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Abstract. This paper presents a new pseudospectral technique to solve three dimensional integral 
equations (3D-IEs). The shifted Legendre Gauss-Lobatto collocation method is investigated to approximate 
the 3D-IEs. The main idea in the novel algorithm is to reduce  the 3D-IEs to systems of algebraic 
equations. The applicability of the present method is examined by several numerical examples. By 
means of these numerical examples, we ensure that the present technique is a simple and very accurate 
numerical scheme for solving 3D-IEs. 
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1. INTRODUCTION 

Integral equations (IEs) [1–5] play a useful role in many applications in various areas, including 
computational physics, mathematical chemistry, electrochemistry, semiconductors, seismology, scattering theory, 
heat conduction, fluid flow, metallurgy, population dynamics, optimal control theory, and mathematical 
economics [4–6]  As the increasing of employing IEs in many social and scientific fields, the main challenge 
we confront is that of obtaining solutions for them. Unfortunately, for  most of these IEs, no one is able to 
obtain analytic solutions for such problems. Therefore, the creation, improvement, and development  of 
numerical methods for solving IEs have received considerable attention in recently years  [7–13]. 

In many areas of sciences such as biology, engineering, economics, physics and others, several high-
order numerical methods have been developed to deal with the related problems. Among these algorithms, 
spectral methods [14–22] are widely applied as powerful techniques in the construction of numerical solutions for 
differential, fractional differential or IEs. The spectral method is based on expressing the trial solution for the 
corresponding equation as a finite sum of a certain set of orthogonal polynomials. In the next step, the coefficients 
of the pproximate solution must be evaluated in order to minimize the error. In the pseudospectral method 
[23–30], the numerical solution must satisfy the proposed problem whenever possible. This means that at 
certain collocation points, the residuals may be letting to be zero. 

This paper develops the shifted Legendre Gauss-Lobatto collocation (SL-GL-C) technique in order 
to efficiently solve three classes of 3D-IEs, namely 3D-Volterra-Fredholm integral equations (3D-VFIEs), 
3D-Fredholm integral equations (3D-FIEs) and 3D-Volterra integral equations (3D-VIEs). For the 3D-IEs, 
we choose the shifted Legendre Gauss-Lobatto (SL-GL) quadrature points as collocation nodes. The numerical 
solution of the 3D-IE is approximated as a finite sum of Legendre polynomials, and then we evaluate the residuals 
of the mentioned problem at the SL-GL quadrature points. Consequently, a system of algebraic equations is 
obtained. The accuracy of the novel algorithm is confirmed through several numerical examples. 

The paper is laid out as follows. We present some mathematical preliminaries in Section 2. In Sections 3, 
4, and 5, we report a new numerical technique for the numerical solution of the 3D-VFIEs, 3D-FIEs, and  
3D-VIEs, respectively. Section 6 implements the present algorithm on some examples to explore its accuracy 
and efficiency. Finally, in Section 7 we outline the main conclusions. 
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2. MATHEMATICAL PRELIMINARIES  

Here, we list some approximation results for the SL-GL interpolation, which will be of most 
importance in the next Sections. The Legendre polynomials )(xPk  )0,1=( …k  possess the following 
Rodrigue’s formula  

).)((1
!2

1)(=)( 2 kk
k

k

k xD
k

xP −
−  (1)

Accordingly, )()( xP r
i  (the r th derivative of )(xPi ) is evaluated by  

),(),(=)(
)=0(=

)( xPjiCxP jr

ri

evenijj

r
i ∑

−

+

 (2)

 where  

.
)

2
3()

2
2()(

)
2

1()
2

(1)(22
=),(

1

kirjirr

jirjirj
jiC

r

r ++−
Γ

−+−
ΓΓ

+++Γ−+Γ+−

 

Next, we indicate the norm and the inner product of space 1,1][2 −L  by u  and ),( vu , respectively. The set 

of )(xPi  is a complete orthogonal system in 1,1][2 −L   
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Let 1,1][−NS  be the set of all polynomials of degree N  ( 0≥N ). Thus, we have 
1
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where kNx ,  ( Nk ≤≤0 ) and kN ,ϖ  ( Nk ≤≤0 ) are denoted to the zeros and weights of Legendre Gauss-
Lobatto (L-GL) interpolation on 1,1][− , respectively. The norm and discrete inner product are defined as  
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Let us denote by )(, xP kL  the shifted Legendre polynomials that are defined on ][0, L . These 
polynomials can be engendered from the recurrence relation:  
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The )(, xP iL  may be written in the analytic form 
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The condition for the orthogonality of these polynomials is given by  
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If function ][0,)( 2 LLtu ∈ , then one can express it by means of )(, tP iL  as  
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3. 3D VOLTERRA-FREDHOLM INTEGRAL EQUATION 

 We present two numerical techniques to solve linear and nonlinear 3D-VFIEs by using the SL-GL-
C method. In this method, we select the collocation nods as the SL-GL interpolation points. The core of the 
proposed algorithm consists of discretizing the 3D-VFIEs to obtain an algebraic system of equations.  

3.1. Linear Volterra-Fredholm integral equation 

Let us consider the linear 3D-IEs:  

0 0 0

( , , ) = ( , , , , , ) ( , , )d d d ( , , ),
x L L

u x y z K x y z t r s u t r s t r s f x y z+∫∫∫  (12)

where ),,( zyxf  and ),,,,,( srtzyxk  are given functions. The functions ),,( zyxf  and ),,,,,( srtzyxk  
are assumed to be continuous and such that Eq. (12) has a unique solution. 

The change of variables = xs
L
η  will be used to transform the integrals into the interval ][0, L , for 

the new variable η , to directly implement the SL-GL integration 

0 0 0

( , , ) = ( , , , , , ) ( , , )d d d ( , , ).
L L Lx x xu x y z K x y z t r u t r t r f x y z

L L L
η η η+∫∫∫  (13)

Now, the methodology of the SL-GL-C method will be outlined for obtaining spectral solutions of 
linear 3D-VFIEs. We assume the spectral solution of the form  
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Next, employing the SL-GL quadrature, one my express the integral part of 3D-VFIEs (13) as follows  
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where ).,,,,,(=),,( ,,,,,,,,,,,,, νμτνμτνμτ ηϖϖϖζ KLMLNLKLMLNL L
xrtzyxKzyx  

In virtue of the Eqs. (14) and (15), one may write Eq. (13) as  
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In the suggested SL-GL-C technique, the residual of (16) is letting to be zero at the collocation nodes. These 
nodes are 1)(1)(1)( +×+×+ KMN  SL-GL points  
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Now, we can approximate ),,(,, zyxu KMN  at the point ),,( zyx , by means of the following equation  
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3.2 Nonlinear Volterra-Fredholm integral equation 

This Section extends the previous algorithm to deal with the nonlinear 3D-VFIEs,  

 ( )
0 0 0

( , , ) = , , , , , , ( , , ) d d d ( , , ),
x L L

u x y z K x y z t r s u t r s t r s f x y z+∫∫∫  (20)

where ),,( zyxf  and ))),,(,,,,,,( zyxusrtzyxk  are given functions, while ),,( zyxu  is an unknown 

function. The change of variables = xs
L
η  will be used to transform the integrals into the interval ][0, L , for 

the variable η , to directly implement the SL-GL integration  
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Thus the approximate solution can be presented as a truncated shifted Legendre series:  
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Similar steps to those discussed in the previous Subsection, allow us to rewrite Eq. (21) as  
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Therefore, applying the collocation scheme for Eq. (23) at 1)(1)(1)( +×+×+ KMN  SL-GL points, yields 
an algebraic system of the following form  
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Finally and after solving the above algebriac system, we can achieve the approximate solution 
),,(,, zyxu KMN , by means of the following equation  
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4. LINEAR 3D FREDHOLM INTEGRAL EQUATION 

We apply the above methodology to solve the following linear 3D-FIE:  

0 0 0

( , , ) = ( , , , , , ) ( , , )d d d ( , , ),
L L L

u x y z K x y z t r s u t r s t r s f x y z+∫∫∫  (26)

where ),,( zyxf  and ),,,,,( srtzyxk  are given functions.  
Let us expand the dependent variable in the form  
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By means of the SL-GL quadrature, we can express the integral in Eq. (26) by  
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The residual of Eq. (29) is letting to be zero at (N + 1) × (M + 1) × (K + 1) of SL-GL points  
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Finally, we can approximate ),,(,, zyxu KMN  at any point ),,( zyx , as in Eq. (25). 

5. LINEAR 3D VOLTERRA INTEGRAL EQUATION 

We apply the above methodology to solve the following linear 3D-VIEs:  
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where ),,( zyxf  and ),,,,,( srtzyxk  are given functions.  

The change of variables ,= η
L
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L
yt  and = zr

L
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the interval [0, L], for the variable η, to directly implement the SL-GL integration  
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Also we approximate the integral in (33) as  
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In virtue of the Eqs. (14) and (34), one may write Eq. (33) as  
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Therefore, applying the collocation scheme for Eq. (35) at (N + 1) × (M + 1) × (K + 1) SL-GL points, yields 
an algebraic system of the following form 
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where ).,,()()()(= ,,,,,,,,,,,,,,,,,
,,
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kmn
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Finally, the approximate solution ),,(,, zyxu KMN  can be evaluated at any point in the domain.  

6. NUMERICAL RESULTS 

Based on the previous algorithms, we give in this Section some numerical results. The effectiveness, 
appropriateness, and high accuracy of our method appeared when we compared it with other methods.   

Example 1. We start with the linear 3D-IEs:  

( ) ( )( )( ) ( )2 21, , 4 1 cos1 3 cos1 sin1 72 sin
72

u x y z x x yz x y z= − + + − + +  

                                                   ( ) ( )
1 1

0 0 0

1 , , d d d ,
2

x

yz st u t r s t r s+ +∫ ∫ ∫  

whose exact solution is u (x, y, z) = x2y2 sin z.  
To test the convergence rate of our method, we list the absolute error (AE) in Table 1. The results 

reveal the effectiveness, appropriateness, and high accuracy of our method. Also, we can observe that our 
numerical solutions coincide closely with the exact ones.  

Table 1 

The AEs for Example 1 and for N = M = K = 4 

(x, y, z)  1 1 1, ,
2 2 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 1 1 1, ,
4 4 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 1 1 1, ,
16 16 16
⎛ ⎞
⎜ ⎟
⎝ ⎠

 1 1 1, ,
32 32 32

⎛ ⎞
⎜ ⎟
⎝ ⎠

 1 1 1, ,
64 64 64

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

E(x, y, z)  1.2 × 10–11 6.1 × 10–8 2.5 × 10–10 1.1 × 10–11 4.0 × 10–13 

Example 2. Let us consider the following nonlinear 3D-IEs [7]:  

( ) ( ) ( ) ( )
1 1

3 3 3 3 2 2

0 0 0

1 1, , sin sin 4 , , d d d ,
16 2

x

u x y z yz x x y z x x yz x t tz st u s r t t r s= − + + +∫ ∫ ∫  

where u (x, y, z) = yz sinx  is the exact solution.  
Based on the AEs acquired by our method and that achieved in the method in [7], we summarize a 

comparison in Table 2. It is observed that the obtained results highlight the high accuracy of the proposed 
scheme. 
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Table 2 
The AEs for Example 2 

3D-BFs [7] Our Method 
(x, y, z)  N = M = K = 2 N = M = K = 3 N = M = K = 3 
1 1 1, ,
2 2 2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 0.00251040 0.0005329 0.0000618829 

1 1 1, ,
4 4 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 0.0108757 0.0001594 2.636 × 10–6 

1 1 1, ,
16 16 16
⎛ ⎞
⎜ ⎟
⎝ ⎠

 0.015050594 0.0043430 5.602 × 10–7 

1 1 1, ,
32 32 32

⎛ ⎞
⎜ ⎟
⎝ ⎠

 0.0152995 0.0045832 1.985 × 10–8 

Example 3.  We consider the following linear 3D-FIEs [3]: 

( ) ( ) ( )
1 1 1

0 0 0

1 1, , , , d d d ,
180 5

u x y z xy z y su s r t t r s= − + + ∫ ∫ ∫  

 ( ) ( ) ( )
1 1 1

0 0 0

1 1, , , , d d d ,
180 5

u x y z xy z y su s r t t r s= − + + ∫ ∫ ∫  

where )(=),,( yzxyzyxu −  is the exact solution.  
Table 3 shows the results for AEs of our method, the best result for AEs acquired using the integral 

mean value method [3] with N = M = K = 64 is 5109.1 −×  for all points in 3[0,1] . We can observe that our 
numerical solutions coincide closely with the exact ones and are more accurate than those obtained by using 
the integral mean value method [3]. 

Table 3 

The AEs for Example 3 and for N = M = K = 4 

(x, y, z)  E (x, y, z)  

(0, 0, 0)  7.38 × 10–50 

(0, 1, 0.1)  1.39 × 10–17 

(0.3, 0.3, 0.3)  8.67 × 10–18 

(0.5, 0.5, 0.5)  1.0 × 10–50 

(0.7, 0.7, 0.7)  3.99 × 10–17 

(0.9, 0.9, 0.9)  1.39 × 10–17 

7. CONCLUSIONS 

The major goal of our paper is to extend and develop a spectral algorithm for solving 3D-IEs. Our goal 
has been acquired by means of the SL-GL-C method. The collocation points were selected as the SL-GL 
interpolation nodes. We provided illustrative examples to check the applicability and validity of this novel 
algorithm. The achieved results demonstrated that the present pseudospectral method is highly effective. Based on 
the listed comparisons with other methods, we observed the effectiveness, appropriateness, and high 
accuracy of our numerical method. 
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