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Abstract. In this paper, we generalize the perturbation (r; M)-fold Darboux transformation from the
(1+1)-dimensional nonlinear partial differential equations to the (2+1)-dimensional nonlinear models.
As an example, we investigate the (2+1)-dimensional KMN equation. Some higher-order rational
solutions including rogue waves in terms of determinants are obtained by using the Darboux matrix,
Taylor expansion, and a limit procedure. The dynamica behaviors of these abundant rational solutions
including rogue waves are discussed in detail for different sets of parameters.
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1. INTRODUCTION

Explicit solutions, in particular some types of single- and multi-soliton solutions of nonlinear partial
differential equations (NPDEs), may well describe various phenomena in physics and other fields [1-2].
Through these solutions, we get a good insight into the physical aspects of the problems. Recently, rogue
waves (RWs) have attracted more and more theoretical and experimental attention [3]. The RWs were first
observed in deep oceans and later these studies gradually extended to other fields, such as fiber optics, Bose-
Einstein condensates, and capillary waves [3-20]. Nowadays, for better understanding of the physical
mechanisms of the RWSs, several methods for constructing RW solutions have been received increasing
attention, such as the Darboux transformation (DT) method, the similarity transformation, Hirota bilinear
method, and so on [3-20]. Actually the RW isaspecial type of non-singular rational solution.

In this paper, our aim is to apply our proposed generalized perturbation (n;M)-fold DT method [4,5] to
construct higher-order rational solutions including RW solutions of (2+1)-dimensional NPDEs. As an
example, we will study the following (2+1)-dimensional Kundu, Mukherjee, and Naskar (KMN) equation [6]

ig,—q,,—2iq(q9q, —q'q,) =0, 0

where the asterisk denotes the complex conjugation. The KMN equation (1) was introduced by Kundu,
Mukherjee, and Naskar, see e.g. Ref. [6], as a new extension of the well-known nonlinear Schrodinger (NLS)
eguation. The first-order RW solution for Eq. (1) has been obtained in Ref. [6] by the one-fold DT from a
non-zero “seed” solution, and the associated properties have been aso discussed. To the best of our
knowledge, there is no study on the higher-order rational solutions including RW solutions of Eq. (1). Thus
we will further study Eq. (1) viaour proposed generalized perturbation (n; M)-fold DT.

2. GENERALIZED PERTURBATION (N; M)-FOLD DT

Equation (1) can be decomposed into the following (1+1)-dimensional focusing NL S equation [14,17]:
q,+iq,. +2i|q q=0, )

and the (1+1)-dimensional complex mKdV equation [14, 21, 22]:
4, +4.+6lqf q.=0. ©)
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We can prove that if ¢(x,y,r) solves Egs. (2) and (3), then it also satisfies Eq. (1). The equations (2) and (3)
are considered as the compatibility condition of the following linear systems:

%) =U¢=(mﬁ 'q ]f/’, (4)
! ig —id
Jii2—ilgf  2Aig+
(py:Ugo:[z/uq* —qu;! —2i/12q+ic|]xq |2J ’ ®
Uo-| 44 -221qF +qq  ~qq.  4iA’q+24q,-21qf g-iq,
PEEY T 4G — 229, -2 1gF  ~iq, 42 +2i21qF ~gq, +q'q, )" ©

wherep = (¢,)" (the superscript T denotes the vector transpose) is the solution of the system (4-6), 4 is
the spectral parameter, and i* = —1. It is easy to check that the consistency conditions ¢, =@, and @, =@,
are equivalent to Egs. (2) and (3), respectively. We consider the gauge transformation

p=T(Ne, p=w)", (7)
with the Darboux matrix
. NZl e Nzl e
A+ Y AV BY' A4/
T(A) = ®)
R Sy v S o |
Y B NN Ay

Here the transformation (7) maps the old eigenfunction ¢ into the new one (7) where g~o is also required to
satisfy the system (4-6) with U,V , and W being replaced by U,V , and ¥, and the potential ¢ being
replacing by c~] . Inthe matrix (8), N is apositive integer, the 2N unknown complex functions 4 g (0 <j <
<N —1) are determined by solving the following linear algebraic system with 2V equations

T(4)¢, =0, (k=12,..,N) (©)

where ¢, = (1) = (#(4,),w(4,))" (k=12,..,N) are the solutions of the system (4-6) for the
corresponding N distinct spectral parameters 4, (k=1,2,..,N) and theinitial solution g,. When N distinct
spectral parameters A4, (k=1,2,..,N) are suitably chosen such that 2N variables 4, g (j =0, 1, ..., N —1)

in matrix (8) can be uniquely determined, therefore, the transformation (7) is uniquely given. By using the
above facts, we can prove the following theorem.
THEOREM 1. The system (4-6) is covariant with respect to the transformations (7) and

dn1=90~ 2B, (10)
(N-1)
where BN is given by the linear algebraic system (9),i.e, BY™ = with
N
21N71¢1 A’1N72¢1 SR A’lNill//l ﬂiNizl//l TR 41
j’NN71¢N ﬂ'NN72¢N v By ENNill/’N j’NN72V/N e Wy

A A A AR N Al

EN*(N&)'//N* lN*(Niz)V/N* V/N* _/IN*(N{L)¢N* _AN*(N72)¢N* _¢N*
and AB"is given by the determinant A, by replacing its (N + 1)-th column by the column vector
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A =2 G =2 By = A Yy Ay )
The transformations (7) and (10) are referred to as the N-fold DT of Eg. (1). The multi-soliton solutions
(or breather solutions) of Eq. (1) can be derived by the N-fold DT with the initia solution g, =0 (g, isan

initial plane-wave solution). In the following, we will extend the above-found N-fold DT to the generalized
perturbation (n, M) — fold DT through Darboux matrix (8), Taylor expansion, and a limit procedure such
that higher-order rational solutions in terms of determinants of Eq. (1) can be found. In fact, we can change
the number of spectral parameter 4 in (9); here we only use n (1< n < N) distinct spectral parameters

A (i = 1,2,...,n) and their corresponding m,- order (m, =0, 1, 2,...) perturbation derivatives, where n, m,

satisfy N = ”+Zmz‘ =n+M with M = Zml. . For the spectral parameters 4. (i=1, 2..., n) with n < N,
i=1 i=1

we can obtain 2x linear algebraic equations that contain the 2V unknown variables 49 g% (=0, 1,...,.N —1).

To determine the 2V unknown variables 4% g% uniquely we must add the 2(N—nr) constraint equations for

the variables 4% g%, and for this reason, we expand the following expression at £ =0:
Tl =T +8)p(4 +6) =0, (i=12,..,n), (11)

10

where (4 +6) =909 (1)+0" (1)e+9?(A)e* +..+ 9 (A)e" +.. with @ (1)== o

@,(A4) |, =4
N
9O (A)=p(4), and T(4, +¢)=> T®(4)e" in which T®(4) =T(4), 7" (4) =1 (I is an unit matrix).
k=0
Thus we have

T(A+&)p(4 +&) = ZZT D) (4,)s" +ZZT D) (2)eN = (12)

k=0 j=0 k=1 j=0

Let @, = (#(1,)w(4))" (k=212,..,n) ben distinct column vector solutions of the system (4-6) for the
corresponding » distinct spectral parameters 4, (k =1,2,..,n) and the initial solution ¢, respectively. To
determine the 2V unknown variables 4 g (=0, 1, ..., N —1), let

. T(A _

jim T Gat 2ol +2)

-0

=0(i=12,.n) (13)

with k£, =0,1,..,m,, so that we can obtain the linear algebraic system with 2V equations:

TO(4)p (%) =0,

TO2)p" (2)+T9(4)9 (4) =0,

(i=12..n). (14)

ZT(J') (li)(p(mr.i) (ﬂv) =0.

=0
The 2N unknown variables 4, p» (0 <j <N —1) are determined by the system (14) viathe Cramer’srule, so

we have the following theorem.
THEOREM 2. The system (4-6) is covarlant with respect to the transformations (7) and

qul q,— 28", (15)
(V-1
where BN is given by the linear algebraic system (14), i.e., BV = AR ith
N
= det([AS)w fnzz)+11- & 1(:)+1] ),
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@ (A
Am,- +1 (Aj,s )2(m,+1)><2N

N-1 4 (0) N-2 4(0) ) N (0) N-2, (0) ©)
A9, A9, . @ Ay, Ay, .y,
O] () (m;) O] O] ()
_ An;,.+1,1 Anqurl,Z w9 An111+1,N+l Arrlz,-+l,N+2 Anl;,+1,2N (16)
T, (0 *(N-2),  (0)* 0y *(N-1) 4*(0) *(N-2) +*(0) *0) |
ﬂi 4] /11 v, Vi _//i‘i ¢1 _/11' ¢1 _¢i
(@) (1) (m; ) (i) (@) (m; x>
AZI(m,Jrl),l Azl(m,u),z - Y AZI(mi+l),N+l Azl(m,+1),1v+2 =4,
(i) . L i
where AV (1< j <2(m, +1),1< s <2N) are given in the form:
-1
k N-s—k (j-1-k) .
Cy A 7Y , for 1<j<m,+11<s<N
k=0
j-1
k 2N-s—k j—1-k .
Ch AP RyUh for 1<j<m,+1L,N+1<s<2N
(i) _ J k=0
AJFS T ) j-N-1 .
Ch ANy UNAD o for m, +2< j<2(m, +1),1<s<N
k=0
j-N-1 _
=N CE, AN UNER D for m +2< j<2(m, +1),N +1<s<2N
k=0

and ABY™ is given by the determinant A, by replacing its (N + 1)-th column by the column vector
(bD,...6"N)T where b = (), 1.4 with

j-1 _
=D CRANT U, for 1< j<m,+1,
0 — =0
bV =

Jj=N-1 .
=Y Oy A Yy R L for m,+2< j < 2(m, +1).
=0

Remark. Here we call the transformations (7) and (15) as the generalized perturbation (n,M)-fold DT of
Eq. (1). Whenn=Nand m;, =0 (i =1, 2, .., n), THEOREM 2 reduces to the THEOREM 1, i.e, the (n ,M)-fold
DT is the extension of the usual N-fold DT. When » = 1 and m, = N-1, THEOREM 2 reduces to the

generalized perturbation (1, N—1)-fold DT that is used to obtain the higher-order rational solutions in the
next Section.

3. HIGHER-ORDER RATIONAL SOLUTIONS

In this Section, we only discuss the generalized perturbation (1, N—1)-fold DT with the same single
spectral parameter. We now consider the ‘seed’ plane wave solution of Eq. (1) in the form

G = cele (@2 rHa-6a®)] where the real-valued constant « is the wave number, the real-valued non-zero
constant ¢ is the amplitude of the plane wave, and the wave numbersin x, y directions are @ and a® —2¢?,
respectively. It is known that the phase velocities in x, y directions are 6¢ —a® and (6ac? —a®) I(a® — 2¢?),
respectively, and the group velocities are 6¢ —3a” and 3¢ —3a” / 2, respectively. We know that | g, |—|c|
as |x|,|f|—. Substitution of the initial plane wave solution g, = ce'l“* @~ 297+@-64)1 ity the system (4-6)
can give the eigenfunction solution with fixed 4 asfollows:
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(Ce'+Ce e

Q= _ 2_ 2 2 s [ 2 2 2 an
@ 22 ++a 24/1a+4,1 +4c L 24 —+a 24,1a+4,1 +4c Ceye
C C

with

A =12Ja2 —dla+d2% + AP [x + (a+20) y + (44° + 20a +a® — 2¢%)t + O(&)],

N .

O(s) =Y (b, +id, )&%, B= iz[ax +(a? - 2¢%) y + (a® - 6ac)],
k=1

where C,,C,,b, ,d, are rea parameters and ¢ is a small parameter. Next, we fix the spectral parameter

%:%a_ic, and set 1 =4 +¢&°, then expand the vector function @(£?) in Eq. (17) as a Taylor series at

& =0.Herewechoose C, = C, =1 to simplify the expansion expression of ¢, so we have

p(e) =0 +pVe? + e’ + b + ... (18)

and W =",y (1=1,23..) ae 0

¢(0) Zeé[apr(az’zcz),"Jr(aafﬁacz)t]
© |~

in which ¢ = ( ,»
2| e—E[ax+(a —2¢%)y+(a”—6ac)t]
complicated and will be omitted here.

To understand the obtained exact solutions of Eq. (1) viathe generalized perturbation (1, N—1)-fold DT,
we will discuss the solution (15) for four caseswith N =1, 2, 3, 4. The case N = 1 is not interesting because
it does not generate any new solutions except for the trivial plane wave solution.

(1) When N = 2, based on the generalized perturbation (1, 1)-fold DT, we have

~ y 2 52 3 2 AB(l)
ql — qo _ ZB(l) — Cel[ax+(a =2¢%)y+(a”-6ac”)t] _ 2 A ] (19)
2
The analytical expression of first-order rational solution for EqQ. (1) is given as below:
Gy = o — 2BW = ¢l @201 4 9(12iac? + 4ic?y) I(14+18a’c?? +12a%c xt + 8¢y + 20

24a°c? yt +8ac®xy +8a’c?y® +12¢% —12cx + 2¢x% + 72¢%? — dacy — 6a’ct — 24¢*xt)].
For solution (20) with two arbitrary parameters a,c when choosing ¢ as a constant, Z]l is the RW solution
of NLS Eq. (2) with y =t; the related properties are omitted here and the reader can refer to [10]. When

taking y as constant, Z]l is the rational solution of the complex mKdV Eg. (3), the relevant properties are

omitted here, and the reader can refer to [21, 22]. If a =0 it is necessary to mention that the solution (20)
reduces to the rational solution givenin [6].

(I When N = 3, based on the generalized perturbation (1, 2)-fold DT, we can derive the second-order
rational solution with four arbitrary constant parametersa, ¢, b1, d; as below:

@)
(}2 =g, 2B — cei[ax+(az—202)y+(a3—6acz)t] _92 Ai _
3

The analytical expression of Z]Z is so complicated and will be omitted here. Next, we discuss some special

structures of the second-order rational solution for the following two cases:
® [For solution (21) with parameters a =b1=d; =0, ¢ =1 with different values of ¢ the evolution

structures are shown in Fig. 1. When the time |t| islarger than a small constant, the second-order RW is split
into three first-order RWs and displays a triangle structure. When || - 0, three first-order RWs crowd round

(21)

the origin(x, y) = (0,0) and strongly interact.
® For solution (21) with parameters b, = 100, a =d; =0, ¢ = 1 with different values of y, the evolution
structures are shown in Fig. 2. We can see that the second-order rational solution exhibits a one-soliton



196 Higher-order rational solutions for the (2+1)-dimensional KMN equation 6

structure for y < 0, then the one-soliton becomes a two-parallel-soliton structure with increasing y, and
the amplitude of two-parallel-soliton first increases, then decreases and finally vanishes.

( lal y
2 | m e
o
0 ¥ -5“‘~"“~=‘_ ] L4
2 0 e

X
(c2) (d2)

(al) 8 | (bl) cl) (d1y I

lal |

(a2)

20 25 30
X

Fig. 1 — The second-order rogue wave solution (21) witha = b, =d; =0, ¢ = 1 and different values of «:
(al-a2) t = —4; (b1-b2) t = 0; (c1—2) t = 0.2; (d1-d2) r = 4.

{al) : (b1)

(b2)

Fig. 2 - The second-order rational solution (21) with 5, = 100, a = d; = 0, ¢ = 1 and different values of y:
(al-a2) y = -2; (b1-b2) y = 0; (c1—2) y = 2; (d1-d2) y = 4.

(1) When N =4, based on the generalized perturbation (1, 3)-fold DT, we can derive the third-order

RW solution with six arbitrary constant parameters a,c,b,,d,,b,,d, asbelow:
AB(3)

A,

Here we omit the analytical expression of §3 because it is so tedious. Next, we discuss some special

structures of the third-order rational solution for the following two cases:
® [or solution (22) with parameters a = b1=d, = b, =d> =0, ¢ = 1 (see Fig. 3), we can see that 212 —1 by

~ . 2 52 3 2
qs=qo— 23(3) — Cel[ax+(a —2¢%) y+(a”~6ac)t] _ 2 (22)

letting x — 0, y — oo With the fixed time . When |¢| 0, the third-order RW is split into six first-order

RWs, which arrange into a triangle structure. When |t — 0, the six first-order RWs crowd round the
origin and strongly interact.
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Fig. 3 - Thethird-order RW solution (22) with parametersa = b, = dy = b, = d» = 0, ¢ = 1 and different values of «:
(al-82) t =—4; (b1-b2) t =—0.2; (c1—<2) t = 0; (d1-d2) t = 1; (el-e2) t = 4.

Fig. 4 The third-order rational solution (22) with b, = 100, a = dy = b, = d» = 0, ¢ = 1 and different values of y:
(a1-a2) y = 4; (b1-h2) y =-2; (c1c2) y = 0; (d1-d2) y = 2; (e1-€e2) y = 4.

® For solution (22) with parameters b1 =100, a =dy = b, =d> =0, ¢ =1 (see Fig. 4), we can see that the
third-order rational solution shows one-soliton structure for y = -4, then the one-soliton becomes a two-
parallel soliton for y =—2 and y = 0. For y > 0, the two-parallel soliton becomes a three-parallel soliton,
first of all the amplitude of the three-parallel soliton becomes larger, then becomes smaller and finally
vanishes. When b, =0 and for different values of y, the third-order rationa solution generates three-soliton
interaction phenomena, and the parameter b, can change the number and space arrangement of solitons.

4. CONCLUSIONS
In brief, we generalized the perturbation (n; M)-fold DT method from (1+1)-dimensional NPDEs to

(2+1)-dimensional NPDEs. In particular, the generalized perturbation (1, N—1)-fold DT method with asingle
spectral parameter allows us to calculate the higher-order rational solutions including RW solutions in terms
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of determinants in a unified way without iteration procedure. Comparing with the known results for Eq. (1),
we gave the detailed method of construction of the generalized perturbation (n; M)-fold DT for Eq. (1) to
obtain higher-order rational solutions including RW solutions, in terms of determinants. In particular, the
results reported in Ref. [6] are specia cases of ours for N=1. We believe that our method is rather general
and could be applied to other physically interesting nonlinear wave models as well.

ACKNOWLEDGEMENTS

The author would like to thank the referee for valuable suggestions. This work was supported by the
Beijing Natural Science Foundation under Grant No. 1153004, the China Postdoctoral Science Foundation
under Grant No. 2015M570161, and the Natural Science Foundation of China under Grant No. 61471406.

REFERENCES

1. Z. YAN, Fractional optical solitary wave solutions of the higher-order nonlinear Schrédinger equation, Proc. Romanian Acad. A,
14, pp. 293-300, 2013.

2. AM. WAZWAZ, New (3+1)-dimensional nonlinear evolution equations with Burgers and Sharma-Tasso-Olver equations
congtituting the main parts, Proc. Romanian Acad. A, 16, pp. 3240, 2015.

3. B. ZHAI, W.G. ZHANG, X.L. WANG, H.Q. ZHANG, Multi-rogue waves and rational solutions of the coupled nonlinear
Schrédinger equations, Nonlinear Anal. Real World Appl., 14, pp. 14-27, 2013.

4. X.Y. WEN, Y. YANG, Z. YAN, Generalized perturbation(n, M)-fold Darboux transformations and multi-rogue-wave structures
for the modified self-stegpening nonlinear Schrodinger equation, Phys. Rev. E, 92, 012917, 2015.

5. X.Y. WEN, Z. YAN, Modulational instability and higher-order rogue waves with parameters modulation in a coupled integrable
AB system viathe generalized Darboux transformation, Chaos, 25, 123115, 2015.

6.D. QIU, Y. ZHANG, J. HE, The rogue wave solutions of a new (2+1)-dimensional equation, Commun. Nonlinear. Sci. Numer.
Simulat., 30, pp. 307-315, 2016.

7.Y.OHTA, J. YANG, Rogue waves in the Davey-Stewartson I equation, Phys. Rev. E, 86, 036604, 2012.

8.Y. ZHANG, L. GUO, S. XU, Z. WU, J. HE, The hierarchy of higher order solutions of the derivative nonlinear Schrédinger
equation, Commun. Nonlinear. Sci. Numer. Simulat., 19, pp. 1706-1722, 2014.

9.Z. YAN, C. DAI, Optical rogue waves in the generalized inhomogeneous higher-order nonlinear Schrédinger equation with
modulating coefficients, J. Opt., 15, 064012, 2013.

10. Z. YAN, Nonautonomous “rogons’ in the inhomogeneous nonlinear Schrédinger equation with variable coefficients, Phys. Lett.
A, 374, pp. 672-679, 2010.

11. Z. YAN, V.V. KONOTOP, N. AKHMEDIEV, Three-dimensional rogue waves in nonstationary parabolic potentials, Phys. Rev.
E, 82, 036610, 2010.

12. Z. YAN, Two-dimensional vector rogue-wave excitations and controlling parameters in the two-component Gross-Pitaevskii
equations with varying potentials, Nonlinear Dynamics, 79, pp. 2515-2529, 2015.

13. Y. YANG, Z. YAN, B.A. MALOMED, Rogue waves, rational solitons, and modulational instability in an integrable fifth-order
nonlinear Schrédinger equation. Chaos, 25, 103112, 2015.

14. X.Y. WEN, Z. YAN, Higher-order rational solitons and rogue-like wave solutions of the (2+1)-dimensional nonlinear fluid
mechanics equations, Commun. Nonlinear. Sci. Numer. Simulat., 43, pp. 311-329, 2017.

15. S. CHEN, D. MIHALACHE, Vector rogue waves in the Manakov system: diversity and compossibility, J. Phys. A, 48, 215202,
2015.

16. V.B. MATVEEV, M.A. SALLE, Darboux Transformation and Solitons, Springer, Berlin, 1991.

17. B. GUO, L. LING, Q.P. LIU, Nonlinear Schrodinger equation: Generalized Darboux transformation and rogue wave solutions,
Phys. Rev. E, 85, 026607, 2012.

18. S. CHEN, JM. SOTO-CRESPO, F. BARONIO, P. GRELU, D. MIHALACHE, Rogue-wave bullets in a composite (2+1) D
nonlinear medium, Opt. Express, 24, pp. 15251-15260, 2016.

19. F. YUAN, JG. GAO, K. PORSEZIAN, D. MIHALACHE, JS. HE, Various exact rational solutions of the two-dimensional
Maccari's system, Rom. J. Phys., 61, 378-399, 2016.

20. SW. XU, K. PORSEZIAN, JS. HE, Y. CHENG, Multi-optical rogue waves of the Maxwell-Bloch equations, Rom. Rep. Phys.,
68, pp. 316340, 2016.

21. Q. ZHA, Nth-order rogue wave solutions of the complex modified Korteweg-de Vries equation, Phys. Scr., 87, 065401, 2013.

22.Q. ZHA, Z. LI, Darboux transformation and multi-solitons for complex mKdV equation, Chin. Phys. Lett., 25, pp. 8-11, 2008.

Received August 22, 2016





