiao-Jun YANG, Dumitru BALEANU, Feng GAO 4
4. SOLVING THE KLEIN-GORDON AND HELMHOLTZ EQUATIONS
We now consider the local fractional KGE in (1+1) FDS (see, e.g., [8,13])
07 ®d(u, 1) 0 D(u,7)
- -d(u,7)=0, 14
Py o (1,7) (14)
subject to the initial value conditions
IL[W
O(u,0) =——, 15
(1,0) M1+ a) (15)
7®
0 (5 0 _o. (16)
ou
From Eg. (14) we conclude that
T
A0 r)= QD) gy 0y a7)
ou™”
and
= = 0¥ N, =
S e ) a0
17
where
1
N, (S) =—— (19)
Using Eqg. (18) and Eg. (19), we have the non-differentiable series components in the form
1
N,(S) === (20)
N,(s) =0, (21)
1
N,(s) = 2 (22)
N,;(s)=0, (23)
1
N,(s) = 2 (24)
and so on.
Thus, we obtain the non-differentiable solution
=Y — = 3T . 25
ST (1+ 2|w)uw s> 1+w )& T (1+2iw)’ (25)

which isin accordance with the result from Ref. [13].



5 New analytical solutions for Klein-Gordon and Helmholtz equations in fractal dimensional space

235

We now consider the local fractional KGE in (1+1) FDS (see, for example, [8, 13])

o ®d(u,7) B o ®d(u,1)
az_Zw aﬂZw

- (D(lu’ Z') =0,
subject to the initial value conditions

(u,0)=E, (u7).

0" ®(u,0)
ou”

Similarly, the iterative formulawith the aid of the LFLT can be represented as:

e e e L]
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ou
where

1
s” -1

Thus, we present the non-differentiable series components in the form

No(s) =

1
N, (S) = ,
o9=5

Nl(s) =0,

and so on.
As aresult, we obtain the non-differentiable solution

i _2iw
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and the corresponding graph isdisplayed in Fig. 1.
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We now consider the local fractional HE in (1+1) FDS (see, for example, [8])

subject to the initia value conditions

e

Fig. 1 — The non-differentiable series solution of local fractional KGE in (1+1) FDS.
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With the use of Eq. (37) we have

such that

where

(47).
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From Egs. (41) and (42) we obtain the non-differentiable series componentsin the form
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N,(s) =0, (45

2
N,(S)=— , 46
(=5 (46)
N,(s) =0, (47)

4
N.(S) =- , 48
(9= @8)
Ns(s)=0 (49)

and so on.
The non-differentiable solution of Eq. (37) iswritten asfollows:
1 0 nlw
q) f = Ew R i =
(#1m) {;r(lﬂw) ( )}
B (= &
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and the corresponding graph is depicted in Fig. 2 when the fractal dimension (FrD) is changed from

@=In2/In3to @ =1.

Fig. 2 —The non-differentiable series solution of local fractional HE
in (1+1) FDS changing the FrD from @ =In2/In3 t0 @ =1.
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5. CONCLUSIONS

In the present work, we considered the local fractional Klein-Gordon equation and Helmholtz equation
in (1+1) fractal dimensional space, which appear in the description of many non-differentiable phenomena
arising in physics and engineering. With the aid of the local fractional Laplace series expansion method, the
non-differentiable-type series solutions for the local fractional Klein-Gordon equation and the Helmholtz
equation were presented with the fractal dimension changed from @ =1In2/In3 to @ =1. The
implemented method is an efficient technique to determine the series solutions for the local fractional partial
differential equations.
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