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In this paper an analytical method is developed to identify the Bouc-Wen model parameters from the
experimental data of periodic loading tests. The model parameters are determined by closed analytical
relationships such as the predicted and experimental hysteresis loops to have exactly the same
maximum force values and coordinates of loop- axes crossing points. Asymmetric hysteretic
characteristics are modeled by sewing the solutions of two different Bouc-Wen equations,
corresponding to negative and positive values of the imposed cyclic displacement. The method
efficiency is illustrated by its application to portraying the asymmetric hysteretic behavior of two
vibration control devices.
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1. INTRODUCTION

The Bouc-Wen model, widely used in structural and mechanical engineering, gives an analytical
description of a smooth hysteretic behavior. It was introduced by Bouc [1] and extended by Wen [2], who
demonstrated its versatility by producing a variety of hysteretic characteristics. The hysteretic behavior of
materials, structural elements or vibration isolators is treated in a unified manner by a single nonlinear
differential equation with no need to distinguish different phases of the applied loading pattern. In practice,
the Bouc-Wen model is mostly used within the following inverse problem approach: given a set of
experimental input—output data, how to adjust the Bouc-Wen model parameters so that the output of the
model matches the experimental data. Once an identification method has been applied to tune the Bouc-Wen
model parameters, the resulting model is considered as a “good” approximation of the true hysteresis when
the error between the experimental data and the output of the model is small enough from practical point of
view. Usually, the experimental data are obtained by imposing cyclic relative motions between the mounting
ends on the testing rig of a sample material, structural element or vibration isolator and by recording the
evolution of the developed force versus the imposed displacement. Once the hysteresis model was identified
for a specific input, it should be validated for different types of inputs that can be applied on the testing rig,
such as to simulate as close as possible the expected real inputs. Then this model can be used to study the
dynamic behavior of different systems containing the tested structural elements or devices under different
excitations.

Various methods were developed to identify the model parameters from the experimental data of
periodic vibration tests. A frequency domain method was employed to model the hysteretic behavior of wire-
cable isolators [3], iterative procedures were proposed for the parametric identification of a smoothed
hysteretic model with slip [4], of a modified Bouc-Wen model to portray the dynamic behavior of
magnetorhological dampers [5], etc. The Genetic Algorithms were widely used for curve fitting the Bouc-
Wen model to experimentally obtained hysteresis loops for composite materials [6], nonlinear degrading
structures [7] or magnetorheological fluid dampers [8-10].

In the present work, our primary focus is to give closed analytical relationships to determine the
parameters of the Bouc-Wen model such as the predicted hysteresis curves and the experimental loops to
have same absolute values of the maximum forces and same coordinates of the loop-axes crossing points.
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The derived equations can be used for fitting the Bouc-Wen model to both symmetric and asymmetric
experimental loops. The asymmetry of experimental hysteresis curves is due to the asymmetry of the
mechanical properties of the tested element, of the imposed cyclic motion, or of both factors. In most cases,
the identified model output turns out to be a “good” approximation of experimental output. When this
approximation is not satisfactory, the obtained parameter values can be used as initial values within an
iterative algorithm to improve the model accuracy.

2. ANALYTICAL APPROACH

Suppose the experimental hysteretic characteristic is a symmetric loop —F_ < F (X) <F,, obtained
for a periodic motion —X,, (t) < x(t) < x,, (t), imposed between the mounting ends of the tested element. The
loop-axes crossing points are: A(0, F;), C(X,, 0),D(0, —F))and E(-x,, 0).

By introducing the dimensionless magnitudes

t=t/T. §(t) =x(T)/x,.&(1)=dE/dr, 2(8) = F (&) /F,.

En = max| (1), z, =max|z(§), o =Xo/%ys 29 =F/F, )]

where T is the period of the imposed cyclic motion and X,, F, are displacement and force reference units
such as &, <1, z,, <1, a generic plot of the symmetric hysteresis loop Z(E_,) can be represented as shown in
figure 1.

Fig.1. Generic experimental hysteretic loop

The Bouc —-Wen model, chosen to fit the hysteresis loop shown in figure 1, is described by the
following non-linear differential equation

dz
A-|z[" [B+ysgn(&_,'z)]

=dg @)

where A, B, v, n are loop parameters controlling the shape and magnitude of the hysteresis loop Z(é) . Due
to the symmetry of hysteresis curve, only the branches AB, BC and CD, corresponding to positive values
of the imposed displacement &(r) , will be considered.

The model parameters are to be determined such as the steady-state solution of equation (2), under
symmetric cyclic excitation, to satisfy the matching conditions considered in (3).
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2(0) =z, atA, z(&,) =2, 2(&,) =0, 2(0) = -z, at D 3)

Equation (2) is solved analytically for n = 1 and 2. For arbitrary values of n, the equation can be
solved numerically. In the present work, the proposed method for fitting the solution of equation (2) to the
experimental hysteresis loop shown in figure 1, is illustrated for n =1 and 2.

Fitting the Bouc-Wen model to symmetric experimental hysteresis loops for n=1
If are considered the notations
a=B+Y7 SZB_Y (4)

the equation (2) takes on three different forms for each the three branches AB, BC and CD shown in
figure 1:

dz dz dz
=d&, BC: =d&, CD: =d 5
A-oz 5 A-06z 5 A+oz 5 (®)

AB:

From equations (5), and (5), one can calculate straightforward the slopes o, and o, of AB and BC
branches in the point B :
dz dz

e, = A-z.0,a,=

=== 2 ZA-z8 6
d& on AB d& E:Big ( )

oy m
Since the conditiona, <o, holds for any physical hysteresis loop, from equation (6) one obtains 6>9§.

Therefore, the Bouc-Wen model can portray a real hysteretic behavior only for positive values of
parametery .

Integration of equations (5) on each branch yields three different relationships between the parameters
Em> Eo» Zm» Z,, measured on the experimental loop, and the Bouc-Wen model parameters A, G, & .

A. Integration of equation (5); on the branch AB yields

Z Em

f & =Id§=<§m (7)
0

A-oz

)

Al. If =0 then (7) becomes Zn ; % _ &, that implies

Z.—1
A=-m 0 8
En ®
A2.1f 6>0,then A-ocz#0forV ze(z,, z,], if and only if the condition z, < A/c holds.
A3.1f 6<0,then A-cz>0 Vzelz, z,].
In both A2 and A3 cases one can obtain (for c #0and z, < A/|c5| ):
A-oz,
— e*GEJm
A-oz, ©)

B. If equation (5), is integrated on BC branch one can find:

0

dz &
_[ _82=id§=io—ém (10)

A

Im
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Bl.If =0 then the relation (10) becomes ZKm =&, —¢&, thatyields

z
A=—0=" 11
E.am_éo ( )
B2.If 6> 0, then A-06z #0for Vz e[z, z,] if the condition z, < A/c holds (A/c < A/d)
B3.If <0, then A-6z>0 Vzelz), z,].

In B2 and B3 cases, equation (10) implies the relation (for § #0 and z,, < A/ |c$|)

A—SZm _5(;’ _‘t’)
=g % 12
A (12)

It is easily seen that conditions (8) and (11) are not compatible. Therefore, =0, 0=0,1i.e. B=y=0

cannot be a solution such as Bouc-Wen model to portray hysteresis loops.
C. By integration of equation (5); on the branch CD, the following relation is obtained:

dodz ¢
= d = —
f Aoz I E=-§, (13)
0 o
Cl.If =0 then (13) becomes z,/A=¢, that implies
z
A=-"C 14
£, (14)

By combining the relations (8) and (14), one can derive the condition that must be satisfied by the measured
parameters &, &, Z,,, Z, such as =0 (i.e.p =—y) to be an acceptable solution for fitting the Bouc-Wen

model to experimental data:

In—% _ 2%

15
E.vm &0 ( )
C2.1f 6<0 then A+oz#0 for Vz e[z, z,] if the condition z,, < A/|c| holds.
C3.If 6>0 then A+ocz>0forvVzelz, z,].
Thus for 60, z,, < A/ |c$ , integrating the equation number (13) yields
A — eG&o (16)
A-oz,
By taking into account the relations (9) and (16), one can obtain
2y — 2y +€ %[ 2,07 —7, =0 (17)

which is a transcendent algebraic equation for parameterc. It can be proved that the equation (19) has
always the solution 6 =0 and at most another onec # 0 . If condition (15) holds then =0 is the only one
solution and the value of parameter A is given by (14).

Otherwise, A is obtained from (16):

__ 9%
T 1-e %

(18)

Next, the equation (12) can be rewritten as

A-5z, — Ae"En%) = (19)
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As in the case of equation (17), one can prove that equation (19) has always the solution d =0 and at most
another one 6 # 0 . If the value of A, given by (18) also satisfies (11), then 6 =0 is the unique solution of
equation (19). Otherwise, the value of o is found by solving equation (19) in which A is given by (14) or by
(18), as condition (15) is fulfilled or not.

Fitting the Bouc-Wen model to symmetric experimental hysteresis loops for n=2

If n =2 then from the relations (2), (3) and (4) one can get the equations on the branches AB, BC and
CD:

dz dz dz
AB: =d&, BC: =d&, CD: =d 20
A-oc17? g A-5z° : A-ocz? : (20)
Next is applied the same procedure in order to obtain the loop parameters A, B, y in terms of the given ones,
Em> Go> Zms Zo-
A. Integration of equation (20); on the branch AB determine the relation
Zm EJm
dz
= d =
ZIOA_GZZ ! E=C&y 1)

Al.If o =0 then (21) becomes Zm ; % _ &, that implies relation (8).

A2.1f 6>0,then A—oz? #0for V z €[z, z,] is true if and only if the condition z,, < \/E holds.
c

In this case, the equality (21) gives the relation:

o
) (-2
YA L tanh VAo, ) (22)

1—%2 Z,

m

X _ a—X

. . e
where is used the notation tanh(x) =
e*+e X

A3.If 6<0, then A-cz>>0 Vze[z), z,].
By integrating (21) one can obtain:

for the hyperbolic tangent of X .

[o

K (Zm - ZO)
Em /A|G| =arctan—————— (23)
1+k;|zmzo

Hence, for =0 is obtained the relation (8), while for c#0and z, < |— one can get the nonlinear

o
equations (22) (for 6>0) and (23) (if 6<0).
B. If equation (20), is integrated on BC branch then:
Im Em
dz
!A_&z—éjda—am—&o (24)
0

Bl.If 8 =0 then the relation (24), as in h =1 case, becomes the equation (11).
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B2.1f >0, then A-8z> #0 for Vz [0, z,] if the condition z,, < \/E holds (because\/E < \/é)
c c

Next, by integrating (24) is obtained:

S
\/;Zm = tanh[m(ém =& )] (25)

B3.If <0, then A—8z>>0 forVzelO0, z,,].
In this case the equation (24) yields:

M(gm -&)= arctan[ %ZmJ (26)

C. By integration of equation (20); on the branch CD is obtained:

0 )

j & =Idé=éo (27)

A—ocz?

-9

Cl. If o =0 then (27) becomes the relation (14).

C2. If o>0then the condition A—ocz?=#0 for Vze[-z,, 0] is true if z, <\/E (which is implied by
o

Z, < \/E ). Under this hypothesis one can obtain from (27) the equation:
c

\/%zo = tanh[mioJ (28)

C3.If 6<0,then A-—cz? >0 Vze[-z,, 0].
In this case, using (27) is derived the relation:

\ /A|G|§0 = arctan[\/gzol 29)

As one can see, the parameters A and o are determined from the relations derived on the branches AB and
CD. After that, with A and o known is obtained & from integration on BC branch. The equations with A
and o are written in a convenient way if the following notations are introduced (X, y > 0):

_ M_ 30
1/A|c|_x,\/:_y (30)

Therefore, if X and y are known then A and o can be computed as

X
=Xy, A=—
o] = xy y 31)

The algorithm for obtaining A and o:

In— 4 Ly, Iy

—i=0holdsthen c=0 and Asz—.
m 0 m EJO

1) If the relation (equivalent with (15))
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2) If (15) is not true then is considered the system (corresponding to o> 0) containing the equations (22)
and (28):

(Zm_zo)y -
=iz, ) (32)

Z,y = tanh(&X)

Hence, (32) can be rewritten

y= itanh(éox)
%0 (33)

f,(x) n=Ot(zm — 2, ) tanh (& X) + [z, tanh? (§,X) — Z, ] tanh (&,X) =0

If the equation f, (X)=0 has a solution X >0 then y_ = Ltanh(&oxo) and =Xy, A= %o
z

0 c
3) If (15) is not true and f, (X) =0 has no solution x>0 (corresponding to ¢ <0 ) then is considered the

system of equations

(Zm - ZO) y

1+y%z,2, (34)
&,x = arctan (yz, )

&, X = arctan

By combining the relations in (34) one can derive:

X= i arctan( Yz, )
0

(2, —2,)Y -
F(3) = artan(z,y) & rctan 220~

If the equation f_(y)=0 has a solution y_ >0 then X, = &iarctan(z0 y,) and 6 =-Xy,, A= %o
0 yc

The next step is to determine the value of & under the hypothesis that A and o are computed. The
following notation is assumed

e y (36)

so, if y>0 is given then|6| = Ay? . Using this notation the relations (25) and (26) become

g+(y)n=°ttanh[Ay(&m —&) ] ¥z, =0 (37)

not

9. (y) =arctan(zyy) = Ay (& ~ &) =0 (38)
Proposition 1
Consider the equation (37): g, (y)=0, y=>0 where A, z,,, &, §,>0and & <& . Then

-if A> Zn then (37) has an unique positive solution y; >0
m — 0
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-if A<

then (37) has no positive solution.
m =~ 90
Proof
It is easy to check that g, (0)=0 and lim g, (y)=—o.
y—w

By computing the derivative of g, one can obtain:

9. () = A(&q —&){1-tanh?[ A(&, &)y |}~ 2., ¥ y20.
In order to study the monotony of(g, , the critical points are investigated (i. e. the solutions of equation
9,'(y)=0, y=>0). Then one can write:

9.'(y)=0e tanhz[A -& YJ—l m

Z Z
—0 (0,1 A
A, -g) OVeA T

then g,'(y)<0,V y>0so g,(y)<0,V y>0, therefore (37) has no positive solution.

The previous equation has positive solutions if and only if 1—

If A<

m~— %0

Z, , o . 1 » Z,
then ¢,'(y)=0 has only one positive solution y, =——tanh™ [1-——"——
&m_E.:O ' ( ) ’ A(E.am _‘Véo) A(im _EJO)
where tanh™! is the inverse of function tanh.
On the other hand g, "(y)=A?(&, —&, )2 {—2 tanh[A(&m -&) YJ}{I — tanh? |:A(E.~m -&) YJ} , V. y>0, then

If A>

9,"(y,)<0,s0 y=y, isamaximum point to g, on (0, «).

As g,(0)=0, )1/13010 g,(y)=— and g,(y,)>0 one can derive: there is a unique positive value y; >0

such that g, (y;)=0

Proposition 2
Consider the equation (38): g_ (y) =0, y=0 where A, 7., &, §,>0and §, <& . Then

-if A< then (38) has an unique positive solution y; > 0;
m — 90

-if A> then (38) has no positive solution.
m — 90

Proof

It is easy to prove that ¢_ (0) =0 and lim g_ ( y) =—00.

y—>0
Zn — A& Z;O)(1+z 2 )

1+zm y?
2y~ A(En— )
A mz(am_éo)

Next is computed the first derivative of g_: g_'(y)=

, V'y20.

The equation g_'(y)=0 is equivalent with: y?= , ¥y=0. So g_'(y)=0 has positive

solutions if and only if A<

io

If A> then g_ '(y) <0,V y>0so0 g_(y)<0,V y>0, therefore (38) has no positive solution.

m~ 0
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z,.— A, —
If A<—2" then g_'(y)=0 has only one positive solution y, = M .
AZm (am - %O)

m 0

3y/2
2Zm—yz<0, vV y>0,s0 g_"(y,)<0=y=y, isamaximum point to g_
(1+2,%y?)

on (0, ). As g_(0)=0, limg_(y)=—o and g_(y,)>0 one can derive: there is a unique positive value
y—o0

On the other hand, g_"(y)=-

Y5 >0 such that g_(y5)=0.

The algorithm for obtaining 6 (A and o are known):

1) If 6<0 then 6<0 (as o>3d) so is considered only the equation (38) which has a unique solution
Y5 >0 .Therefore 8§ =—Ay3.

2) If o> 0 then three cases are possible ford:

2.1) If the parameter A satisfies the relation (11) (A= Zn )then 6=0.

m 0

2.2)If A> il then only the equation (37) has a positive solution y; >0 (which is unique), so 8= Ay3.

m~— %0

2.3)If A< Zm then only the equation (38) has an unique positive solution y; >0,s0 8 =—-Ayz.

m~ %0
Fitting the Bouc-Wen model to asymmetric experimental hysteresis loops

Suppose the experimental hysteretic characteristic is a asymmetric loop —F_, <F (X) <F_,, obtained

m2 — ml
m <X(t)<x

before, the loop-axes crossing points are: A(0, fy), C(x,, 0), D(0, — f;) and E(—X,, 0). In this case, the

fitting method is developed as a combination of two symmetric cases:

for a periodic motion —X imposed between the mounting ends of the tested element. As

ml »

F

' SFE(X)<F, for —x, <x(t)<x,,and-F, <F,(X)<F, for =X, <x(t)<X,, (39)

ml> m2 —

With notations similar to (1), the asymmetric hysteresis loop z (ﬁ) is modeled by

2(2) =52, (&)[1+signt ]+ 2, (5)[1 - signt |

| (40)
&(1)= E{z;1 (t)[1+sign, ]+ &, (1)[1 - signE, |}
where Z, (&) and z, (EJ) , are the solutions of the symmetric Bouc-Wen equations
dz dz
! - =d¢g, - ' =d¢g
A _|Zl|[Bl+YISgn(élzl)] A2_|Zz|[f’2+725gn(§222)] ‘1)

For each of these equations, the loop parameters are determined according to the fitting algorithm
presented in the previous section. As the loop-force axis crossing points of both branches have same

coordinates, Z(?’;) is continuous in these points. By using equations (41), the continuity conditions of its
derivative in these points lead to

A -z,0,= A —2,0,, where 6, =B, +v, 6, =B, +7, (42)

As the parameters A, o,, A,, o,are uniquely determined such as Z(F,) to have imposed extreme
values and axes crossing points, one must take into consideration a trade-off between these requirements and
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curve smoothness condition (42), such as to minimize a given accuracy cost function. This optimization of
Bouc-Wen model fitting to asymmetric experimental hysteresis loops can be approached by iterative or
Genetic Algorithms methods.

3. APPLICATION TO EXPERIMENTAL ASYMMETRIC HISTEREZIS LOOPS

The fitting method was applied to identify the differential Bouc-Wen models for n= 1 and 2, which
the hysteretic behavior of two vibration control devices: SERB-B-194 for earthquake protection of buildings
by bracing installation [11], and SERB-B 300C for base isolation of forging hammers [12]. The results
presented in figures 2 and 3 prove the efficiency of the proposed method for fitting the considered
experimental hysteresis loops by Bouc-Wen model with n= 1. As one can see from figures 4 and 5, for
n = 2, the approximation of experimental loops is not so good as the one obtained for n = 1, particularly for
SERB-B-194 device. Even though the predicted loop for n= 2 and the experimental loop, have same
extreme values and axes crossing points, their shape is quite different. This result shows the importance of
choosing the right value of the exponent N when fitting a given experimental hysteresis loop by a Bouc-Wen
model.

Is worth mentioning these results were obtained by the straight application of the fitting analytical
method, without any further accuracy improvement. The model accuracy can be easily improved by
conventionally iterative methods or evolutionary (Genetic Algorithms) starting from these parameters values.

1.0

0.8
0.6 Predicted loop

] = « Experimental loop /
0.4

0.2 yd

0.0 =

Lot
4 /
02 P

Force [100kN]

04 //

a6] /

-0.8

-1.0 r r r T : : .
08 -06 -04 -02 0.0 0.2 0.4 0.6 0.8

Displacement [cm]

Fig.2. Fitting the hysteretic characteristic of vibration control device SERB-B-194
analytical model (n=1): A;=0.26, B;=-3.245, y;=0.55; A,=0.253, B, =-4.035, y,=0.62
experimental data: &= &, =0.69, z,; =0. 65, 7,,,=0.92, & =0.07, z, = 0.02
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0.6

0.4 b4

>
| Predicted loop /
= « Experimental loop /
0.2 / /

I
0o L pad

Force [S0kN]

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

Displacement [cm]

Fig.3. Fitting the hysteretic characteristic of vibration control device SERB-B 300C
analytical model (n=1): A;=0.686, B; =-1.54, y; = 1.125; A,=0.0.725, B, =-0.04, y,= 0.735
experimental data: &,,,=0.48, z,,; =0.45, ,,,=0.53, z,,,=0.37, § =0.1, o= 0.07
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0.6 .
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-1.0 . . . . . . . ;
-08 -06 -04 -02 0.0 0.2 0.4 0.6 0.8
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Fig.4. Fitting the hysteretic characteristic of vibration control device SERB-B-194
analytical model (n=2): A;=0.284, B;=-14,y,=3.32; A,=0.284, B, =-15.5,y,=3.45
experimental data: &= &, =0.69, z,; =0. 65, 7,,,=0.92, & =0.07, z, = 0.02
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= Eperimental |
o2 perimental loop N ,/
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-0.6 r T T r r .
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Fig.5. Fitting the hysteretic characteristic of vibration control device SERB-B 300C
analytical model (n=2): A;=0.7, B; =-6.26, v, =5; A,=0.7, B, =-0.916,y,=3.14
experimental data: &,,=0.48, z,,; =0.45, ,,,=0.53, z,,,=0.37, § =0.1, zy = 0.07
ACKNOWLEDGMENT

The authors wish to express their gratitude to the Romanian Academy for supporting this work through

the Grant no. 326/2007-2008 “Theoretical and Experimental Analysis of the Dynamic Behavior of
Degrading Structures”.

10.

11.

12.

REFERENCES

BOUC, R., Forced vibration of mechanical systems with hysteresis, Proceedings of the Fourth Conference on Non-linear
oscillation, Prague, Czechoslovakia, 1967.

WEN, Y K., Method for random vibration of hysteretic systems, Journal of the Engineering Mechanics Division, 102 (2), pp.
249-263, 1976.

NI Y.Q., KO, .M., WONG, C.W., ldentification of non-linear hysteretic isolators from periodic vibration tests, Journal of
Sound and Vibration, 217 (4), pp. 737-756, 1998.

LI, S.J., YU, H., SUZUKI, Y., Identification of non-linear hysteretic systems with slip, Computers and Structures 82, pp. 157—
165, 2004.
SPENCER, B.F., DYKE, S.J., SAIN, M.K., CARLSON, J.D., Phenomenological Model for Magnetorheological Dampers, J.
Eng. Mech., ASCE, 123, no. 3, 1997.
HORNIG, K. H., Parameter characterization of the Bouc-Wen mechanical hysteresis model for sandwich composite materials
by using Real Coded Genetic Algorithms, Auburn University, Mechanical Engineering Department, Auburn, AL 36849.
AJAVAKOM, N., NG, C.H., MA, F., Performance of nonlinear degrading structures: Identification, validation, and prediction,
Computers and Structures, 86, pp.652-662, 2008.
GIUCLEA, M., SIRETEANU, T., STANCIOIU, D., STAMMERS, C.W., Modelling of magnetorheological damper dynamic
behavior by genetic algorithms based inverse method, Proc. Ro. Acad., Series A, 5, no. 1, pp. 55-63, 2004.
GIUCLEA, M., SIRETEANU, T., STANCIOIU, D., STAMMERS, C.W., Model parameter identification for vehicle vibration
control with magnetorheological dampers using computational intelligence methods, Proc. Instn. Mech. Engers. 218 Part I: J.
Systems and Control Engineering, no.17, pp.569-581, 2004.
KWOK, N.M., HA, Q.P., NGUYEN, M.T,, LI, J., SAMALI, B., Bouc—-Wen model parameter identification for a MR fluid
damper using computationally efficient GA, ISA Transactions, 46, pp. 167-179, 2007.
SERBAN, V., ANDRONE, M., SIRETEANU, T., CHIROIU, V., STOICA, M. Transfer, control and damping of seismic
movements to high-rise buildings, International Workshop on Base Isolated High-Rise Buildings, Yerevan, Armenia, June 15-
17, 2006.
GHITA, GH., SERBAN., V., MITU, A.M., An efficient shock isolation system for forging hammer, Advanced Engineering
in Applied Mechanics, Romanian Academy Printing House, pp. 150-166, 2006.

Receivd September 17, 2008



	 A. Integration of equation (5)1 on the branch  yields
	Next is applied the same procedure in order to obtain the loop parameters  in terms of the given ones, .
	 A. Integration of equation (20)1 on the branch  determine the relation
	Suppose the experimental hysteretic characteristic is a asymmetric loop , obtained for a periodic motion , imposed between the mounting ends of the tested element. As before, the loop-axes crossing points are: , ,  and . In this case, the fitting method is developed as a combination of two symmetric cases:

