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We prove directly that the Boolean product of contractive, completely positive maps is completely
ositive on the non-unital full free product C*-algebra and list certain consequences of this fact.
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1. INTRODUCTION

Corresponding to the Boolean independence originated in W. von Waldenfels” work on the pressure
broadening of spectral lines (see, e.g., [16]), the Boolean product of linear functionals on algebras is defined
on the associated universal free product algebra without unit, and on involutive algebras it preserves the
positivity (see, e.g., [12]).

This product and the involved independence receive increasing attention in the noncommutative
probability, after R. Speicher [13] answered to M. Schiirmann’s conjecture [12] on the universal products of
algebraic probability spaces.

Besides the tensor product going to Boson or Fermion independence used by C. D. Cushen and R. L.
Hudson [7] [8], and the free product corresponding to the concept of free independence (freeness) due to D.
Voiculescu (see, e.g., [15]), Speicher pointed out in the non-unital case there exists only one supplementary
product, namely the Boolean product, which does not depend on the order of its factors, is associative and
fulfills a universal rule for mixed moments (see [13]).

Then, A. Ben Ghorbal and Schiirmann [2] completed Speicher’s answer by the classification of all
universal products in the sense in [12].

In this Note, we consider the Boolean product for linear maps between algebras and show, by a direct
proof, it preserves the complete positivity in C*-algebraic setting. Consequences of this fact are listed by
analogy with some of F. Boca’s results concerning the free product [3] [4].

2.BOOLEAN PRODUCT OF LINEAR MAPS

Letting A be a (complex) *-algebra (i.e., a complex algebra with a conjugate linear involution *,
which is an anti-isomorphism), a positive element in A is a finite sum z a,"a, , with a; LJA. Theset A,

of positive elements in A determines a preorder structure on the real linear subspace of self-adjoints elements
in A

Let S be asubset of A, B be another *-algebraand Q :S[& B be amap. We say Q is positive if
QS nA,)OB, .

If nON, the set of positive integers, let M (A) be the *-algebra of N xn matrices [a;] with
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entries from A, M, (S)OM,(A) be the set of NXN matrices over S, and
Q, M (S M (B) be the map given by Q,([s;]) =[Q(S;)], for [s;; ]LIM (S). Then Q is called n-

positive, if the map Q, induced by Q is positive. The map Q is completely positive, if it is n-positive, for
all nOON.
For examples of n-positive maps between C*-algebras that fail to be (n+1)-positive, if n>1, see, e.g.

, [6].

! Whenever A and B, as before, are endowed with seminorms, S [ A is a linear subspace, and Q isa
linear map, Q is called completely contractive, if all Q, are contractive; endowing M, (S) with the
seminorm that it inherits from M (A).

In particular, when A is a C*-algebra, A, determines an order structure on the subspace of self-
adjoints elements in A, and we let M, (S) have the norm and order that it inherits from the C*-algebra
M, (A).

The universal free product (*-, C*-)algebra is the direct sum in the category of (complex) (*-, C*-)
algebras, non necessary unital [1][2][3][4][11][12][15].

We denote, as usually, by [ A, respectively, [, A, the unital, respectively, non-unital, universal (or

full) free product C*-algebra corresponding to an adequate family (A,),;, of C*-algebras.
As linear space, a realization of the universal free product associated to a family of (*-, C*-)algebras

(Ao 1s
A = DHEI Di1¢ﬂ]§in Ail D b D Ain .
By natural operations, A is organized as a (*-)algebra.
In particular, if A, are C*-algebras, A satisfies the Combes axiom, i.e. for every aOA, there exists a
scalar A(a)>0 with x"a"ax<A(a)x“x, forall xOA.

After separation and completion of the corresponding universal free product *-algebra A in its
enveloping C*-seminorm ||a|| = sup{"T[(a)

; U *-representation of A on a Hilbert space}, one can
realize the universal (or full) free product [}, A, in the category of C*-algebras.
Let B and A be (complex) algebras,and Q, : A; (I3 B be linear maps; i1 .

We consider the Boolean product Q =+Q; as the unique linear map defined on the universal free
product A of the algebras A, iLJl, such that

Q@-.2,)=Q, (a).-Q; (&),

for all n>1, with i, #...#1,, and a, A, ,if k =1,...,n; relatively to the natural embeddings of A into A

arising from the free product construction.

When B = C, the complex field, we obtain the Boolean product of functionals in [2][12].

It is easy to check that the Boolean product of linear maps is associative.

It was remarked in [3] that the classical Stinespring dilation theorem (see, e.g., [10]) is still true
for unital completely positive maps on unital *-algebras verifying the Combes axiom.

Theorem 1. Let A and B be C*-algebras, and Q,:A [I3- B be contractive, completely positive
maps; iJl.
Then the Boolean product Q =+Q, defined on the *-algebraic free product of the algebras A, ilJl,
is contractive, with respect to the enveloping C*-seminorm, and completely positive.
Therefore, Q extends to a unique map Q: [, A; (13- B which is contractive and completely
positive.
Sketch of the proof. Adapting Boca’s ideas from [3], the theorem is a consequence of the next lemma
through a Stinespring construction.
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Lemma 2. Suppose that A, and B are C*-algebras, and that Q;: A [ B are contractive,
completely positive maps; il]l. Denote by A the *-algebraic free product of (A); and by
Q:A[l B theBoolean productof (Q;);y -

If we let A, and B, be the unital extensions of A and B by C, the unital map Q, : A, [IJ» B, defined
by Q@OAD)=Q(a)dAl (alA, AOC) is completely positive.

Sketch of the proof of this lemma. Assume that B [0 B, (0 L(H), with a Hilbert space H.

Denote by W ={]} O {al...an; nzl, a, OA , i #.# in} the set of reduced words in A, .

For w=a,..a, OW, w#1,call n the length of w and denote W := {l,al,alaz,...,ala2 D]]]hn} .

The length of the empty word 1 is zero and T ={]} .

Calling a subset of W complete if it contains 1 and it includes W, whenever it contains a word w, it
is enough to check that S := Z; Q(x"y) f(y), f(x)> =0, for all complete finite sets X OW and all
X,

maps f: X - H.

1° If such a finite set X has k =3 words, choose a word a, (&, of maximum length in X, with
a UA, , for k=1,...m;and i, #... 21,

Then the subsets X, = X n A OO A and X, =X\ X, forma partition of X, in which X, is
complete, having n, less than k, words.

When S>g(1 >0, for all maps ¢:X, - H, remark that there exists V, OL(H,HP") such that
Q (xYy)=V, %, ,if xyOX,; and, b/fvij,vmx1 > b/xﬂv,v,ﬂvij)ymxl in M, (L(H)=L(H™).
1°.1 When X, =X n A, i0l, note that Q,(x"y) =Q,(x)"Q;(y), for xOX,,and yOIX,.

In this way, it is enough to observe that the (I +1)-positivity and contractivity of Q; implies
[Q )], e, 2[Qi07Qu(¥) 4 4y, in My (L(H)) =L(H™); denoting by | the number of words in X,
Therefore, we may deduce
2

Sy =Sy +y +Sy 2

+2R6<EZ Q)T (), Z Qi(X)f(X)> +E“ Z Q) f(x)

2
>

; QT

; Q) f(x) +BZ Q) f(x)

whenever S§ 20, forall g:X; [ H.
1°.2 Otherwise, note that every word X[ X, may be written as Xx,a with x, 0X,, X, #1, and
allA .
Therefore Q%) = Q. @"Qxgy), for x =x,a0X,, and yOX,; similarly,
Q(xyY)=Q; (@)*Q(x;"%,)Q; (@), for x=x,a'0X,, and y=x,alX,.

Consequently, we may deduce

;fo(x)

; V, £ (%) t XZX V,.Q, @)

2

Sy =S, *) *Sy, =

+2Re<m2vxf<x>, 3 vonim(a>f<y>> +ﬂ > Q@10

2
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whenever S3 20, forall g:X; - H.

2° 1If X :{l,a} , with adA, i0l, it is enough to observe that Schwarz type inequality for 2-

.. e ) o1 Qi(a) O
positive maps (see, e.g., [10]) allows the positivity in M, (L(H)) =L(H") of %3 @° Q (aDa)D
i i U

The following is a Boolean analogue of Corollary 4 in [4], being another noncommutative version of
Th. 10.8 in [10] (or Prop. 4.23 in [14]).

Corollary 3. Let Q; be contractive, completely positive maps between the C*-algebras A and B,
igdl.
There is a common extension Q =<Q, : O, A, - [, B; which is contractive and completely positive,
satisfying

Q@.-.a,)=Q, (@)-Q, (@),

for all n>1, with i, #...#i,, and a, UA, . if k=1,...,n; with respect to the natural embeddings of A
into O, A, and, respectively, of B; into [ B;, arising from the free product constructions.

The next corollary describes properties of the Boolean product concerning classes of completely
positive maps; for embeddings, the shortest way is via [11, Th. 4.2](see also [1, Prop. 2.2]).

Corollary 4. Let A and B; be C*-algebras, i(Jl.

If 1t is a *-homomorphism between A and B;, then Tt=eTt is the unique *-homomorphism
n = O, between the C*-algebras [, A and [, B;, such that T{A =, for each i1, with respect to
the mentioned embeddings .

If Tt are embeddings, then Tt=eTT isan embedding.

If ¢ is a*-automorphismof A, then Tt=eTT is a*-automorphism of the C*-algebra [ A .

If B; isa C*-subalgebra of A, and E; is a conditional expectation of A onto B,, il, then
the Boolean product E =< E; isa conditional expectation of the C*-algebra [}, A; onto its

C*-subalgebra [ B;.

In the sequel, L(H) denotes, as above, the bounded linear operators on a Hilbert space H.
If A is a unital C*-algebra, an operator system X in A is a self-adjoint linear subspace X [ A
containing the unit of A (see, e.g., [10]).

Corollary 5. Let A; be unital C*-algebras, X; O A, be operator systems, and &, : X; —» L(H) be
unital completely positive maps; i1 .

Then, there exists a contractive, completely positive map on the C*-algebra [}, A, extending each
P;.

Proof. By Arveson’s extension theorem (see, e.g., [10]), each @; extends to a unital completely
positive map Q;: A - L(H), and, by Theorem 1, the Boolean product Q =<Q;

i 1s contractive and

completely positive on [, A.

A unital version of the following fact was pointed out in [3][4] . In our case, the extension does not
require the choice of auxiliary states on the involved algebras.

Corollary 6. Let A; be unital C*-algebras, S; O A; be unital linear subspaces and L, : S; (I3 L(H)
be unital completely contractive maps; il .
Then there is a completely contractive map on the C*-algebra [, A, extending every L.
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Proof. Each L; extends, via Prop. 3.4 in [10], to a unital completely positive map ®; : X; - L(H),
where X, is the operator system S; + SiD. By the previous corollary, each @®; extends to a contractive
and completely positive map on [} A, .

Let G be a locally compact group, and C%(G) be the associated (full) group C*-algebra. For g OG,
denote by 9, the elementary function taking the value 1 on g, and null, in rest.

There is a one-to-one correspondence between the weakly continuous positive-definite operator-valued
functions on G, and the completely positive maps on C™(G) (see, e.g., [10, 4.11]).

Boca [4] stated the unital free analogue of the following assertion. In this way, he recovered the free
product of positive definite functions constructed by M. Bozejko [5] as an extension of Haagerup’s lemma
concerning the length function on the free group; and, in [3, Prop. 4.1], he extended the noncommutative
von Neumann inequality due to Bozejko [5].

Corollary 7. Let G, be locally compact groups, ¢, :G, (13- L(H) be unital, weakly continuous
positive definite functions, and Q;: CYG;)3 L(H) be completely positive maps such that
Qi(dy)=9;(9), if gOG;; i0I.

Then the Boolean product Q =+Q, :CYG;) > L(H) isstill completely positive.

Let Q be a compact set in the complex plane and let R(Q) be the algebra of rational functions
which are analytic on Q, embedding R(Q) as a subalgebra of C(0Q), the continuous functions on the

boundary of Q, by the maximum modulus theorem: this endows R(Q) with the norm
|| f || = sup| f (Z)| = sup| f (Z)| .

z0Q z00Q

If T is a bounded linear operator on a Hilbert space H, and the spectrum of T is contained in Q,
there exists a unital homomorphism p; : R(Q) 1. L(H) given by an elementary functional calculus
pr(f)=1(T), for f OR(Q).

When p; is a (completely) contractive map, Q is called a (completely) spectral set for T. The
spectral sets were introduced by J. von Neumann whose famous inequality means that an operator is a
contraction if and only if the closed unit disk is a spectral set for it; moreover, this is a complete spectral set,
for all contraction, by the celebrated unitary dilation theorem due to B. Sz.-Nagy (see, e.g., [10]).

If Q is aspectral set for T, then there is a well-defined positive map pP; on the operator system
RQ)+R(Q)" in C(0Q), given by pr(f+g)=p;(f)+pr(9)", for f,gOR(Q)(see, eg., [10,
Prop.2.12)).

Let Q; be spectral sets for T, OL(H); i01I.

Denote S:={f O0C(0Q;); f = z fi..f,, where n21, and f, OR(Q; )+R(Q; )"}, in parallel

i A #in
with [3, section 4].
For f = Z f,...f, 0S, denotealso f((T;)) = Zr)Til (f,)...ﬁTin (f,)OL(H).

eI iy . Zip
Moreover, for each mON, if f=[f,]OM(S), denote f((T,))=[f, (T )N]OM,(L(H)).
Actually, the Boolean product yields a noncommutative von Neumann type inequality of the following
matrix form.
Corollary 8. Let Q, be complete spectral sets for T, OL(H), iOl.
Then, for every mON, and f OM ,(S):

[faol=|f |

M (B C(9Qi))
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Proof. The complete contractivity of the unital homomorphisms Py, implies the complete positivity

of the maps ﬁn as in Corollary 6. As in Corollary 5, every ﬁn extends to a unital completely positive

map Q, :C(0Q;)I L(H); and, the Boolean product Q =<Q; is completely contractive.
Forall f = z f,...f, OS, itresults, asin [3]:

i i

FT@N= > b (f)p (f)= 5 Q().Q (f,) =Q(f).

i\ 7Ry i\ 2Py

Therefore, for every f =[fk,]DMm(S), one obtains f((T;)) =[fkI ((T; ))] =[Q(fk,)] =Q, (f), with
Q,=QUI, M (C(0Q))) I M_(L(H)), the maps induced by Q, and

I =IRn <]l ccomy -

Remark 9. In fact, it is easy to see, the complete-contractivity of Boca’s unital free product implies
similarly the following matrix von Neumann type inequality which is implicit in [3, Prop. 4.1] (see also [9]).

Let Q; be complete spectral sets for T, JL(H), iCI1, specifying a probability measure LI, on every
0Q;. If mON,and f OM_,(S(IX;)), then

e HE

M (0 C(0Q;)
where S([£);):={f =a+ z fi...fn OOC(0Q;); f, DC(0Q;, ), f, OR(Q; ) +R(Q;, ), adC};
i 7 i

denoting by C(0Q;)" the kernel of the state on C(0Q;) corresponding to W.; for
f=zad+ Z f..f,0S(0Q,), setting f((T,))=a0, + Z Pr (f)-.pr. (f,); with an extension of

. . . . i 'm

i| £ Zig i| £ Fiy
Boca’s notation to square matrices over S([X2;).

Whenever T; are n contractions, Q; are the closed unit disk for each i=1,...,n, letting on 0Q; the

Haar measure, and f is a mxm matrix whose entries are free polynomials in at most N noncommutative

indeterminantes, the above inequality becomes

[faol=|f |

Mm (YR’

denoting by F, the free group on n generators, nINO {00} ; for m=1 and nON, it reduces to Bozejko’s

von Neumann inequality in [5].

Other facts including the Stinespring dilation for the map in Theorem 1, and limit theorems for
extended Boolean random variables will be presented in a forthcoming paper. These limit theorems confirm
the connection revealed in [13] between the Boolean product of noncommutative probability spaces and the
interval partitions.

ACKNOWLEDGEMENTS

I am grateful to Professor Florin Boca for his kind explanations concerning [3] and [4], and for the
reference [1]. I am grateful to Professor loan Cuculescu for pointing out a deficiency in an early draft of this
Note. I am indebted to Professors Marius Radulescu and Gheorghita Zbaganu for many valuable discussions
on this and related topics.



On Boolean product of completely positive maps

REFERENCES

ARMSTRONG, S., DYKEMA, K., EXEL, R., LI, H. , On embeddings of full amalgamated free product C*-algebras, Proc
Amer. Math. Soc., 132, pp. 2019-2030, 2004.

BEN GHORBAL, A., SCHURMANN, M., On the algebraic foundations of a non commutative probability theory, Preprint
1999.

BOCA, F., Free products of completely positive maps and spectral sets, J. Funct. Anal., 97, pp. 251-263, 1991.

BOCA, F., Completely positive maps on amalgamated products C*-algebras, Math. Scand., 72, pp . 212-221, 1993.
BOZEJKO, M., Positive definite kernels, length functions on groups and non commutative von Neumann inequality, Studia
Math., 95, pp. 107-118, 1989.

CHOI, M.D., Positive linear maps on C*-algebras, Can. J. Math., 24, pp. 520- 529, 1972.

CUSHEN, C.D., HUDSON, R.L., A quantum central limit theorem, J. Appl. Probab., 8, pp. 454- 469, 1971.

HUDSON, R.L., A quantum mechanical central limit theorem for anticommuting observables, J. Appl. Probab., 10, pp. 502-
509, 1973.

IONESCU, V., Conditionally free products of completely positive maps, Preprint 1995.

PAULSEN, V., Completely Bounded Maps and Dilations, New York, Pitman Research Notes in Math., 146, 1986.

. PEDERSEN, G.K., Pullback and pushout constructions in C*-algebra theory, J. Funct. Anal., 167, pp. 243-344, 1999.

SCHURMANN, M., Direct sums of tensor products and non-commutative independence, J. Funct. Anal., 133, pp. 1-9, 1995.
SPEICHER, R., On universal products, [in Free Probability Theory, D.V. Voiculescu ed.], Fields Inst. Commun., 12, pp. 257-
266, Amer. Math. Soc., 1997.

TAKESAKI, M., Theory of Operator algebras I, New York, Springer-Verlag, 1979.

. VOICULESCU, D.V., DYKEMA, K., NICA, A., Free Random Variables, C.R.M. Monograph Series No. 1, Amer. Math. Soc.,

Providence RI, 1992.

von WALDENFELS, W., An approach to the theory of pressure broadening of spectral lines, [in Probability and Information
Theory 1, M. Behara, K. Krickeberg, and J. Wolfowitz eds.], Lecture Notes in Math., 296, pp. 19-69, Heidelberg, Springer-
Verlag, 1973.

Received February 14 , 2006



