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In this paper, a model of multiple linear regression for fuzzy sets is given. Two cases are considered: 
first, for fuzzy numbers in a general form, second, for triangular numbers. Next, we give a numerical 
application of the proposed method. 
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1. INTRODUCTION 

The regression is one of the most useful methods for processing fuzzy data. There are many studies in 
this area. For example, Diamond in [3] has applied the least squares method for triangular fuzzy numbers. 
On the other hand, Puri and Ralescu [12], Wu and Ma [15], Ma Ming et al [9] have established an 
isomorphically and isometrically correspondence between a fuzzy space and a certain Banach space. On this 
foundation they have introduced a new norm in fuzzy spaces. Ma Ming et al have proposed a model of 
simple linear regression on fuzzy sets.  

This paper proposes an extension of the above-mentioned works at the multiple linear regression, 
which has a wider applicability in many areas. At the beginning, the second section, gives the definitions 
regarding fuzzy numbers and the distance on the fuzzy numbers set. Next, the general method of Multiple 
Linear Regression (MLR) for fuzzy data is presented in section 3. The most used case of fuzzy numbers in 
the triangular form is considered in the fourth section and an illustrative numerical example is shown in 
section 5. 

2. PRELIMINARIES 

Let us assume a fuzzy number space denoted by F  , [15]. For Fw ∈  and  is considered the 

closed interval defined by [ ]
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3. THE GENERAL MODEL 

The regression function depends by p  independent fuzzy variables : FXXX p ∈,...,, 21

( ) ppp XbXbbXXXgg +++== ...,...,, 11021    (3.1) 

For an observed variable FYi ∈  we obtain the estimation: 

.,1,...110 niXbXbbY ippii =+++=    (3.2) 

Our task is to find the real parameters that minimize the sum: pbbb ,...,, 10
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From relations (2.1) and (3.3) one can conclude that the explicit form of ( )pbbbS ,...,, 10  depends on the 
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Next, is solved the following system of  equations: 1+p
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which is equivalent with: 
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In (3.6), for pts ,1, =  are used the substitutions: 
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Obviously tssttsst δ=δγ=γ ,  and the matrix of system (3.6) is symmetrical:  
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From Cauchy-Buniakowsky-Schwarz relation is obtained: 
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Again, using Cauchy-Buniakowsky-Schwarz relation results: 
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Unless all the data are collected from the same crisp the determinants are strictly positive. For ,X 1=p  we 
obtain the simple linear regression [9], with the unique solution ( 011 >Δ ). 

4. THE APPROXIMATIVE MODEL  

This section studies the MLR for fuzzy numbers in the triangular form. This kind of approach is more 
suitable for practical applications. The input data, ( ( ) ( )) ( ( ) ( )),,,, rYrYYrXrXX iiiijijij == pjni ,1,1 ==  are 
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Next is determined the solutions for the following system:  
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xaab
1

222 2 [ ]∑
=

++
n

i
ikiiipiip p

xycaca
1

2   

 
Theorem: 

∗b  is an estimator in the meaning of least squares for the parameters vector  if and only if   is a 
solution for the system (4.2). 

b ∗b

Proof:   
The matrix for the system (4.2) is: 

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

++++++

++++++

++++

=

∑∑∑

∑∑∑

∑∑

===

===

==

n

i
ikipip

n

i
ikikiipiip

n

i
ikipip

n

i
ikikipiipi

n

i
ikii

n

i
ikii

n

i
ikipip

n

i
ikii

ppp

p

p

xaaxxaaaaxaa

xxaaaaxaaxaa

xaaxaan

1

222

1
11

1

1
11

1

22
1

2
1

1
11

11
11

2...22

2...22

2...24

1

111

1

A  

Let the matrix:  

⎟⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

pppp nknknpnpkkpp

nknknnkk

nknknnkk

xxaaxxaa

xxaaxxaa
xxaaxxaa

...

...

...
1111...1111

1111

22111212

11111111

2222

1111

X  

We call 1,1,4 +=∈ plR n
lx   the −l th row of the matrix X . Thus  and ( 1...11 =x )

( )
1111 1,1,111,11,1 ...
−−−− −−−−=

llll nknklnlnkklll xxaaxxaax , 1,1 += pl  

Obviously, ,( )RX npM 4,1+∈ ( )RX 1,4
T

+∈ pnM  and from calculus we obtain  .T AXX =

Let r  the rank of :  X Trankrank XX ==r ⇒ ( ).4,1min npr +≤  Consider the vectors: 
 ,( ) 1T

10 ,...,, +∈= p
pbbb Rb ( ) n

nnnn yyccyyccyycc 4T
22221111 ,,,,...,,,,,,,, Ry ∈=  

We have ( ) ( ) ( ) .,...,,,
2TTT

210 bXybXybXy T −=−−=pbbbbS  The system (4.2) has the following matrix 

form:  We put . Let  the vector subspace of ⇔= XyAb .T XybXX = n
jjb 4

1
T RxbXw

p

0j

∈== ∑
=

+ V n4R  

generated by the columns 1,1, += pjjx  from the matrix .   TX
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The vectors  of this subspace have the form:v +β= 10xv ...21 +β x 1+β+ ppx , where  are real 

numbers. Thus  where . The vector  is variable then the vector  is 
also variable. 

pβββ ,...,, 10

βXv T= ( T
10 ... pβββ=β ) 1+∈ pRβ v

But the expression 
2T2 βXyvy −=−  has a minimum which is attained if and only if  is the 

orthogonal projection of 

v

y  on , or, equivalently,  Since , there exists the real 

numbers  such that .  Since 

V .wyv V
∗== pr Vw ∈∗

R∈∗∗∗
pbbb ,...,, 10

0
1∑

=
+

∗∗ =
p

j
jjb xw ( )yηη ∗∗ =  depends only by y , then the real 

scalars  depends only by ∗∗∗
pbbb ,...,, 10 y . Thus == ∗bβ ( )T10 ,...,, ∗∗∗

pbbb  is the estimation for   .b

Now we will prove that is a solution for the system (4.2). For this, we have 

 Thus 

== ∗bβ ( T
10 ,...,, ∗∗∗

pbbb )

.T

0
1

∗

=
+

∗∗ == ∑ bXxw
p

j
jjb ∗= wyVpr ⇔ V⊥− ∗wy ⇔ kx  is orthogonal on 1,1, +=− ∗ pkwy . 

This is equivalent with ( ) 1,1,0T +==− ∗ pkk wyx  so is obtained ( ) 0T =− ∗bXyX . Consequently, 
 and  satisfies the system (4.2). XybXX =∗T ∗b

We conclude that the estimators  always exists, they verifies the relations (4.2). Reciprocally, any 
solution for (4.2) which depends only by 

∗
jb
y is an estimation for  .b

Note: A simple case appears when 1rank += pX . Then =Arank .1rank T += pXX  Therefore 
det  and the matrix  is nonsingular. In this case, the system (4.2) has a unique solution, namely 

 
0≠A A

.1XyAb −∗ =

5. NUMERICAL EXAMPLE 

We consider a model when the output fuzzy data,Y , depends by two input, independent fuzzy data, 
. Suppose that we have the following three available experimental measurements: 21, XX

( ) ( ) ( )2/1,4/3,1;3/1,4/1,1;2/1,2/1,1 11211 === YXX    

( ) ( ) ( )1,1,2;1,1,2;2,1,3 22221 === YXX  

( ) ( ) ( )5/4,5/4,1;2/1,3/2,1;3/1,1,2 33231 === YXX  

Thus .3,1,:3,2 22110 =++=== iXbXbbYnp iii  Next, are computed the coefficients that appear in the 
proposed model: 

1;2/3;4/1;1;3/4;4/3;1;2/3;2/1 111121212111111 ========= yccxaaxaa  

2;3;1;2;3;1;3;5;2 222222222212121 ========= yccxaaxaa  

1;5/9;5/1;1;2/3;3/1;2;3/7;1 333323232313131 ========= yccxaaxaa  

(5.1) 

Four cases are possible. From the general form (4.2) we obtain, in each case, the following system of 
equations with their solutions: 

1) :0,0 21 >> bb
⎪
⎩

⎪
⎨

⎧

=++
=++

=++

95.267.262.4191.15
77.302.4138.6533.24

75.1591.1533.2412

210

210

210

bbb
bbb

bbb
;76.10;007.6;65.0 210 =<−=−=⇒ bbb  



 Ciprian POPESCU, Marius GIUCLEA 8 

2) :0,0 21 <> bb
⎪
⎩

⎪
⎨

⎧

=++
=++

=++

35.207.2606.3391.15
77.3006.3338.6533.24

75.1591.1533.2412

210

210

210

bbb
bbb

bbb
;08.0;006.0;56.1 210 =<−==⇒ bbb  

3) :0,0 21 >< bb
⎪
⎩

⎪
⎨

⎧

=++
=++

=++

39.3238.6506.3333.24
95.2606.337.2691.15

75.1533.2491.1512

120

120

120

bbb
bbb

bbb
;08.1;02.0;07.0 210 =−=−=⇒ bbb  

4) :0,0 21 << bb
⎪
⎩

⎪
⎨

⎧

=++
=++

=++

35.207.262.4191.15
39.322.4138.6533.24

75.1591.1533.2412

210

210

210

bbb
bbb

bbb
;26.1;073.0;5.1 210 −=>==⇒ bbb  

The unique solution which fulfill the initial conditions concerning the sign of the parameters  
appears in the third case: 

210 ,, bbb
.08.1;02.0;07.0 210 =−=−= bbb Thus  depends by Y X  through the relation: 

. 21 08.102.007.0 XXY +−−=
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