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In this paper the Lucas optimal growth of the human capital and consumption on finite horizon is
analysed when the number of workers is not normalized. The main purpose is to establish the
dependence of the optimal human capital and consumption evolution on the number of workers. The
analysis reveals: for any initial value 4, > 0 there exists an optimal evolution path of length N +1 for
the human capital and it satisfies the Euler equation; at the moment N the human capital is given by
the relation /iy = (1 — 8) Ay.1; the value function Vy is continuous on ¥, and there exists A, > 0 such
as Vy (hy, mg) < Ay - hy; the family of functions {Vy_r}r—o.n-1 satisfies the Bellman equation and it is
the unique solution of this equation which is continuous and satisfies the transversality condition.
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1. INTRODUCTION

The basic problem in Lucas model on finite horizon with normalized number of workers is presented in
Ref. [4] and detailed in Ref. [3].

When the number of workers is not normalized, the basic problem in the Lucas model on finite horizon
is:

Find (h,, m;, ¢;) under the constraints:

1 h
Vi, 0<c¢ <— L p
ct mt f{(l)( ht j 1 mt] (1)
(1-8)h <h, <(1+1)h, )
1<m <M, 3)
such as
N-1
D Bu(e,)
t=0

be maximum; 4, > 0 and m, > 1 are given, B= 1+7 js the discount factor and M is the maximum number of
1+p

workers also given.
The Lucas model and the basic problem are formulated using the following quantities:

L,— the number of consumers at the moment ¢, where L, >0, V ¢ > 0;

N,— the number of employees at the moment ¢, where N, > 0, V ¢ > 0;
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h,— the human capital at the moment ¢, where #,> 0, V ¢ > 0;

6,— the fraction of the working time dedicated strictly to work at the moment ¢, where 6, € [0,1], V ¢ > 0;
¢,— the consumption at the moment t, where L, > 0, V ¢ > 0;

n — the growth rate of consumers, 7 > 0;

p — the time preference rate, p > 0;

0 — the human capital depreciation rate, 6 € [0,1);

A — the human capital growth rate, A > 0.
The fraction of each employee's working time used strictly to work is given by:

9,:4{%) , 0<0, <1, 4)

1

where the function ¢:R! — R! has the properties: is continuous on R, and is decreasing.
We keep the hypothesis HO-H3 from Ref. [3]:

HO: BeR,0<Bp(1+1)<1

H1: The function u: R} — R! is of class C' and satisfies:
*u(0)=0
cu'(x)>0,Vx>0
*3A4,>0suchasu(x)<4, - x,Vx>0

H2: The function f:R! — R. is of class C° and satisfies:

< f0)=0
s f'(x) >0,V x>0

*34,>0suchas fix) <A, x, Vx>0
H3: Nis a fixed natural number, V N > 1

Definition 1. A couple of finite sequences ((%,)—o0.n » (M:)—o._n-1) 1S called a feasible human capital
evolution starting from (h°, m®) if it satisfies:

Vi=0..N-1, (1-8) h<hu.<(+A)h
1<m, <M

and (ho , mo) = (h°, m°).
We denote by I1(%°, m°, N) the set of all feasible human capital evolutions starting from (A°, m®).

Definition 2. A feasible human capital evolution starting from (%°, m°), ((h;’ )y (e ) is called

’)1:0..N71
maxiﬁfu[milf(d)[h}:—jl}.ht mtJ} :iiﬁtu(mi?f(d)[%}hf mt"J}

where the maximum is considered on the set I1(4°, m°, N).

optimal if:
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Definition 3. A finite sequence (c,);-¢.n.1 Of length N is called consumption evolution if:
¢>20,Vt=0...N-1.
Definition 4. A feasible human capital evolution starting from (4°, m°), ((h)r=o.n » (M)=0.n—;) and a

consumption evolution of length N, (¢/);=..x.1 18 called a feasible human capital and consumption evolution
if:

Vi=0..N-1, A=) h<h<(A+N)h, 1<m <M,

0<c, Sif[d)(h)ht -mtj.
mt hl

Definition 5. A feasible human capital and consumption evolution, ((},’o )t:o o(me )t:O (e )t:O_ Nﬁ}) is

called optimal if:

N-1
amax, > Bu(c) =2 puler)

Theorem 1. If ((h))—o.n » (M)i=0..n—1) is a feasible human capital evolution starting from (h°, m°) and

¢, :if[q)[%j.hl -ml], Vit=0..N-1 then ((ht )t:o N,(ml )r:O wa(cz )r:O Nil) is a feasible human capital
m, . . }

t

and consumption evolution and for every feasible human capital and consumption evolution of the form
((hr )I:O.AN’(mt )I:O.AN—l ’(ct’ )t:O,AN—l) we have:

Proof. As ((h, )t:O“ N,(mt ),:o“ v ,(ct' );:o.. N_l) is a feasible human capital and consumption evolution, we have:

c;sif(q{hj'h, mJ Vi=0.. N-1.
m h,

The function u is increasing (by the hypothesis H1) therefore:

u(c,’)Su(m%f(d)Eh}’l—le-ht-mt] Jzu(c,)

=D Bu(c) <2 Pu(c,)
=0 =0
Consequence 1. If ((h[o)t:OHN,(m[o)t:wil) is an optimal human capital evolution starting from (h°, m®)
and ¢ :mi;)f((l)(]z—;l)h;’ mzoj then ((hto )t:O,,N’(m[o )t:O,.N—l’(ClO )t:O..N—l) is an optimal human capital and

consumption evolution.

Proof. The proof is immediate using the theorem’s 1 result.
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Consequence 2. If ((hto)[:0,,N’(mf0)[:0,_N—1’(co)t:O__N—l) is an optimal human capital and consumption

1 / 0 0 0 1 ht0+ o 0 = o o ]
evolution starting from (h°, m°) then ¢ =m_;’f[¢(h_l}h’ -m ], Vt=0..N-1and ((h, ),y )[:0“N71) is

o
t

an optimal human capital evolution starting from (h°, m®).

Proof. We suppose that ((h0 ),ons(m) Nil) is not an optimal evolution and we prove the contrary

HSing the optimality of ((hfo )z:O..N ’(mto )t:O.J\/—l ’(Cto )t:O,.N*l) :

By these consequences we observe that in order to determine an optimal human capital and
consumption evolution path it's enough to determine only the part of the optimal human capital evolution of
the path. Therefore, the basic problem in Lucas model is:

Find (%,, m;) under the constraints:

V1, (1-8)h <h., <(1+1)h, (5)

1<m <M, (6)

)

be maximum; 4y > 0 and my > 1 are given. The corresponding consumption ¢; can be determined using the

relation ¢° :L f[q)(ﬁ] he - mtvj_
m° h°

t t

such as

We transform this problem in an equivalent one using the multivalued application I" and the function ¥
defined below:

C:R > R; xR}, T(x)=[(1-38)x,(1+N)x],

FiR xR xR >R, F(x,y,z):u(lf(x.z.q{zm.
z z

For (x,y,z),(x,,»,,2 ) € graph(T') x R! we define the distance

d((x, y, 2), (x5, y1, 21)) = d(x, x1,).
The multivalued application I" has the following properties:
. 0el(0)
ii.  has compact sets as values;
iii.  itis continuous onR! .
The function F has the following properties:
i.  iscontinuouson R; xR, xR} ;
ii.  there exists 4> 0 such as for any (x,y,z)e graph(I') x R! we have F(x, y, z) < Ap - x.
In terms of multivalued application I" and function F the problem of determining the optimal human capital

and consumption evolution path in Lucas model on finite horizon is:
Find (h,, m;) under the constraints:

(hHl’mt)EF(ht)X[laM]g VtZON—l,

for which:
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N-1
ZBtF(hz’hHl’mz)
t=0
is maximum (with Ay > 0 and my > 1). Therefore we have:
Definition 6. The couple of sequences ((%)=o.n >, (M)=0.n~1) 18 a feasible human capital and
consumption evolution starting from (h°, m®) if and only if:

(hyer,mp) € T(h) x [1,M], ¥ t=0 ... N— 1 and (ho, mo) = (h°, m°),

where 4° is a given strictly positive real number and m’ is a given strictly positive natural number.

Definition 7. A feasible human capital and consumption evolution starting from (h°, m°),
(( he )t:O (e )t:O Nil) is an optimal evolution if and only if:

N-1 N-1
maXZBtF(ht’hHl’mt) = ZBtF(htO’ht‘irl’mto)
t=0 t=0

where the maximum is considered on the set I1(4°, m°, N).

2. EXISTENCE OF THE OPTIMAL HUMAN CAPITAL AND CONSUMPTION EVOLUTION

Proposition 1. For any fixed h° > 0 and m°® > 1 there is an optimal human capital evolution (h, m)
starting from (h°, m°).
Proof. We proof that the function U defined by:
N-1
U:TI(h°,m°,N) >R, U(hm)=>> B'F(h,h,,m,)
t=0

27+

is continuous on the compact set I1(h°, m°, N). Therefore, U is bounded thus it has a maximum on the set
I1(A°, m°, N).
Proposition 2. For every fixed h° > 0 and m° > 1 there is an optimal human capital and consumption

evolution path starting from (h°, m°), ((h, )t:O.. N,(mt )t:O” v ,(ct )t:OJ\F1 )

3. PROPERTIES OF THE OPTIMAL HUMAN CAPITAL EVOLUTION PATH

Proposition 3. If (h, m) is an optimal human capital evolution starting from (h° >0, m° > 1), then
hy=(1-29) hy-s.

Proof. We prove the statement by contradiction.

Definition 8. The function Vy defined by: ¥, : R} x[I,M]— R, ,

N-1
Vy(h®,m®) = H($3§N);ﬁ’F(ht,ht+l,mt )’

where T1(A°, m°, N) is the set of all feasible human capital evolution paths starting from (4°, m°), is called the
value function.
Let (h, m) e TI(A°, m°, N). The value function Vy satisfies:

1. Vp0, 0) = 0; Vi(h®, m°) > 0, for h° > 0. If ((ht )t:O,.N’(mt) ) is the optimal human capital

t=0.N-1

127+

N-1
evolution starting from (4°, m°) then ¥, (h°,m°)=>_B'F (h,.h,,,.m,);
=0
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2. Vyis continuous on R x [1, M];
3.3 A4y>0suchas Vy(h°, m°) < Ay - h°.

Proposition 4. 1. The functions Vy_r associated to hr and Vy_r associated to hr., satisfies the Bellman
equation for every T € {0, ..., N—2}:
Vir (hypsmy) = max {F (b by omy ) + BV (yymyy) < (. yomy,) € D) < (LM, (7
with
Vi(hy_,my_) =max{F(hy_,,hy,m,_):hy €T(hy_)}. (®)

for any 4° >0 and m° > 1.

2. The set of functions {Vy_r}r-o.. n—1 18 the unique solution of the Bellman equation which satisfies the
conditions:

i. Vit=0...N-1, Vy_ris continuous on Rix[l,M];
ii.  the transversally condition : ¥ hy> 0, my> 0, (h, m)ell( ho, mo,N) we have

1
Vithy ,my )= ”( f(hN—l My )J = ©)
N-1
h
S (I)( N j =1. (10)
hN—l
3. The sequence (h, m) is an optimal evolution path of length N+1 starting from (hy, mo) if and only if:
vT=0..N-2, VN—T (hramr) = F(hT’hTJrl ’mr) + BVN—T—I (hT+l ’mT+l) (11)

and hNS (1 — 5) hN—l-

Proof. 1. We prove the double inequality.
2. 1) The proof of the Vy_r function's continuity is similar to the proof of ¥y continuity;
ii) Immediate by the definition of the value function. For the uniqueness we consider two solutions
of the Bellman equation and we prove that they are identical.
3. Prove the double inequality.

Let Gy_r be a multivaluated function defined for any 7=0,. . ., N — 2 as follows:
Gy RUX[1,M]— 2%
Gy (hyomy) = argmax {F(hy.,y.my) + BV, (vom): (yom) € (k)< [LM 1)
or equivalent
GN—T(hT’mT) = {(y,m) € F(hr)x [1,M]: VN—T(hT’mT) = F(hr,yamr) + BVN—T—I (y,m)}.

Proposition 5. 1. Gy_r is upper semi-continuous on Rl x[LM],vTe{0,...,N—2}.
2. A feasible evolution path starting from (ho, mg) is optimal if and only if VT =0,..,N -1,
(hT,mT) (S GN—T+1 (hT—l)X [I,M] and hNS (1 — 6) thl-

3. If (h, m) is an optimal evolution starting from (hy, mg) then it satisfies the Euler equation:

Fy(hy s by smp ) + B (hyyy By omy, ) =0,
Fy(yyys by sy, ) =0,
where F;, F; and F; denotes the derivatives of F with respect to the first, the second and the third variables.

Proof. 1. We prove that Gy_7 (x, y) is a non-empty and compact set for any (x, y) € Ri x[1, M ]and that
for any pair of sequences ({x,}, {v.}) with x, > x, y, = y and any pair of sequences ({z,}, {¢,}), with
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(zns 2) € Gnor (X, yu) Vn, there is a subsequence {z, }and a sequence {7, }converging to z and ¢, with (z, )
€ G(x, ).

2. Immediate using the Proposition's 4 results.

3. We prove that the function ®(x, y) = F(h,, x, m;) + BF(x, .2, v) has a local maximum in (A4, #+1).

4. CONCLUSIONS

In the Lucas optimal growth model on finite horizon when the number of workers is not normalized for
every initial value (A°, m°) there is an optimal human capital and consumption evolution path
((h[ )I:O__ N,(mt )t:O__ wa(cz )t:O__ Nfl) and it satisfies the Euler equation. The human capital for the last period can

be determined using /&y = (1 — &) hy_;. The value function Vy is continuous and there is an Ay > 0 such that
Vn(h®, m°) < Ay - h°. Also, the set of value functions is the unique solution of the Bellman equation which is
continuous and satisfies the transversality condition.
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