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We discuss the following problem: if we have two G/G/1 queues, which of them is better? There are
several possibilities to understand the word “better”. In our approach “better” means that the waiting
time of the nth customer is stochastically smaller in the first queue than in the second one.

1. NOTATION AND STATEMENT OF THE PROBLEM

A queueuing system (or, shortly, a queue) works as follows: there exist customers which want a
service provided by some server. The service time is the time needed by the server to do its job. If a
customer comes and there is at least another customer which is served, we say that the system is busy;
otherwise, it is free. The discipline of the queue is the rule according to which the customers are served. The
simplest is FCFS (First Come, First Served) which is also denoted by some authors by FIFO (First In, First
Out).

We know the queue when we know the arrival times and the service times. Let us denote by (t,)q>1 the
sequence of the arrival times and by (Sy), the sequence of the service times. Thus t, is the moment when the
n’th customer arrives in line and Sy, is the time needed by the server to satisfy him.

We can safely assume that the sequence (1,), is non-decreasing and that S, > 0 — there is no
instantaneous service. We denote such a queuing system by [(Sp)n 5 (to)n] -

The time when the nth customer is served will be denoted by t,. Remark that

=t + W, +S,, (1.1)

where W, is the time spent by the n’th customer from arrival until his service begins. This is the waiting time
of the nth customer.
The result below is well known.

Proposition 1.1. The waiting times satisfy the recurrence
Wn+]:(Wn+Sn_(tn+17tn))+vn2 1, Wl :O. (1.2)

Proof. Of course, the first customer has no need to wait, thus W; = 0. The (n+1)th customer arrives at
the moment t,.;. The service of the nth customer is finished at t,. If 1, < th+; the system is free, thus there is
no waiting hence Wy, = 0. Otherwise, he has to wait from the arrival — i.e. from t,+; — until t,. The waiting
time will be in that case T, — tph+1. Therefore Wp.1 = (T — the1)+ O

It is usual to denote the interarrival times t,.; — t, by T, . In that case the recurrence (1.2) becomes
nicer if written as

Waet = Wy + Sy =T VN> 1, W, =0. (1.3)

What maters from the point of view of waiting times are only the differences &, = S, — T,. So, if we are
interested only in their study, the recurrence becomes
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Wit =(Wh + &) Vn=1, W, =0. (1.4)

Now, it is obvious that the sequence (1), is increasing. Indeed, Tn+1 - Tn = the1 + Whst + Spe — th — W,
— S =TntWp+ S, =Tp)s— Wp+Spe1—Sp 2T+ (Wn + Sy = Tp) — Wi+ Spii— Sp = S > 0.

We can compare two queuing systems in many ways. From the point of view of the customers it is
convenient to consider the following

Definition. The system [(Sp)n ; (t.)a] is @absolutely better than [(S'n)n ; (t'h)n] iff Wy <W', ¥V n > 1 where
W', are the waiting times in the second queuing system.

We shall only deal with this meaning of the word “better”. We shall assume the simplest situation,
namely, the random sequences (S,), and (T,), are i.i.d. and independent. In that case the number of
customers which arrive in line in the interval [0,t] will be a renewal process. (However, this is not true in
general about the number of customers served in the interval [0, t] due to obvious reasons: the random
variables (Tp+1 - Tn)n>1 have no reason to be i.i.d.: just look at their definition).

Clearly, such a queuing system is uniquely determined by the distributions of the service times S, and
the interarrival times T,. A general queuing system is usually abbreviated as GI/GI/1 FCFS. (“G” stands for
“general”, “1” is the number of servers and FCFS is the discipline of the queue: first come first served).

Important notation. A GI/GI/1 FCFS queuing system where the distribution of S, is F and the
distribution of T, is G, will be denoted by {F,G} or, alternatively, by {S,T}. If F = Exponential(a) and G =
Exponential (b), then the classical notation for such a queuing system is M/M/1 (in this case the arrival
process is Markovian and the numbers of customers in line is Markovian, too). We shall denote such a
M/M/1 queuing system simply by {a,b}. Of course ES, = 1/ a and ET, = 1/ b. The ratio ES, / ET, is denoted
by p and it is called the traffic intensity. For the M/M/1 queue {a,b} the traffic intensity is p = b/a. We warn
the reader that we shall denote with the same letter both the distribution and its distribution function. If A is a
Borel set, F(A) means its probability. But if X is a real, then F(X) means actually F((-o0, X]). If we keep that in
mind, there is no danger of confusion.

Le us come back to our question: if we have two GI/GI/1 queues, denoted by {F,G} (or {S,T}) and
{F’G"% (or {ST%}), which is better?

2. STOCHASTIC DOMINATION

For two deterministic queues, [(Sy)n ; (th)n] and [(S7H)n ; (th)n] it was easy to say that the first is better
than the second if the waiting time W, for the nth customer, is not greater than the same waiting time W1, for
the second one, for any n > 1.

If we deal with two GI/GI/1 queues, {F,G} and {F’,G" , then W, and W, are random variables,
possible independent (for instance when the four sequences of i.i.d. random variables (Sp), (Tn), (Sh), (T1h)
are independent. But if X and Y are independent, we cannot expect any relation such as X <Y to exist

between them. Nevertheless, if we know their distributions Fx and Fy we can say that X < Y (X is
stochastically dominated by Y) if there exist some probability space (2',K’P’) and some other random
variables on it, let’s say X“and Y ’with the same distributions as X and Y , such that X "< Y.

It is well known (see, for instance [6,7,8]) that X <4 Y < Fx(X) > Fy(X) V X € ‘R.

Definition. Let {S,T} and {S’T%} be two GI/GI/1 FCFS queues. We say that {S,T} is better than
{S’T% —and denote that by {S,T} < {S T4} - if Wy < WV nx>1.

Or, explicitely, let (Sp)n , (Ton, (S7)n» (T 7)n be four independent sequences of i.i.d. random variables.
LetW;=W'; =0 and, forn > 1, Woy; = (W + Sn = Tn)e , Wher = (W5 + S5 = T7)s . Then

{ST} ={S T}t W, <t W45 Vn. 2.1

We see that what really matter are not S, and T,, but their differences &, =S, — T, .The following result
is pretty obvious (and well known — see [7])



3 Comparision of G/G/1 queues

Proposition 2.1. Let (So)n » (Toa, (S'w)n » (T'n)n be four independent sequences of positive i.i.d. random
variables. Let £, =S, — Tyand &', = S', — T',, . Suppose that &, < &'n. Then {S,T} < {S',T'}.

Proof. Induction. Suppose that W, < W', . Then W, + &, < ¢ Wy + &'y <t W'y + &', (the invariance of
the stochastic domination with respect to convolutions). Therefore (W, + &)+ < ¢ (W', + £'1)+ (the mapping
f(x) = x- is nondecreasing and we know that in this case X <4 Y = f(X) <t f(Y) — see, for instance [6, 8]).

In other words, W1 <st Wnir. U
We simplify the things if we deal only with two sequences of i.i.d. random variables instead of four.

Definition . Let (&) and ('), be two sequences of i.i.d. random variables having the distributions F
and F’. Let also & and &' be two random variables such that F: = F and Fz = F . Consider the sequences (Wy),
and (W %), given by the recurrence

Wi=W1in21=Wpy =W+ & ), Whey = (W5 +E ). 2.2)

Then we say that § is better than &’ (and write § < .+ §') if Wy < W7V n2> 1.

In these terms we can write
Proposition 2.2. Let {S,T} and {S',T'} be two GI/GI/1 FCFS queues. Then {S,T} is better than

{S',T'} iff § <4+ &', where E=S—-Tand & =S'—T'. Moreover, { <4 & =<4+ & .
We intend to compare these two types of stochastic domination, “< " and “<..”.

Now we restate the same result in terms of distributions.

Suppose that W and & are two independent random variables with distributions G and F. The
distribution of W + § is, of course, G * F. What is the distribution of (W + &), ? Let us denote it by GeF.
Notice that in our case W stands for W, — and, in that case it is non-negative — and & stands for &,. Formally,
we can write

(GeF) ()=0ift <0 and (GeF) () =(G = F) (1) ift>0 2.3)
in terms of distribution functions. Or, if terms of distributions

GoF = (G * F)o f ™' = (G *F)(0-)8) + (1 — (G *F)(0-))F|[0.) 2.4

with f(X) = x+ and F|g (A) := F(A n B) / F(B) the distribution F conditioned by the Borel set B. Here 9y is the
Dirac distribution concentrated at 0, 5o(A) = 14(0).
If we accept the notation F,, instead of Fo f~' — which seems to be suggestive — we can write

GeF = (G * F)u, (2:5)
Let us keep in mind that
Fey=pdo + qF [0 with p=F(0-) = F((-0,0)),q=1-p (2.6)
for any distribution F.
0 0 0
Example 1.IfFF = " pyeq then Fey=( Y Pp)eg + Y, Pokn -
n=—w n=—ow n=1
Example 2. Suppose that a, b > 0, £ =S — T, ST are independent, S ~ Exponential(a) and T ~
Exponential(b). Write in short E,, E, instead of Exponential(a), Exponential(b). The density of E, will be

denoted by e4(X) = ae™™1}9)(X) ; the distribution of — T will be denoted by E_y, and its density by e_, . We say
that this is a negative exponential distribution. Its distribution function and density are

E_p(X) = ™1 (ngy(X¥) + 1100y(X), €_p(X) = ™1 (0 0)(X). (2.7)
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In this case the distribution of & will be Po &' = E, * E_, . This distribution will be denoted by F., and its
density by f,,. The reader can easily check that

ab ([ - a
fap(X)= m(e “(co0)(X) + €7 1[0,o<>)(>())<:> fap = b €p + b €a- (2.8)
Equivalently
a ET b ES
Fa :Ea*E =pE_,+ Ea, with = = 5 = = . .

g = =P P asb EGS+T) 0 a+b E(S+T) (2.9)

Now , (2.9) easily implies that
Ea®E_bh = (Fap)+ = peo + gEa (2.10)

Remark. The difference of two independent random variables exponentially distributed is thus a
mixture of an exponential and a negative exponential. The same property holds for the discrete analog of the
exponential —negative binomial distributions.

We believe that the only absolute continuous distributions F,G on [0,00) with the property that F * G_ =
pG_+ (1 —p)F for some 0 <p <1 are the exponential ones.

Theorem 2.3. Consider the distributions Fa,b from Example 2. Then

Fap<stFap ©a2a b<b’ < Ei<«Ea,Ey <stEp (2.11)

Fap <+ Fap < a>a’blasb’a’ (2.12)

Remark. Let {S,T} and {S’T% be two GI/GI/1 FCFS queues. Let S~ E;, S’~E4, T ~Epand T'~ Ey-.
So, (2.11) says that if S < & S’ (i.e. the service time is smaller in the first queue) and T"< ¢ T (i.e. the

interarrival time is greater) then & < & &' hence, by Proposition 2.1, the first queue is better.

Recall that the ratio p = b /a=ES/ ET is the traffic intensity of the queue {S.T}. Then (2.12) says that
{S,T} is better than {S7T" if and only if both the service time and the intensity of traffic are smaller in the
first queue.

Proof. (The easy part). This is (2.11). From (2.10) we have

bt ;
_ pe if t<O0 B
Fap(t) = Fap(t) =
=) {l—qe‘at if t>0 "~ (D)
a ET' b' ES'
with p’ = = , 0 = = . Since Fap < st Farp < Fap (1) = Fa () V t we see that,

P e EseTy T anh E(SHTY ob < st Pt & Fap ( 2 Far(l)
if t < 0, that implies the inequality pe™ > p’e®' Vt<0 < pe " >pe™ Vvi>0< e P>ppvt>0.
Letting t — oo we get b’ > b. For t > 0 we have the inequality 1 —ge " *>1-qe ' < g/q’ <e®*"'vt>0
hence a >a’. Conversely, ifa>a’andb<b’then S< S  and T’ < Thence § < &’ < Fap < st Farp.

pe®t if t<0
1-ge @ ift>0

The difficult part. The easy part of it is “=".
Suppose that F,p < ++ Fq pr. This means that W, < ¢ W, ¥V n > 1, where W, and W 7, are constructed by
the recurrence (2.2). Let G, and G 7}, be the distributions of Wy, and W 4. Then

Go=GH=¢g, Gps1 = (Gn * Fa,b)(Jr), Ghr= (G’n * Fa’,b’)(+) (2-13)

Our assumption is that G, < ¢ G4 V n > 1. This means that G; < ¢ G| < (Fap)+ < st (Farp')+ , hence

a’'t

means that pey+ qEa <t p g0+ q’Ea(by 2.10) > 1—qe *>1-q’e *'<=glqg’<e®@'vi>0<=a>a’
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andq<q .Butq<q < b > b <:>a+b§a+b<:>a’/b’$a/b<:>b/a£b’/a’or,inotherwords,
a+b' a+b b' b

p=<p.
The difficult part is the opposite implication “<”. Now, we know that a > a’and p < p’ and have to
prove that G, < & G’ .

Notice that p < p’ amounts to p > p’. We shall work with the distributions Gn(a,p). First, we establish a

more explicit recurrence for G, that will help. We have Gy = gy, G| = pgy + qEa. Let us compute Gy:

Gz = (Ga * Fap)) = [(Peo + qEa)*(PE_s + qEa)]+) (by (2.9))

= (p°&0 + PYEa + PAE*E_p + q°Ea*Ea)s)

= [p’eo + PQEa + PA(PE_p + GEa) + q’Ea*Eal(s) (again by (2.9)

= [P0 + P°UE_y + (PG + PG*)E, + G°Ea*Ea]s)

= (p*+ p’Q)o + (PA + PA)E, + G°Ea*Ea
If we denote by I', = I'y(@) the Erlang distribution Gamma(n,a) = E,™ , with the convention that E,* = §,, we
see that there exists a pattern

Gy =Ty, G; =pI+qly, G, =(p* + p*q)Lo + (pq + P + G°T ...
It seems that all the distributions G, are mixtures of I',. Indeed, if
Gn=oanolo+an 1 +... +analy (2.14)
then

n n
Gn * Fap = (anolo + o'y + ... + ot nl'n)*(PE_p + qEa) = Z oy Iy *E_p+ ann,krk *Ea .
k=0 k=0

But I'i*E, = I'k+; and a short induction points out that
TE_p = pE_p + p'al + p*2 ol + ... +pg Ty + L (2.15)

Consequently ,
C':‘n * Fa,b = (p an,O + p2 a-n,l + p3an,2+ p4an,3 +...+ pn+lan,n) E_b
+ (Qano +PYan; + p’qan, + p’qans; + ...+ p'qan,) I
+ (a1 + PYans +p’dans + ...t p'gann);
+ (@an2 +  Pgan; +...+p"an, ) I

+ (G@nn2 + PG Anpet + PG Ann) Tt + (G@nn-1@nn-t + PYAN)Tn + 080l e

Therefore,
Gni1 = (Gn * Fap)sy = @nr10l0 + @ner I+ oo+ @panln + @natnei Do (2.16)
where
an+1,0 P p2 p3 pn—l pn pn+1 an’o
el | | g ap gp® .. gp™ 7 ap"™ gp” || @n
Git2 | 10 g gp .. g7 g% g || P2
. 0 0 0 q qp qu o |
Anyin 0 O 0o .. 0 q ap n,n
arH_],rH_] 0 0 0 0 0 q an,n

Let us denote by Qn+1 (p) the infinite matrix obtained by adding lines and columns of zeroes to the above
(n+2) x(n+1) columns stochastic matrix; let also I' = I'(a) be the vector (I'y)nso . Thus, for instance,
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p 0 0 .. p p° O
_1g 0 0 .. -9 qgp O
Q=g 00 270 q 0
In that case we may write
Gy = Gn(a,p) =I"(2)Qn(P) Qn-1(P)---Qa(P) Qi(Pe, (2.17)

where " stands for the transposed of I" and e’=(1,0,0,...).
Now, the vector of distributions I" has the obvious monotonicity property

Fo<at i<t [2<gt.... (2.18)

which implies that the distribution functions are decreasing:
Lo =T 1) > ... (2.19)
We claim that I’ Qn(p) has the same monotonicity property. Indeed,
I"Qu(p) = (PTo + L'y, p°To+pal’s +qly, p’Lo + p*qly + pals + qLs,....)
and we have to check that
(PTo +p'aly + ... + paTic +ALY(®) > (p"'To + p'al’ + ... + palic+ Al )(D) V' ¢ (2.20)
for any k. But this is true, since i <k — 1 = p'qli (t) < p'qlii (t) and (p¥'T + p*aly) (1) < (p*'To +
p“ql,)(t) due to the fact that T'y(t) < To(t) !) = p“T.
Recall that we claimed: that a > a’ , p < p’ = Gp(a,p) <s Go(a’,p’). Or, if we think of G, as being
distribution functions rather than distributions, we want to show thata>a’, p<p’ = Gp(a,p) = Gy(@’,p’).

The fact is that if I’ = (I'y(t)), is a decreasing sequence of distribution functions, then the function f,(p)
=T1"Qn(p) from (0,1) to [0,00) is non - decreasing componentwise. Indeed, its kth component is

g(p) = pato + APy + ... + gPoLs + Qo 2.21)

where o; = [i(t) > 0 for some real t . If we take into account that g = 1 —p, g can be also written as
g(p) = p"(ag - o) + p"N(ay - an) + ...+ p(oier - ox) + ok , which is a polynomial with non-negative
coefficients; hence it is obviously increasing since p > 0.
Let us put all these facts together: first, p > p’ = I'(a)'Qn(p) is nonincreasing and I'(a)'Qn(p) =
I'(a)’'Qn(p); next, according to the monotonicity property I'(2)' Qn(p’)Qn-1(P) is again non-increasing and
I'@)'Qn(p)Qn-1(p) =2 T'(2)' Qn(p)Qn-1(p). Repeating the procedure we arrive at

I"(@Qn(P) Qn-1(P)---Q2(P) Qu(p)e = T"(@)Qn(P ) Qu-1(P)-.-Qa(p ) Qu(p Je. (2.22)

But it is clear that a > a’= I'(a) > I'(a’) componentwise hence from (2.22) we see that

I''(@)Qn(P) Qu-1(p)---Qa(p) Qu(pIe = T''(@)Qn(P) Qu-1(P)-..Qa(p) Qu(p e

which, corroborated with (2.17) proves that G,(a,p)(t) > G (a;p)(t). Or, in terms of distributions, that
Gn(a,p) < Gy(@’p) © Wy < WHVn21.

Remark. In the proof we heavily used the exceptional property of the exponential distributions that if
X,Y are exponentially distributed and independent, then the distribution of X — Y is a mixture of positive and
negative exponentials. This result makes clear when we can decide which is the best between two M/M/1
queues. Intuitively, at least an implication should hold in general: if the service time is smaller in the first
queue and the intensity of the traffic is smaller, too, then the first queue should be better then the second one.
That would be nice. However, it is not true.

The conjecture “If S < & S”and p < p’ then the first queue is better” is false.
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1 2 1 3 1 2 1 3
Counterexample 2.4. Let S ~ [l EJ T~ [l EJ , S/~ [l 1] T/~ [l lJ, with all these
4 4 3 3 2 2 2 2
random variables independent. Let £=S—-Tand & =S’-T" Then
- itis nottrue that € < &°, S” <& S (contrary to the above conjecture),
- p=p’ and
- E<+w 8.
Proof. We have ES =7/4, ET =7/3, ES’ = 3/2, ET’ =4/2 = p = p'=%. Obviously, S' <4 S. Ata
first glance, the queue {S,T} should be better than {S',T'}. But,

-2 -1 0 1
§~(£ 6 1 i}=(oc8_2+B8_1+y80+81)/4withoc=2/3,B=2,y=1/3,andE_,'~
12 12 12 12

-2 -1 0 1
[ 3 3 3 i} = (g, + &, + g+ g) /4 = Uniform({-2,-1,0,1}).
12 12 12 12

-2 -1 0 1
The cumulative distribution functions are F := F; = ( 2 8 9 12} and
12 12 12 12

-2 -1 0 1
Fr=Fg= (i 6 9 EJ As they are not comparable, there is no stochastic domination between &
12 12 12 12
and &'

Consider the waiting times W, and Wy, given by the recurrences W, =W'; =0andn>1= Wy, =

(Wh+En)+ , Wha = (W' +E')+ with distributions G, and G',. We claim that G, < G', for any n > 1. We have

0 1
G =G'1=¢gand G, =G = (g * Fe)y= [E lJ In terms of distributions, the recurrence can be written as
4 4

Ght1 = (Gn * F)@y, G'ha1 = (G’ * F')y . To see what happens, we shall work with a bit more general
distribution for F, namely

F=(ae,+ Be; +vyg + &) /M4 witha,B,y>0,a+p+y=3. (2.23)

We claimthaty <o, 22 = G, <& G4 V n. Actually, we have a more general claim, namely that
Y<a,B22=(Gh*F)sy <t (Gh*F")sy Vn=1. (2.24)

The reason is that if (2.24) is true could prove that G, <& G 7 by induction: if that holds for n, then G,.; =
(Gn * F)4) <t (Gn * F')) < 5t (G 1 * F)) due to the monotonicity of the operation “e” (obviously G < G’

0 1
does imply that GeF < ;s G®F ). So we shall prove (2.24). For n =1 it is true: G;oF = G eF'= (3 1]
4 4
Suppose that G, = pogo+ p1€1 + P2&2 + ... .The reader is invited to check that
4GpeF = [3py + (a+B)p: + aP2]o + [Po + yP1 + BP2 + P31 +[P1 + yP2 + PP3 + aps]dy + ... =
< 2.25
=3P +(@+B)P; +0PyJg + Y (Pt +7Pn +BPnst +0Ppi2)dy (225)
n=1

While
4GneF "= [3po +2p; + PaJo + [Po + i+ P2+ PJSy [Py + P2+ Ps + Paldy + . = (220



Laszlo LAKATOS, Gheorghiti ZBAGANU 8

[3Pg +2P; + Py 180 + D (Pnoy + Pr + Pyt + Pea)dy

n=1
The cummulative distribution functions are
(4 GyoF) (N) = 4Gy(N-1) + 3Py + (a+B)Past + & Proz VN2 1 (2:27)
And
(4 GyoF )(N) = 4G(N-1) + 3Py +  2Ppe1 + Pz VN2 1. (2.28)

Therefore, the condition (2.24) is equivalent to
(@ +B)pnt apnt1 220+ P <> (1 =y)pa=(l—a) prer VN1, (2.29)

We shall check by induction that G, have this property if § > 2. Actually, G, have a stronger property,
namely that

I=7)pn=(l=0a)pp+s1 VN20. (2.30)
Suppose that (2.30) holds for G,. Let us write 4G eF = mpey + 18 + mEr + ... with
Ty = Prt T YPn + BPn+1 + 0Pn+2 if N 2 1, o = 3pg + (a+P)p; + ap:. (2.31)

Assume that (2.30) holds. For n > 1 we see that
(1 =y)mtn + (o = Dtner = [(1=7)Pn-1 + (@=1)Pa] + 7 [(1=7)Pn + (0=1)Pn+1] + BI(1-7)Pn+1 + (0—1)Pn+2]
Fa[(1=7)Pn+2 + (0—1)Pn+3]
hence is nonnegative due to our induction hypothesis. The only problem is to check that

aty<l =>-yz2(l-a)m <=

o
. (2.32)

If (2.32) is true, that will complete our proof. Notice that (2.32) is equivalent to

1_
3pp+@B-y)pitap,2 I (; (Po + vP1 + P2 + aps). (2.33)

As ap; > 0 ¢ ops, (2.33) will be true if 3pg+ B -y)p1 = 0 ¢ (po + yp1 + Bp2 ) or, equivalently, if
- I-a l-a I-a I-a

B——"Ip+B-7p12 (yp1 + Bp2 ). But vpi+ B P2 < YP1+ Bp1 < (v + B)pi (recall
1-vy -y I-vy 1-y 1-y

that 1 -a<1-yD)=C-a)p1 <G -7P1<2po+B-y)P:1 <3 —11_—a)p0 + (3 - y)p; hence (2.33) is true. So,
-7

we have proved our claim (2.24). [
Remark. Tt is annoying that we could not find equivalent conditions for “ < .+ & ” in a general

situation when S ~ (1 —p) &; + pe; and T ~ (1 — p')e; + pes.

The condition for “€ <&’ 7 is easier: namely p'> max l, ! ).
2 4(1-p)

3. COMPARING TWO QUEUES WITH CYCLING
It may happen sometimes, as studied in [1],[2],[3], [4],[5] that a customer who arrives and find the

server busy goes away and returns after a time period, 0. Even if in fact this 0 is a random variable itself,
sometimes it is not far from truth to consider it a constant. For example, if an airplane comes and finds the
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track busy, it makes a cycle and then comes again; or in the computer case, if the data highway is busy, there
exists a built-in delay and the same thing happens. In that case the waiting time of the nth customer is given
by

W, =0andn>1= W, = GKWJ W 3.1)
+

Indeed, suppose that the (n+1)th customer arrives at t,+;. In a normal situation his waiting time would
be (Wy + &)+ with £, =S, — T, . If W, + &, < 0, he does not wait anymore. But, if W, + &, > 0, he departs and
comes again after a time 0, if finds again the system busy, he departs again and so on, until the system

. W . . .
becomes free. The number of departures is, of course, {%&”—‘ , where ’_X—| is the first integer from right of

X, defined by !_X—|= k iff k =1 < x < k. Denote such a queuing system by {S,T,0}. The condition that such a
queuing system have a stationary distribution for Wy, is similar to the usual one.
Proposition 3.1. Let us consider a queue {S,T,0}. Let X, =W, /6. Then X, satisfy the recurrence

X;=0andn>1=> Xp,, = (XH{%D (3.2)
+

with &, =S, — T,, which is similar to (1.4). Consequently, (W), has a stationary distribution if and only if
0

Proof. We write (3.1) as XM:KXHJF%] }HXH%D =(Xn+[%‘—D since  always

|_x+_| = (!_X_DJr and if k is an integer, then [k + x]=k +[x]. O

It means that if we want to compare two queues {S,T,0} and { S’T40'}, what we have to do is to

compare the random variables [S gT —‘ and [S ;I' —‘ .

Remark. The fact that if E{%‘—‘ < 0 then W, has a limit distribution (stationary distribution) was

proved in [1] using a different technique.

Remark. It is easy to see that for any random variable X we have lim {%—l= lx > o) hence
60—

60—

lim E[%—l = P(X > 0). Thus, if P(§, > 0) is positive, there always exists some 0 such that {S,T,0} has no

limit distribution for W,,. Equivalently, if 0 is too great, almost any queuing system {S,T} becomes non
feasible since W, — <. The only case — hardly met in reality — when this phenomenon does not occur is
when ess sup S < ess inf T.
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