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The solution in the distributions space D: for the boundary-value problems regarding the bending of
the elastic rods on elastic foundation is given. The expression of the rod deflection for any load of rod
is given with the help of the fundamental solution in Dl of the operator which describes the rod

bending. From the condition that the support of the deflection should be on [a,b] we established four

conditions which allow us to determine the constraint concentrated loads and moments as well as the
jumps of the deflection and its derivative at the ends of the rod. The obtained results are exemplified
for a supported ends rod with concentrated and uniformly distributed loads lying on an elastic
foundation.
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1. INTRODUCTION

This paper is the continuation of [4] in which the complete system of equation of the elastic rod
bending on an elastic foundation in the distributions space D was established.

2. THE GENERALIZED SOLUTION OF THE ELASTIC ROD BENDING ON AN ELASTIC
FOUNDATION

In the first part of this paper [4] it is shown that the bending equation of the elastic rods on an elastic
foundation is

EI0%3(x) + ki(x) = ¢, + EI ([#],8"(x - a) +[¥], 8"(x = b) +[ 6,7 ] 8"(x—a)+[8,7], 8"(x - b)) . (2.

where ¢,(x) = G(x)+ Y PS(x—¢,)+ Y md'(x-¢,).
i=1 i=1

We mention that this equation is written with respect only to the deflection v of the rod in the

/ k
distributions space D’. Denoting by @ = } A5l the equation (2.1) becomes

0'5(x) + 40 3(x) = F(x) , 2.2)

where
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q J J
F(x)= @+—238(x -c) +—Zm,6'(x -c)+
EI EI< EIS (2.3)
+[7],8"(x—a)+[7], 8"(x~b)+[ 8,7 8"(x—a)+[D,7] 8"(x-b).
The fundamental solution in D/ of the operator P(0 ) = ai +4w' is S € D' having the expression
1 . .
S(x) = 4—3 H(x) (cosh x sin @x — sinh wx cos cox) , 2.4)
®
where H represents the Heaviside function.
Indeed, the distribution S € D' satisfies the equation 8;‘S (x) +40'S(x) = 8(x).
Applying the Laplace transformation in distribution we obtain
. - 1
S(p)=L[SW](p). S(p)=———. (2.5)
p +4o
Applying the inverse Laplace transformation L and taking into account [1] we obtain
. 1 1
S(x)="L" [S(p)] =L " == H(x)(cosh ®x sin @x — sinh @x cos a)x) eD),. (2.6)
p +4o 4m
We introduce the real-valued functions u, u,, u,, u, € C*(R) having the expression
u(x) = cosh wx sin wx — sinh wx cos wx,
u, (x) = u'(x) = 20 sinh @x sin ox,
2.7
u, (x) = u"(x) = 20 (cosh ex sin wx + sinh ox cos wx), 2.7)
u, (x) = u"(x) = 40’ (cosh wx cos wx).
We have
u' (x) = u)(x) = —do'u(x) . (2.8)
From here results
u™ (x) = (—4(04 )k u(x), u™ M (x) = (—40)4 )k u, (x), 29

W@ = (') w0, w0 = (o' ) u @)

Because any natural number n >4 can be written under the form n=4k+ p, p=0,1,2,3; ke N, we

have:

Any n >4 order derivative of the function u € C*(R) given by (2.7) represents a multiple of one of

the functions u,u, =u’, u, =u", u, =u", namely

—40)4) u(x), n=4k

u(x) n=4k+1
k=12,3,..

(
u (x) = (
(
(

)
40" ) u,(x) n=4k+2
)

u,(x) n=4k+3

(2.10)
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On the basis of the function expression u € C*(R) given by (2.7) the fundamental solution S € D'
given by (2.4) becomes

S(x) =L3H(x)u(x). (2.11)
4

With this the solution of the equation (2.2) in D! for xe R is

1 1
V(x)=S8(x)* F(x) =—F H(x)u(x) * F(x) = H(x)u(x) * q(x) +
4o 4E

3
()

+

l iBH(x—ci)u(x—cl.)+

AEe 2 ! im,.H(x—cl. ), (x—cl,)+ﬁ[[\7]a H(x—-a)u,(x—a)+ (2.12)

AElo’ 5

+[¥], H(x = byuy (x=b) +[3,5] H(x—ayu,(x—a)+[8,7] H(x~bu,(x- b)],

where the symbol " * " represents the convolution product in distribution.
We mention [3] that the following formulas have been applied

FE8(x) = f(O8(x),  f(x)*8" (x=x)=f"(x~x), p=012,..,

(H(x)u(x))' = H(x)u,(x), (H(x)u(x))" = H(x)u, (x), (H(x)u(x))m = H (x)u,(x), (2.13)
u(0)=0, u,(0)=0, u,(0)=0, u,(0)= 4.

. . - q(x), xela,b] . .
Let be the functions u € C"(R) and g(x)= , where ¢ is an integrable function on
0, xela,b]
[a,b]. Then we have
0, x<a
Hou(x) *§(v) =4 [ q@ou(x—0)dt,  x €[a,b] (2.14)

qu(t)u(x _nde, x>b

Definition 2.1. By generalized boundary value problem for the bending elastic rods on an elastic
foundation, we mean the determination of the distribution v € D'(R) which is null for x &[a,b] and for

f e D'(R) satisfy the equation
O(x)+40'v(x) = f(x). (2.15)
Proposition 2.1. The distribution v € D'(R) with suppV =[a,b] having the expression

0, x¢la,b]

s jq(t)u(x —)dt + = ZEH(x —cu(x—c,)+
a i=1

x) = (2.16)

+—1 Zml.H(x—ci)ul(x—ci)+ x€la,b]
i=l1

4Elw’ £

+ P HG - =) +[3.5] Ha - c-a) |,

represents the unique solution of the generalized boundary value problem for the bending elastic rods on an
elastic foundation (2.2), if the following conditions are satisfied
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[a(yub - r)dr + iEu(b —c)+ Zmu (b-c)+EI[[7] u,(b-a)+ 40’ [7] +[3.7], u,6-a)]=0, (2.17)

[a(0u, (b - 1)de + iFl’.ul (b-c)+ Zmuz (b—c)+
a (2.18)

+EI| ~40' [7], u(b —a) +[3,7] u,(b-a) +40'[6,7], =0,

Iq(l‘)uz (b—1t)dt + i}guz (b-c)+ Zmu (b—c)+-40'EI[[#] u,(b-a)+[07] u(b-a)]=0, (2.19)

i=1 i=1

b n n
[a(0u, (b= 0)dt+Y Pu,(b—c,) — 40" Y mu(b —c,) - 40" El [[ﬁ]auz (b-a)+[0,7] u,(b- a)] =0. (2.20)
a i=1 i=1

Indeed, to have suppv =[a,b], we shall impose that v(x)=0 for x >b. We shall show that this

condition is always possible, which will lead to the conditions (2.17)-(2.20).
According to (2.12) and taking into account (2.14), v(x) for x > b has the expression

v(x) =

1 n
ZBu(x —c)+
i=1

1 n
mu, (x—c,)+
4EI0’ < ZI: 1

4EI’ <

1 b
T fau(x-ode +

(2.21)

+$[[\7]a u,(x—a)+ [ﬁ]b u,(x—b)+ [éx‘;]a u,(x—a)+ [éxﬁ]b u,(x— b)], x>b

this is because H(x—c,)=1,i= I,_n for x>b.
We observe that v(x) for x>b can be expanded in Taylor's series according to the power of x—5b

and we have
~ ~ I 1 22~ 2 1 23~ 3
v(x)=v(b+O)+Faxv(b+O)(x—b)+;6xv(b+0)(x—b) +§axv(b+0)(x—b) +..., (2.22)

To have v(x) =0 for x > b it is necessary and sufficient to satisfy the conditions
5(b+0)=0, 99(b+0)=0, OT(b+0)=0, O ¥(b+0)=0. (2.23)
Indeed, on the basis of formula (2.21) for x > b, the deflection v(x) is represented with the help of
functions (2.7). Taking into account the formula (2.10), it results that the derivatives é:\?(x) , >4 will be

k
express only with the help of a multiple (—40)4) of the functions u, u, =u', u, =u", u, =u".

Hence we deduce that the four conditions given by (2.23) imply the relations
'W(b+0)=0, n>4. (2.24)

Therefore, from the conditions (2.23) it results v(x) =0 for x> 5.
Next, we shall explicit the conditions (2.23).
I. From v(b+0)=0 by virtue of (2.21) and taking into account u(0)=0, #,(0)=0, u,(0)=0,

u, (0) = 40’ we have
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1 4 1
Hu(b —)dr +
(,f!"()( i+

n 1 n
Pu(b—c )+ mu (b—c.)+
AEI ofg“ (b-c) 4El(n3§ (b=

(2.25)

+

” [[7], 0,0 - @)+ [3], u,(0) +[8,7] u,(b-a)+[3,7] u,(0) ] =0,
® a b

namely the condition (2.17).
I1. Because 5x\7(b +0) =0, by virtue of (2.21) and taking into account the formulas (2.10) we obtain

j q(t)u, (b —t)dt +e

ZP(

[[7], (—40* Jutb—a) +[7], (—4m“ )u(0)+ [éj]a u,(b—a)+ [(iﬁ:lb u,(0) | =0,

4Ll (2.26)

+ 3
4w

namely the condition (2.18).
I11. From (2.21) the condition 0°7(h+0) =0 implies the relation

n

1 -
,(b—1t)dt + Pu,(b—c,)+ mu,(b—c,)+
AElo AEIw’ Z‘ : 4Elw’ Z‘ 3

4;3 [[ﬂa (—40" u, (b —a) + [#], (—40" )u, (0) + (2.27)

+[8.7], (40" Jup—a)+[3,7], (~40* Ju(] =0,

namely the condition (2.19).
IV. From (2.21) the condition 5iﬁ(b +0) = 0 implies the relation

n

) 1 ) N
T jq(z)u (b—t)dt + e ;}3“3(/5 C")+4E1m3 Zlm( 40" Ju(b - c,) +

L 7], (4o - 5] (~4o* (2.28)
4’ [[7], (40" u, (b —a) +[¥], (40" u,(0) +

+[0,7] (40" )u,(b-a)+[3,7], (~40* )u,(0) | =0,

namely the condition (2.20).

Because the convolution algebra D’ is without divisors of zero, it results that the distribution v e D’
given by (2.16), represents the unique solution of the equation (2.2) with suppv =[a,b] owing to the
conditions (2.17)—(2.20). With this the proposition is proved.

3. EXAMPLE

Let be OA (Fig. 3.1) an elastic rod having the length /¢, a constant cross-section, supported in the

points O and A, which lies on an elastic foundation.
We admit that on the rod act uniform distributed loads of intensity ¢, as well as a concentrated load of

value P applied in the point ¢ € (0,/).
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Fig. 1 — Elastic rod supported on an elastic foundation.

We shall apply the formula (2.16) to determine the deflection v(x) in a point x € R . Due to the way in

which the rod is fixed and because ¢, =a =0, ¢, =b =/ the boundary conditions are

1
5(0+0)=0, #(0-0)=0, ¥(£+0)=0, 3(£—0)=0,
(0 +0)=0, O*5(0—-0)=0, O*5(£+0)=0, &*(£—0)=0.

The boundary conditions (3.1) can be written under the form

[7], = 9(0+0)~#(0-0) =0, [#], = #(¢+0)~ (¢~ 0) = 0, [éfﬁ]o =0, [éjﬂ/ﬁ =0.

Because we have
[0,7], =7 (0+0)=7(0-0) =7 (0+0), [ 7] =¥ (£+0)—F (£ =0)=—F (£-0),

due to the formula (2.16) we obtain for the deflection v the expression

X

q g o
v(x) =4 4Elw’ Ju(x e 4El’ Heu)+

Al H(x—-cu(x—c)

Vs H(x—Du(x—10)+

T IR »e V'(0+0)H (x)u, (x).

Taking into account (3.3) and the formula j f(x—t)dt = j f(t)dt we obtain
0 0

0, x ¢[0,0)
f Vu(x) v (0+0)u,(x
v(x) = 1 3J.u(t)dt— - (3)+ ( 2 o ), x €[0,¢)
4FElo 4Elw 40
f Vu(x) Pu(x- 7 (0 +0)u, (x
I [uqrydr —= (3+ ulx f)+ ( 22( ) eled]
4FElw 4Elo 4Eloy 4o

We observe that in this relation of the deflection v appear only two unknowns, namely: the reaction

0, x2[0,0)

0 x e[0,/]

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

0

in O and the rotation of rod to the right in the point O, v'(0+ 0). These unknowns as well as the unknowns

V,,V({—0) representing the reaction in the point 4 and the rotation of rod to the left in the point A4,

respectively, will be determined from the conditions (2.17)—(2.20).
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Using the formula [f(x—1)dt = [f(t)dt and the relation u(0) = 0,u,(0) = 0,u,(0) = 0.1,(0) = 4’
0 0

the conditions (2.17)—(2.20) become

0
g lu(t)dt —=V,u(l) + Pu({ —c)+ ER'(0+ 0)u, (¢) =0, (3.6)
0
q J.ul (£)dt = Vyu, () + Pu, (£ =€)+ EI[ (0 + O)u, () = 40'5'(1 = 0) | = 0, (3.7)
0
l
qJ‘u2 (&)dt = Vyu, (€) + Pu,({ —c) - 40 EF'(0+ 0)u(0) =0, (3.8)
0
4
qJ.u3 ()dt = V,u, () + Pu,({ —c) — 40’V, — 40’ EI'(0 + O)u, (£) = 0. (3.9)
0
We denote
' u(x) . ,
u, (x) = —— = sinh ox sin ox,
20
. u, (x) . .
u,(x) = 5 = cosh wx sin wx + sinh wx cos wx, (3.10)
®
* u} (x)
u, (x) = + = cosh @x cos wx,
4o

and taking into account [2], p.242 we can write the relations

X /
I = |u(t)dt :l[l—cosoaxcoshmx] :l[l—u;‘(x)], I, :J.ul*(z)dz :@’
! ? ? ’ 2 (3.11)

14 14 *
1, = i3 (0)de = osinh ot sinol = ou; (4), 1, = fu; (e = w®,
0 20

0

From the equations (3.6) and (3.8) we shall obtain for the unknowns ¥, and 7'(0+0) the expressions

[ (0 + 15 (0) |V, = PLu(Ou(t — o)+ uj (00 (0 - ) |+ ¢ [u(z)ju(t)dz U (f)ju; (t)dt},
’ ’ (3.12)

L 4
2EI0’[ 1 (0) +u’ (1) |7 (0+0) =P u(Oyu; (- ¢) =1t (Du(l= ) |+ [u(f) [ (0de= w3 (0) ju(t)dt}.
0 0
From the equations (3.7) and (3.9) we shall obtain for the unknowns ¥, and ¥'(¢ —0) the expressions

!
v, = un3 (t)dt —u (0)V, + Pui (L —c) = 2Elw’u; (£)v'(0+0), (3.13)
0

2EI0"V(0 - 0) = q[u] (dt - u] (), + Pu; (¢ = ¢) + 2El0"u; (1)7'(0+0). (3.14)
0
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Consequently, the four unknowns ¥, V,, ¥(0+0), ¥'(¢—0) are determined.
On the basis of the relations (3.11), the formula (3.5) of the deflection becomes

0, x¢[0,0)
- q . u(xV,  v'(0+0)u,(x)
v(x) = 1—u, (x))— + s xe€[0,c 3.15
) 4Elo" (A= () 4Elw’ 4’ [0:) (3.15)
q . u(xV, Pu(x-c) V'(0+0)u,(x)
1—u,(x))— + + , xelc/t
4Elo" (=1 () 4El’  4El®’ 4o’ Le.]

and the relations (3.12), (3.13) and (3.14) can be written under the form

u(l)

[u2 () +u) (f)] Vv, = P[u(é)u(f —c)+u, (D, (0 - c)] +q [— (1= u; (0)) + ou, (O)u; (f)} , (3.16)
®

2 2 ) ~ * X * u, () .
2EI0* [ 1’ () +u (1) [9'(0+ 0)=P| w0 ((—c)—u; (Du(l—c) | +q|:03u(€)ul () ——=(1-u (6))}, (3.17)
(4]
v, = 2iu; (0) = (O, + P’ (¢ — ¢) — 20 Elu; (0)7'(0 + 0) , (3.18)
()]
20 EIV (1 - 0) = Ziu(z) —u' (O, + Pu’ ({ — ) + 20°Eli, (£)¥' (0 +0). (3.19)
()

Substituting the values ¥, and ¥'(0+0) given by (3.16), (3.17) in (3.15) we shall obtain the expression
of the deflection v(x), x €[0, ] for the elastic rod on the elastic foundation.

Consequently, the reactions ¥, and ¥, in the points O and A, as well as the deflection of the rod on
the elastic foundation have been determined.

4. CONCLUSIONS

We give a general method of solving the boundary value problem for the bending elastic rods on an
elastic foundation. The conditions (2.17)—(2.20) ensure the rod equilibrium and allow the determination of all
unknowns as well as the constraint concentrated moments and forces which appear in the deflection
expression. The solution is given for any sort of loading of the rod such as distributed and concentrated
loads.

All these show the efficiency of the convolution algebra D’ in solving the bending problems of elastic
rods on an elastic foundation.
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