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UNSTEADY MOTIONS OF A MAXWELL FLUID DUE TO LONGITUDINAL AND
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The exact solutions for the motions of a Maxwell fluid due to longitudinal and torsional oscillations
of an infinite circular cylinder are determined. These solutions, presented as sum of the steady-state
and transient solutions, reduce to those for a Newtonian fluid as a limiting case. The steady-state
solutions are also obtained for large values of time t.
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1. INTRODUCTION

Flows in the neighborhood of spinning or oscillating bodies are of interest to both academic workers
and industry. Among them, the flows between oscillating cylinders are some of the most important and
interesting problems of motion near oscillating bodies. As early as 1886, Stokes [1] established an exact
solution for the rotational oscillations of an infinite rod immersed in a classical linearly viscous fluid.
Casarella and Laura [2] obtained an exact solution for the problem of the rod undergoing both torsional and
longitudinal oscillations in a Newtonian fluid. Later, Rajagopal [3] presents two simple but elegant solutions
for the flow of a second grade fluid induced by the longitudinal and torsional oscillations of an infinite rod.
Their solutions have been recently extended to Oldroyd-B fluids by Rajagopal and Bhatnagar [4]. However,
we want to point out that all previous solutions are steady-state solutions, while in order to obtain a starting
solution, describing the flow at small and large times after the start of the boundary wall, a transient solution
has to be added to the steady-state solution.

The aim of this paper is to study the motion of a Maxwell fluid due to the longitudinal and torsional
oscillations of an infinite circular cylinder. Actually, we establish the starting solutions corresponding to
such flows between infinite concentric circular cylinders and through a circular cylinder. Starting solutions
for the motion of a non-Newtonian fluid due to an oscillating wall have been recently established in [5, 6].
These solutions, depending of the initial conditions, are presented as sum of the steady-state and transient
solutions. For large times they tend to the steady-state solutions which are independent of initial conditions
and periodic in time. Following Rajagopal [3], the steady-state solutions corresponding to the mentioned
problems are also presented in simpler forms, in terms of the modified Bessel functions. In the special case,
when the relaxation time A — 0, all solutions are going to those for a Newtonian fluid.

2. GOVERNING EQUATIONS

The Cauchy stress tensor T in an incompressible Maxwell fluid is given by
T=-pl+S, S+AS—-LS-SL")=pA, (1)

where — pl is the indeterminate part of the stress due to the constraint of incompressibility, S the extra-
stress tensor, A the first Rivlin-Ericcksen tensor, L the velocity gradient, p the dynamic viscosity, A the
relaxation time and the upper dot denotes material time differentiation.
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The model (1) is consistent with some important microscopically models of polymers and its
predictions of the normal-stress differences are qualitatively acceptable. It has been quite useful in the study
of dilute polymeric fluids in viscoelasticity.

In the following we shall seek a velocity field of the form [3, 4]

vV =v(r,t) = w(r,t)e, + v(r,t)e,, )

where e, and e, denote the unit vectors along the 0 and z directions of the cylindrical coordinate system T,
0 and z. For such flows, the constraint of incompressibility is automatically satisfied. Since the velocity field
Vv is independent of 0 and z, we are expecting that the extra-stress tensor S to be also a function of r and t
only. Further, due to the rotational symmetry o,p = 0 [4].

On substituting (1) and (2) into the balance of linear momentum, neglecting the body forces and

assuming that there is no applied pressure gradient along the axial direction, one attains to the linear partial
differential equations [7] (see also [4], Eqs. (28) and (35) for A, = 0)

1 1
AOAW(r,t) + o,w(r,t) = v(af + ?Gr - r—zjw(r,t), 3)

1
AO2V(r,t) + B,v(r, ) = v(az + Fa,Jv(r,t), 4)

where v = u/ p is the kinematic viscosity of the fluid and p its constant density.

The uncoupled equations (3) and (4) with appropriate boundary and initial conditions can be solved in
general by several methods. The Laplace transform can be used to eliminate the time variable. However, the
inversion procedure for obtaining the solution is not always a trivial mater. Further, the solution so obtained
for a second grade fluid does not satisfy the initial condition [8]. This is due to the incompatibility between
the prescribed data. Here, we shall use the finite Hankel transforms. It is worthwhile pointing out that, in
general, the governing equations for a Maxwell fluid are one order higher in time than the corresponding
equations for a Newtonian fluid. Consequently, in order to solve a well-posed problem for such a fluid one
has to require additional initial conditions [7].

3. MOTION BETWEEN CIRCULAR CYLINDERS

Consider a Maxwell fluid at rest in an annular region between two infinitely long coaxial circular
cylinders of radii R, and R(> R;). Attime t = 0" the outer cylinder starts to oscillate according to [3, 4]

vV = V(R,t) =W cos(w,t)e, + Vcos(w,t)e,, ®))

where o, and o, are the frequencies of the velocity of the cylinder. Due to the shear the fluid between

cylinders is gradually moved. Its velocity is of the form (2) and the governing equations are (3) and (4). The
associate initial and boundary conditions are

W(R,,t) = v(R,,t) =0 for all t, (6)
W(R,t) =W cos(o,t); Vv(R,t) =V cos(w,t) for all t >0 (7

and
w(r,0) = v(r,0) = o,w(r,0) = 6,v(r,0) = 0; r €[R,,R). 8)

Making the change of unknown functions
W(R,t) =U,(r)cos(ot) + u,(r,t) and v(R,t) =U,(r)cos(m,t) + uy(r,t), )
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R(r? - R? In(r/R
R R g Uy () = v 207R)
r(R> —RY) In(R/R,)

boundary conditions

where U, (r) =W , we attain to the next problems with initial and

AU, (T, 1) + 8,U, (F, 1) = VA, U, (r, 1) + U, (N[sin(w,t) + Ao, cos(w, )} re (R, R), t>0, (10

U,(Rp,t) =u,(R,t)y=0; t>0 (11)
and
u,(r,0)=-U,(r), ou,(r,0)0=0, re[R),R), (12)
in which n = 0,1 and the differential operators A, = 07 + %Gr - rlz

In order to obtain analytical solutions for these problems we shall use, as in [7], the well-known
expansion theorem of Steklov. In view of this theorem the functions u,(r,t), whose partial derivatives 0,u,

and 0?u, have to be piecewise continuous for each t > 0, can be written as Fourier-Bessel series absolutely
and uniformly convergent in terms of the eigenfunctions (see [9], Sec. 97)

Jn(ROrnm)

Yn(Rornm) Yn(rrnm):|’ (13)

Bn(rrnm) = Anm|:Jn(rrnm) -
of the eigenvalue problems A @(r) + y?®(r) = 0, ®(R,) = ®(R) =0, i.e.,

Un(l",t) = iunm(t)Bn(rrnm)- (14)

m=1

In the above relations J, (-) and Y,(-) denote Bessel functions in standard notations, I, are positive
roots of transcendental equations B, (Rr) =0 while the constants A, are chosen such that the
normalization conditions

R
jr[Bn(rrnm)]zdr =1; n=0,1, (15)
Ro

to be satisfied.
Now, introducing (14) into (10), multiplying then by rB,(rr,;), integrating the result with respect to r

from R, to R and having the initial and boundary conditions (11) and (12) in mind, we find that (see [9],
Sec. 98)

Al (8) + Uy (8) + vER UL (8) = 00U, [sin(o,t) + Ao, cos(o,b)]; t>0 (16)
and
Unm (0) =-U nm > L]nm (0) =0, (17)

where U . are the modified finite Hankel transforms of U ,(r).

Solving the ordinary differential equations (16) with the initial conditions (17) and taking into account
Egs. (9) and (14), we get for the starting solutions w(r,t) and v(r,t) the expressions:
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R(r* - R}) - .
w(r,t) =W cos((olt)r(Rz—_ROz) + (’)12 [(DlAln cos(ot) + vB,, s1n((01t)]UmBl(rrm) -

n=1
(18)
t 0
—eXp| — zulnq)ln(t)Bl(rrln)
20 )
and
In(r/R,) 2 )
v(r,t)y =V cos(wot)m + @oz [('OOAOn cos(m,t) + vB,, sm(wot)]UOnBO(r fon) —
n(R/R,) n=1
(19)
t o0
— €Xp| — ZUOH(DOn(t)BO(rrOn)a
2\ )=
where
A - Avr 2-Ao?) — 1 B - (g
T el el T (v hed) + of
B 2ot ) L (@b (2A, 4 1)+ 2vh02B, k| Lt | p <
c s ® VA® s
27\' anm 27\' n m n=nm 27\‘ nm 2 ’V}\‘
A+ 1+ 2vie?B 1
Dy (1) = {222 ZLE 2RO op i =
2\ 24/ VA
Bunt) . 1 (Buat)] - Bunt 1
cos| —/—— | + sin| —= ® + 1)+ 2vAo?2B, sin| —= r.. > ,
{ ( 27\‘ Bnm 27\, ( nA1m ) n=nm 27\/ nm 2M
gy =/l —4VAr,2  and B, = 4vAr 2-1.
For large values of t, these solutions reduce to the steady-state solutions
R(r —=R}) = .
W (. 8) =W cos(@t) - pr—ps + 01 2, [on Ay cos(rt) + vByy sin(e0)]U B, (1), (20)
0 n=1
respectively,
In(r/R,) 2 i
ve(r,t)y =V cos(coot)m + wonzz; [(;JOAOn cos(m,t) + vBy, s1n(c00t)]U0nB0(rrm), (21)

which are periodic in time and independent of the initial conditions. However, they satisfy the governing
equations (3) and (4) as well as the boundary conditions (6) and (7).

Finally, following the same way as in [3] and [4], we can find simpler forms for the steady-state
solutions (20) and (21). These are
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I(R\/_)K (R, \/_) I(RO\/_)K (R\/_)
and
, t):VR{I(r\m)K o(RofY0) = I (Roy/70 K (ryf70) lwot} 23)
s(F> Lo(Ry10 Ko (Ro%0) = Lo(Ro10 Ko (Ryf¥o)

where Re denotes the real part of the complex number which follows, I,(-) and K, (-) are modified Bessel
functions, y, = ©,(i —Ao,)/v and i =+-1.

4. FLOW WITHIN AN INFINITE CIRCULAR CYLINDER

Taking the limit of Eqgs. (13) as R, — 0 and having the normalization conditions (15) in mind, we

obtain the eigenfunctions V2] (rr) /[RI,(Rr,,)] and V2] o(rry) /[RJ, (RY,,)] corresponding to the similar
flow within an infinite circular cylinder. Furthermore, the associated velocity fields

J(rn,)
w(r,t) = Tw cos(ot) + —oo W cos(ot) Y A, ——0 4
R R Z " 5 (RR,)
(24)
2 = Ji(rr 2 t & J(rr
+ _V(DIW Sln((Dlt)z Bln & — _W exp(_ _JZ (Dln (t) 1( ln)
R o hala(R) R 21 )4 hd> (R,
and
s Jo(rryy)
rt—Vcosmt+—chosmt 0 On/
V( ) ( 0) R ( O)ZA()n fOnJ (Rr()n)
(25)

2 - Jo(rr, 2 1 \& J (rr
2oV sin(o))Y By 1UTon) 2y ol LISy gy o)
R n-1 ndi(RM,) R 2\ fond (RT,,)

n=1
are also obtained as limiting cases of Eqs. (18) and (19). In the above relations r,, and r,, are certainly the
positive roots of the transcendental equations J,(Rr) = 0 and J,(Rr) = 0, respectively. Moreover, in view
of [10], the entries 1 and 2 of Table X, it results that
V2

li R T(r2 RZ)B, (rr,,)dr d lim Irl (r/Ry)B, (rry, )dr = V2
m ——— - =— an —— | rin
R0 R2 — RZ 3 o fin Ro—0 ln(R/R ): e

For large times the starting solutions (24) and (25) tend to the corresponding steady-state solutions

J(rr, 2 o J(rr
1 fin) + = vaW sin(mlt)ZBln—l( in) (26)

2
(r,t) = —W cos(mt) + —0)2W cos(ot)y A, —— "
" 1 Z "R R hnd2 (R 1)

n=1 n=1

and

2 Jo(rrgn) 2 , 2 Jo(rrgy)
v (1, 1) =V cos(@yt) + — @V cos(wpt) ) Ayy —————— + —vo,V sin(o,t) ) B, ———. 27
t ’ ’ z " (R, R ’ ’ nZ:; o fond1(RTg,)
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These last two solutions can be also written in the simple forms

1(ryry) Ly(ryvo)
W (r,t) =W Re ot vg(r,t) =V Re et 28
(1,1) {(RJ—) } va(r,t) { Ry1y) } (28)

obtained again as limiting cases of (22) and (23).

5. NUMERICAL RESULTS AND CONCLUSIONS

In this paper, the velocity fields corresponding to the unsteady motions of an incompressible Maxwell
fluid due to longitudinal and torsional oscillations of an infinite circular cylinder are presented as Fourier-
Bessel series. The starting solutions that have been obtained, depending on initial and boundary conditions,
are written as sum of the steady-state and transient solutions. They describe the motion of the fluid for same
time after its initiation. After this time, when the transients disappear, these solutions tend to the steady-state
solutions, which are periodic in time and independent of the initial conditions.

These solutions have been also written in simpler forms in terms of the modified Bessel functions
I,), L), Ky() and K,(-). The numerical values as well as the diagrams corresponding to the steady-state

solutions (26) and (28),, respectively, (27) and (28),, as it results from Figs. 1, are identical. The roots r,
and r,, have been approximated by (4n + I)n /(4R) and (4n — 1)n /(4R), respectively.
Straightforward computations show that w(r,t) and v(r,t), given by (18), (19), (24) and (25), satisfy

both the associate partial differential equations (3) and (4) and all imposed initial and boundary conditions,
the differentiation term by term in sums being clearly permissible. For A — 0 all solutions tend to those for
Newtonian fluids. Egs. (26), (27) and (28), for instance, become

W (1, 1) = —W - 2|2 W t : T
& (T )_E cos(ert) E v cos(@ ); fin + (@ / V) 1d5(RY,)
(29)
e 3 ()
+ ——W Sll’l((l) t)z rln T ((Dl /V)2 2(Rr1n) ’
) _E @ 1 J (rrOn)
v (r,t) =V cos(m,t) R ( j v cos(wot)z * on + (00 / v)? 1o, T (Rry,)
(30)

J (rrOn)
“ on + (mo /v)* ] (RrOn)

+ E—V sm((x)ot)z

respectively,

Wst(r,t)=WR{I[(lﬂ)r’/m‘/(zv)] mlt}, Vst(r’t):VR{ J + Do, /(2v)] w}, an

LI + )Ry, /(2v)] Io[(1 + DRy, /(2V)]

In view of the asymptotic expansions for modified Bessel functions [6], Wy (r,t) and v (r,t) from
(31) can be written in terms of the elementary functions sine, cosine, hyperbolic sine and hyperbolic cosine.
However, the new approximations are valid only for r >> ,/v/®, , respectively, r >> \/v/ o, .
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a. Eq. (26) with
W =2 and o, =2

-0.5 r 0.5

b. Eq. (28), with

N2/ \/\v{)\/ W=2and o, =2

c. Eq. (27) with

2 : V=2and o, =2

-0.5 r 0.5
/\ A 0 d. Eq. (28), with
\/MV \/ 0y N2 \/ \/ \/0-4\/ V =2 and w, = 2

Fig. 1. Profiles of the steady-state velocities, corresponding to the motions within a circular cylinder,
for v =0.0011746 (glycerin), A =3, R=0.5 and t = 5s.
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