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The object of this paper is to estimate the resonance behavior of the oscillating systems with dynamic 
degradation materials like soils. Using a nonlinear Kelvin-Voigt model (NKV model) with material 
functions in terms of the strain or stress level, by numerical simulation, one puts into evidence the 
resonant frequency dispersion and the consequences of this nonlinear behavior upon resonant 
avoidance strategy.  
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1. INTRODUCTION 

Resonance is a well-known concept in linear system analysis. At a resonance, the frequency of an 
exciting force reaches the natural frequency of the system so that the amplitude of vibration can become 
significant even for small dynamic imput [11, 18].  

The resonance may cause violent swaying motions and even “resonance disaster”, a catastrophic failure 
in improperly constructed structures. Therefore, the operating resonant condition must to be avoided. But, for 
the structural-site oscillating systems the resonance avoidance need a correct evaluation both natural 
frequencies and the oscillating frequencies of expected ground motion. However, in civil engineering all soil 
- structure oscillating systems have nonlinear components because of nonlinear behavior of the site materials, 
which cannot simply be described by a linear model [5, 6, 8, 9]. 

The resonances of the oscillating systems with nonlinear materials have some specific behavior which 
can modify the linear “natural frequency” concept [1, 15]. For this reason, the nonlinear properties of the site 
materials must be included into analysis model. 

Assuming that the geological site materials are nonlinear viscoelastic materials in the previous author's 
papers [5, 6, 7] this nonlinear behavior was modeled with the aid of the nonlinear Kelvin-Voigt model (NKV 
model). This model describes the nonlinearity by the dependence on the material mechanical parameters: 
shear modulus G and damping ratio ζ in terms of shear strain invariant γ: ( )G G= γ , ( )ζ = ζ γ and 
accordingly, all of the dynamic characteristics of the oscillating system acquire strain dependence. 

It is experimentally observed that when the external loads are increasing, the soils rigidity diminishes, 
because of the dynamic degradation effect [3, 4] and the material damping increase [5, 6, 7]. Thereby, the 
modulus function ( )G G= γ  is a decreasing function and damping function ( )ζ = ζ γ  is an increasing 
function. These contradictory material evolutions have contradictory effects on dynamic structural response, 
including the resonance behavior evaluation. 
 The NKV model is appropriate to evaluate the resonance behavior of the soil-structure system under 
these simultaneous and opposite material effects, because this model includes both nonlinear material 
tendencies and can offer a relevant description of the nonlinear response as result of both nonlinear 
phenomenon – decreasing rigidity and increasing damping. As one can see in the next paragraphs, the 
nonlinear magnification functions of the NKV model are proper tools for the qualitative and quantitative 
description of the nonlinear resonance.  
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2. RESONANCE OF THE LINEAR SYSTEMS 

 For a qualitative evaluation of the linear resonance, one can consider a linear single degree of freedom 
system (sdof system) subjected to harmonic abutment acceleration: 

( ) 0 sin ,g gx t x t= ω  (2.1)

where 0
gx  is the acceleration amplitude (usually connected with peak ground acceleration – PGA [6]) and ω 

is the pulsation of the excitation.   
In linear dynamics, a usual description of such sdof system behavior is given by the Kelvin-Voigt model 

consisting of a mass m supported by a spring (with a stiffness k) and a dashpot (with a viscosity c) connected 
in parallel. The governing equation of this system is [18]: 

0
gmx c x k x mx+ ⋅ + ⋅ = −  (2.2)

or: 
2 2 0

0 0 02 gx x x x+ ζω + ω = −ω , (2.3)

where 0ω  is undamped natural pulsation and ζ is the damping ratio: 

0
0

   ;    .
2cr

k c c
m c m

ω = ζ = =
ω

 (2.4)

By using the change of variable 0tτ = ω  and by introducing a new "time" function  

( )0( ) ( ) /x t xϕ τ = = τ ω  [7] one obtains from eq. (2.3) a dimensionless form of the equation of motion: 

sin ,C K′′ ′ϕ + ϕ + ϕ = µ υτ  (2.5)

where the superscript accent denotes the time derivative with respect to τ and: 

0
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ω ω ω ω
. (2.6)

The steady-state solution of the equation (2.5) reads as: 

( ) ( ), , , sin( ),ϕ τ υ ζ = µΦ υ ζ υτ −ψ  (2.7)

where ( ),Φ υ ζ  is the magnification function (Fig. 2.1): 

( )
( )max , ,

; .dynamic

static

x
x

τ
 ϕ τ υ ζ 

Φ υ ζ = =
µ

 (2.8)

 As one can see from Fig. 2.1, the dynamic magnification 
functions have a maximum value at ω ω0  (for usual small 
damping), that is at resonance when the input frequency 
reaches (or is in close proximity) the system natural frequency.  
 Also, from the same Fig. 2.1 one can see the decreasing 
effect on dynamic magnification due to the increasing system 
damping. 

Fig. 2.1 – Linear magnification functions. 
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3. DYNAMIC DEGRADATION EFFECT 

 Considering soils as nonlinear viscoelastic materials, the material response under torsional loading is 
characterized by nonlinear torsional modulus-function ( )G G= γ  [5, 6]. A value of this function is, by 
definition, given by the ratio of the amplitudes of the invariants τ and γ, where: 

2 2 2 2 2 2
1 2 2 3 3 1 1 2 2 3 3 1[( ) ( ) ( ) ]/ 3   ;   [( ) ( ) ( ) ]/ 3τ = σ −σ + σ − σ + σ − σ γ = ε − ε + ε − ε + ε − ε . (3.1)

 The values of the function G differ from one cycle to another and this variation can be an experimental 
evidence in the resonant column apparatus, the dynamic or classical triaxial devices, shear or torsional 
devices, a.s.o. [3, 4]. Thus, in a strain-controlled test under constant amplitude γ it is found that the 
amplitudes τ are reduced and in the experiments with controlled-stress under constant amplitudes τ the 
amplitudes γ were found to become larger. Hence, the cyclic loading induces in both cases a reduction of the 
sample stiffness, i.e. a degradation of its mechanical-strength properties. 

 A measure of the degradation after n cycles is the ratio  between the value of the modulus-function G at 
the cycle n and this initial value. As this ratio depends on both the number and amplitudes of cycles, it was 
called degradation function: ( ),= τd d n  in the stress-controlled tests or ( ),= γd d n  in strain-controlled test 
[1]. 

 One can use the normalized values of the invariants τ and γ with respect to their statically failure 
values: /= τ τ fr  or /= γ γ fr , such that the degradation function may be written as:  

( ) ( ) 0, , /d r n G r n G= . (3.2)

 The degradation function (3.2) can be determined using either strain or stress-controlled tests, 
depending on the available device. As an example, in Fig. 3.1 are given such determination using the triaxial 
strain-controlled tests performed on clay samples [4]. After the statistical processing of resulting data the 
following form of the degradation function was obtained (Fig. 3.2): 

( ) ( )
( )

( ) ( )
( ) ( )

0.9 0.1 exp 5.970.5
, ,   with

0.45 0.05 exp 5.73 .1
a r ra r n

d r n
b r rb r n

= + ⋅+
=

= + ⋅+ ⋅
 (3.3)

 Depending on the amplitude and number of loading cycles, the degradation may increase until failure. 
Hence, the failure in dynamic conditions can be defined as the minimum of the degradation function [4]:  

( ) 0min , /f fd d r n G G=   =  . (3.4)

 The minimum values of the degradation function describe in the space (d, r, n) a spatial curve 
( )r r n= obtained by intersecting the surface ( ),d d r n= , with the plane fd d=  (Fig.3.2).  

 

  
Fig. 3.1 – Some degradation functions for clay. Fig. 3.2 – Spatial diagram of the degradation function. 
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Dynamic degradation of the site materials lead to a decreasing rigidity in terms of number and 
amplitude of external cyclic loading. The rigidity behavior can be quantified by dynamic degradation 
function (3.2) or by dynamic modulus function in normalized form ( ) ( ) /nG G Gγ = γ 0 , both decreasing 
functions in terms of strain invariant γ. [1], [2]. We can remark that for a certain cycle n the degradation 
function is reduced to normalized modulus function, first in terms of normalized strain r and then in terms of 
strain γ: 

( ) ( ) ( ) ( )/
.

0

,       =γ γ
= = = → γfr

n ct n n

G r
d r n G r G

G
. (3.5)

It was experimentally observed that the decreasing rigidity is accompanied by an important increasing 
of the internal dissipated energy [5, 6, 8, 12]. This phenomenon can be modeled by the damping function, an 
increasing function in terms of strain.  Thus, for the same material (clay) used for degradation evaluation 
(3.3) the degradation function was obtained from resonant column test in the form: 

( ) ( )0.153 0.134exp 7.965ζ γ = − − γ . (3.6)

4. RESONANCE OF NONLINEAR SYSTEMS 

Using nonlinear dynamic material functions ( )=n nG G x  and ( )xζ = ζ , from eqs. (3.3) and (3.6), the 
differential equation of the nonlinear sdof system in harmonic 
abutment conditions (Fig. 4.1) can be written as an extension of 
eq. (2.2) [6, 7]: 

( ) ( )2 0
0 02 sin+ ω ζ ⋅ + ω ⋅ = − ωn gx x x k x x x t  (4.1)

or in the normalized form: 

( ) ( ) sinC K′′ ′ϕ + ϕ ⋅ϕ + ϕ ⋅ϕ = µ υτ , (4.2)

where  
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The solution of the equation (4.2) can be given a similar form as the solution of eq. (2.7): 

( ) ( ), , ; , ; sin( )ϕ τ υ µ ζ = µΦ υ µ ζ υτ − ψ , (4.4)

where the magnification function Φ  has in this nonlinear case the same form: 

( )
( )max , , ;

, ; dynamic

static

x
x

τ
 ϕ τ υ µ ζ Φ υ µ ζ = =

µ
. (4.5)

but becomes a load dependent function by normalized load µ. Therefore, in this nonlinear case there is for 
each µ a magnification function Φ . 

The resonant frequency of the linear or nonlinear system is defined as the frequency at which an 
extreme (maximum value) of the magnification function occurs [1, 11, 15, 18]. Therefore, a nonlinear 

Fig. 4.1 – NKV model with abutment excitation. 
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oscillating system has multiple resonant frequencies. The location of these extremes is a difficult problem. It 
requires the solution of the nonlinear ordinary differential eq. (4.1). Unfortunately, there are no analytical 
approaches that are able to obtain this solution, in general. But, for a given amplitude µ and a given cycle n 
the nonlinear equation (4.2) can be numerically solved using a computer program based on Newmark 
algorithm [10, 13, 16]. 

5. NUMERICAL SIMULATION 

As an example, in this paper the resonance behavior of the oscillating systems with degradation 
materials was investigated with the aid of the numerical simulation using the NKV model. For this 
simulation was used the following material functions – the degradation function (3.3) and the damping 
function (3.6).  

The excitation used in this simulation process is of harmonic abutment type sin= µ υτgx  with the 

normalized amplitude values µ corresponding to several strain values r (0.06, 0.15, 0.30, 0.45) using the 
relationship 0.045µ = r  obtained from resonant column test result. Also, the damping values ζ (0.05, 0.09, 
0.15, 0.20) at these strain levels r were obtained from eq. (3.6) by introducing γ = ⋅ γ fr , where 0 01.fγ = .  

 The simulation results are given in Figs. 5.1, 5.2, 5.3 and 5.4. As one can see from these figures, after 
each cycle the external loading meets another material with other dynamic properties and with another 
dynamic response. Also, one can observe some features of the nonlinear behavior, namely that the peak 
amplitude of the nonlinear magnification functions depends on the strain level r and damping ratio ζ and the 
resonance peaks occur at different normalized pulsation υ situated before the linear resonant pulsation 
(usually soils have a softening nonlinearity type). The dependence of the maximum peak amplitude maxΦ  in 
terms of normalized pulsation υ: ( )max maxΦ = Φ υ  is illustrated in these figures under "resonant peaks locus" 
denomination. 
 These simulation results make apparent both different effects – degradation and damping – on resonant 
behavior of the nonlinear oscillating systems. The material degradation leads to a weak increasing of 
resonant peak values together with an important frequency dispersion of these maximum values. However, 
the increasing of resonant peak values is counteracted by the strong decreasing of these values due to the 
material damping. 
 To make more obvious the dynamic magnification as a result of the degradation in Figs. 5.5, 5.6, 5.7 
and 5.8 is given a reorganization of the simulation results by illustration of the magnification function 
variation in terms of number of cycles under constant strain and damping. One can remark from these figures 
that the degradation leads to dynamic amplification but fortunately this increase is covered by damping 
effect. 
 

  
Fig. 5.1 – Magnification functions for second cycle. Fig. 5.2 – Magnification functions for the 5th cycle. 
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Fig. 5.3 – Magnification functions for the 10th cycle. Fig. 5.4 – Magnification functions for the 20th cycle. 

 

 
 

Fig. 5.5 – Magnification functions for different number  
of cycles under r = 0.06 and ζ = 0.05. 

Fig. 5.6 – Magnification functions for different number  
of cycles under r = 0.15 and ζ = 0.09. 

 

 
 

Fig. 5.7 – Magnification functions for different number  
of cycles under r = 0.3 and ζ = 0.15. 

Fig. 5.8 – Magnification functions for different number  
of cycles under r = 0.45 and ζ = 0.2. 

 As a synthesis, in Fig. 5.9 a and b is presented the evolution of the magnification function peak values 
maxΦ  under both degradation and damping effects, in Fig.5.9a in terms of normalized pulsation υ and in  

Fig. 5.9b in terms of normalized natural period 0 0/ 1/= = υnonlinear linear
nT T T  [9]. Also, in Fig. 5.9b the strain 

levels ri was replaced by peak ground acceleration (PGA) which can generate these strain levels using the 
relationship between r and PGA obtained from resonant column test: ( )0.458 0.432exp 4.32PGA r= − − . 
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a ( )max maxΦ = Φ υ  b ( )max max nTΦ = Φ  

Fig. 5.9 – Resonant peak values. 

 One can observe that as result of increasing loadings the degradation + damping combined effects lead 
to the reduction of the dynamic magnification peaks together with the frequency dispersion of these 
maximum values. 
 Certainly, the reduction of the dynamic amplification due to material damping is a favorable effect. But 
the frequency dispersion of the maximum resonance values can affect the frequency resonance evaluation for 
a nonlinear system. The frequency dispersion, visible in all presented figures, proves that the nonlinear 
oscillating system has not a unique resonant frequency and thereby has not a unique natural period [9].  
 Accordingly, due to nonlinear behavior of the site materials all structural-site systems have multiple 
resonant frequencies in terms of loading level. This real nonlinear behavior must modify the linear strategy 
of the resonant avoidance because the period dispersion can take important values. For example, as can see 
from Fig. 5.9b a strong earthquake with 0.3 0.4 gPGA = ÷ can enlarge the linear estimation of the natural 
period with 40 60%÷ . 

6. CONCLUDING REMARKS 

 The above results allow us to make the following remarks: 
• Majority of the linear oscillating systems can pass over resonant conditions without material 

damages. Not the same affirmation can be making regarding to the nonlinear oscillating systems that contain 
the materials with dynamic characteristics depending on loading levels. In resonant conditions, these 
nonlinear materials undergo important modifications of their dynamic properties. 

• When the external loads are increasing, the rigidity of the nonlinear materials is reduced, due to the 
dynamic degradation effect, and the material damping increases. These contradictory material evolutions 
have contradictory effects on resonance behavior. 

• The NKV model is appropriate to evaluate the resonance behavior of the nonlinear system under 
simultaneous and opposite nonlinear material effects – decreasing rigidity and increasing damping, because 
this model is built up upon  two nonlinear material functions – one for material strength modeling and the 
other including material damping. 

• The nonlinear magnification functions of the NKV model are proper tools for the qualitative and 
quantitative description of the nonlinear resonance.  

• Whereas the linear oscillating systems have a unique resonance value, the nonlinear oscillating 
systems have multiple resonant values in terms of excitation amplitudes. The nonlinear resonance peaks 
occurs at different normalized pulsation υ situated before the excitation pulsation (frequency dispersion) and 
under linear resonant value. 
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• These multiple resonant peaks may generate some difficulties for the resonant frequency or natural 
period evaluation of the structural-site system. This real nonlinear behavior must modify the linear strategy 
of the resonant avoidance because the period dispersion can take important values. 

• Because whatever structural-site system is a nonlinear oscillating system there are no unique “natural 
periods” of a certain building, irrespective of his emplacement. Thus, the natural period of the structural-site 
system is a function of excitation level. 

• Neglecting this nonlinear aspect by using only a linear natural period value, the resonance avoidance 
strategy may be compromised. 
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