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Abstract. The paper points out a strange topological property of Grassmann manifolds when the field has an absolute value and especially a discrete valuation. 
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INTRODUCTION

In the case of the archimedean absolute value there is no useful choice of the local coordinates for the points of a Grassmannian manifold, belonging to more then one local map. The same thing happens generally for a conex manifold.

In this article it is obtained such an interesting choice, using the topological properties of the manifold, derived from the non-archimedean absolute value. Namely, the manifold is presented as a disjoint union of local maps, indexed on Schubert symbols. These maps are polydiscs, which may be considered closed as well as opened ones.  

The following two sections summarize the needed facts about the homogenous coordinates and the absolute value on fields. The notations and relations in these sections allow us to formulate and demonstrate the result in the third section. 

2. coordinates

Let K be a field and Kn the space of (1, n)-matrices. The Grassmann manifold 
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 is the set of p-spaces in Kn[1]. Obviously, p ≤ n.
Every 
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 can be represented by a set of p linearly independent vectors, which form a (p, n)-matrix X those rank is maximal. If the same p-space V is represented by another (p, n)-matrix Y, then there exists a nonsingular (p, p)-matrix T so that Y = TX and conversely.
__________________________
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A Schubert symbol is a sequence σ = (1≤ σ1 < σ2 < ...< σp ≤ n). The set of all Schubert symbols is noted 
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 let's note Xσ the (p, p)-matrix which is made up of columns σ1, σ2, ..., σp from X. 
The (p, n)-matrix X, representing the p-space V, defines the set :
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of scalars. If the same p-space V is represented by the (p, n)-matrix Y = TX, then:
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for all 
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 ;  λ = detT ≠ 0. The scalars qσ are named the homogeneous coordinates of the p-space V. 
Not every set 
[image: image8.wmf])

,

(

)

(

n

p

S

q

Î

s

s

 of scalars  can be homogeneous coordinates of a p-space V. In order to obtain a parameterization of 
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 it is noted:
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The property qσ ≠ 0  does not depend on the matrix X representing V. 
If the matrix X represents 
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their σ1, σ2, ... , σp columns make an invertible (p, p)-matrix noted Xσ. Let Xσ be (Xσ)-1X. Obviously, (Xσ)σ = Ip.

As a result, there is a one to one correspondence between the (p, n)-matrices X having Xσ = Ip and the p-spaces 
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of such a matrix, named local coordinates, make up a parameterization on Uσ. They are independent. Moreover, noting 
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 the Schubert symbol obtained from σ by changing σi with j ≠ σ1, σ2, ..., σp, we have:
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3. VALUATIONS ON FIELDS 
A valuation on the field K, or non-archimedean absolute value, according to [2], [3] is a real-valued function 
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 on K such that:
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We note that for every valuation, 


[image: image20.wmf]K

x

x

x

Î

"

=

-

=

-

=

and

1

1

1




A valuation on K defines a metrical structure on K those topological completion is, in a natural manner, a field, too. 
As an example we mention that the usual absolute value on C or R are not valuations. The 3rd condition is not valid.  
Another example deals with the rational numbers. Let p be a prime number. Each rational number can be written as pr m/n where r is an integer and m and n are not divisible with p. Then the formula:
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defines a valuation on the field Q. Its completion, Qp, is the so cold field of p-adic numbers.  

The two examples above define two remarkable categories of absolute values. By the first, named arhimedean, the set of all absolute values is the whole interval (0, ∞). 
By the second, named discrete, the absolute values are the real numbers 
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. In this case there are two real numbers a= p-1<1 and b = p >1 such that the only absolute values in [a, b] are: a, 1, and b.
 As a result,
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 In the sequel we use the term "absolute value" as non-archimedean absolute value. 
4. THE DECOMPOSITION
For each 
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, (Xσ)σ = Ip. Let Dσ defined by:
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Theorem. 
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and this union is disjoint. 

Proof. Consider the lexicographic order on 
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 represented by the (p, n)-matrix X, let qτ = det Xτ their homogenous coordinates and σ the first Schubert symbol, in the lexicographic order for which the absolute value of qσ is the maximum. Obviously, qσ ≠ 0 therefore 
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The new homogeneous coordinates of V defined by the matrix Xσ = (Xσ)-1X are qτ/qσ.
 From the definition of σ, all these have the absolute value ≤ 1. Particularly, 
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For k < σi the Schubert symbol τ = σ(i, k) is before σ. Using again the definition of σ, the absolute value of this qτ is < 1. That is, the absolute value of 
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 is < 1 and therefore 
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We have to remark that the symbol σ chosen above, does not depend on the (p, n)-matrix X, but only on V. Indeed, if another (p, n)-matrix Y represents V, the new homogeneous coordinates, λqσ, λ ≠ 0, have the absolute values in the same order. 

In order to prove the union is disjoint, it remains to show that for every 
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, the Schubert symbol σ is the first symbol τ in the lexicographic order, for which the absolute value of qτ is maximum. 

Let 
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. For τ < σ there is a natural number r such that: τ1 = σ1, τ2 = σ2, ..., τr-1 = σr-1 and τr < σr. As a result, 
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All the elements in this matrix have the absolute value ≤ 1. 
Moreover, we can see that the elements 
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 in the rth column have all the absolute value < 1 because τp < σr < σr+1 <. . . < σp. 

The elements of the matrix Xσ have all the absolute value ≤ 1. Therefore, taking in account the 3th condition of the absolute (non-archimedean) value, all the minors of Xσ have the absolute value ≤ 1. 

On the other hand, det(Xσ)τ is his minor defined by the last p-r lines and columns. 

Expanding this minor using his first column, it is expressed as a sum of products of two factors: the first having the absolute value < 1 and the second ≤ 1. 

Using again the 3th property of the absolute value we conclude that the absolute value of det(Xσ)τ is < 1.Q.E.D. 

5. final remarks
1. As the union: 
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is disjoint, the theorem offer a global coordinate system for the Grassmann manifold. 

2. The result is valid for each valuated field, that is, a completed field for a non-archimedean absolute value. However, following the proof, it remains still valid for the archimedean absolute value, if we restrict to the case p = 1, that is, the projective spaces. For example, G1(R2) can be, topologically identified with the interval [0, π).  
3. If the valuation is discrete, the Uσ can be considered as polydiscs either closed or open. Indeed, in this case,
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or:


[image: image40.wmf]{

}

i

ij

i

ik

j

b

x

k

x

V

D

s

>

<

s

<

<

=

s

s

s

for

;

for 

 

1

;




4. The result is interesting from the point of view of the central role of the Grassmann manifolds in the study of the algebraic manifolds.

For example, let X be a flat affine manifold. That is, X is imbedet in Kn and:
dimK(TX(x)) = p = dimX
for all x in X, where TX(x) is the tangent space of X in its point x.   

The embeding defines the canonical map:
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The decomposition of the grassmannian 
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 and the inverse image of this map can give a useful classification of the points of X, indexed on the Schubert symbols. 

5. Another application can be obtained by using the homogeneous space structure of the grassmannian. This structure can by obtained by considering the elements of the grassmannian 
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 as cosets of  the  linear group GLn(K) (or a subgroup) modulo a subgroup. The disjoint union of the grassmannian can give useful decompositions of some linear groups. 
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